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Abstract
Let S? be the 2-dimensional unit sphere and let J, denote the nonlinear functional on

the Sobolev space H'?(S5?) defined by

@ 1 dig
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where dpug = sin f dd Adé. Onofri had established that J,, is non-negative on H*(S?) provided
a > 1. In this note, we show that if J, is restricted to those u € H(S?) that satisfies the
Aubin condition:

/ e'zjdug =0 forall 1 <j <3,
SQ

then the same inequality continues to hold (i.e., Jo(u) > 0) whenever a > 2 — ¢, for some
€o > 0. The question of Chang-Yang on whether this remains true for all o > % remains
open.

1 Introduction

Let S? be the 2-dimensional unit sphere with the standard metric gy whose corresponding
volume form dw := % is normalized so that [ g2 dw = 1. For a > 0, we consider the following
nonlinear functional on the Sobolev space H'2(S?):

@ 2
[0 = — _1 w .
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The classical Moser-Trudinger inequality [14] yields that J, is bounded from below in H'(S?)
if and only if a > 1. In [15], Onofri proved that the infimum is actually equal to zero for o = 1,
by using the conformal invariance of J; to show that

ulél/f\;( Ji(u) = ue[i{r}fSQ) Ji(u) =0, (1.1)

where M is the submanifold of H'(S?) defined by



M = {ueHl(S2);/SQe“xdw:0}, (1.2)

with x = (21,22, 73) € S?, on which the infimum of .J; is attained. Other proofs were also given
by Osgood-Phillips-Sarnak [16] and by Hong [11].

Prior to that, Aubin [1] had shown that by restricting the functional J,, to M, it is then again
bounded below by — a necessarily non-positive — constant C,, for any a > % In their work
on Nirenberg’s prescribing Gaussian curvature problem on S2, Chang and Yang [5, 6] showed
that C, can be taken to be equal to 0 for o > 1 — ¢y for some small ¢3. This led them to the
following

Conjecture 1: If o > 1 then ugl/& Jo(u) = 0.

Note that this fails if & < §, since the functional J, is then unbounded from below (see [9]).
In this article, we want to give a partial answer to this question by showing that this is indeed
the case for a > % and slightly below that.

As mentioned above, Aubin had proved that for all a > %, the functional J, is coercive
on M, and that it attains its infimum on some function u € M. Accounting for the Lagrange
multipliers, and setting p = é, the Euler-Lagrangian equation for u is then

u

3
e
Agou =+ 87Tp <WU — 1> = Zajx]eu on 52.
=1

In [6], Chang and Yang proved however that a;, j = 1,2, 3 necessarily vanishes. Thus u satisfies
— up to an additive constant — the equation Ay u + 87p(e® — 1) = 0 on S?, equivalently

Au+2p(e*—1)=0 on 52 (1.3)

where now the Laplacian A := 47w A corresponds to the metric on the unit sphere whose volume
form is dug = sin 0 df A d¢.
Here is the main result of this note.

Theorem 1.1. If1 < p < % and u is a solution of (1.3), then u =0 on S2.

This then clearly gives a positive answer to Conjecture 1 for a > %

2 The axially symmetric case

The proof of Theorem 1.1 relies on the fact that the conjecture has been shown to be true
in the axially symmetric case. In other words, the following result holds.

Theorem A . Let u be a solution of (1.3) with 1 < p < 2. If u is axially symmetric, then
u=0 on S2.



Theorem A was first established by Feldman, Froese, Ghoussoub and Gui [9] for 1 < p < %. It
was eventually proved for all 1 < p < 2 by Gui and Wei [10], and independently by Lin [12].
Note that this means that the following one-dimensional inequality holds:

1 (1 1 1 M
/ (1—22)|¢g'(x))? dz + 2/ g(x) do — 21112/ e29@) g > 0,
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for every function g on (—1,1) satisfying f_ll(l —2%)|¢(z)]*dxr < oo and f_ll e?9®) zdx = 0.

We now give a sketch of the proof of Theorem A that connects the conjecture of Chang-
Yang to an equally interesting Liouville type theorem on R2. For that, we let II denote the
stereographic projection S? — R? with respect to the North pole N = (0,0, 1):

T T2
11 = .
(:U) <1—x3’1—x3>

Suppose u is a solution of (1.3), and set

a(y) ;== u(Il"Y(y)) for y € R2
Then u satisfies
Au+2pJ(y) (e"—1) =0 inR?
2
where J(y) := (ﬁ) is the Jacobian of II. By letting

v(y) = a(y) + plog ((1 + ]y\2)_2) +log(8p) for y € R, (2.1)

we have that v satisfies

Av+ (1+ [y’ =0 inR? (2.2)
where [ = 2(p — 1).
Let v be a solution of (2.2) and suppose [;(v) is finite, where

1
8i0) = o [ 1+ Pyedy (23)
™ JR2
Then v(y) has the following asymptotic behavior at oo:

v(y) = =Fi(v)log ly| + O(1). (2.4)

We refer to [7] for a proof of (2.4), which once combined with the Pohozaev identity yields the
following result.

Lemma 2.1. Let I > 0 and v be a solution of (2.2) such that §;(v) < +o0o. Then

4 < Gi(v) <4(l+1).



Proof. Multiplying (2.2) by y - Vv and integrating by parts on B = {y| |y| < R}, we have

v 1
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—(1+2) /B (1+ [y evdy — 1 /B (14 [y2) ey — / 1+ [y2) (4 - v)evds.
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By letting R — o0 in the above formula and by using (2.4), we obtain that

(i+2) / (1+ [y2)evdy — 1 / (1+ [yf2)evdy = m62(v).
R2 R2
Note now that
dmfi(v) = 2 / (1+ [yf2) evdy
R2
<+ [ yPredy -t [ @) ey
R2 R2
< +2)/ (14 [y2) e’ dy = 2721 + 2)B(v),
RQ
which means that
4 fy(v) < wBE(v) < 2m(20 + 2)B(v), ie., 4<B(v) <4(l+1).

O

Note that by using (2.1) with u = 0, equation (2.2) always has a special axially symmetric
solution, namely

v*(y) = —2plog(1 + [y[*) +log(8p) fory € R?, (2:5)

where

Gi(v*) =4p =2(1 + 2). (2.6)

An open question that would clearly imply the conjecture of Chang and Yang is the following:
Conjecture 2: Is v* the only solution of (2.2) with g = 2({ +2)7

Note that it is indeed the case if £ < 0 (i.e., p < 1 and a > 1), since then we can employ the
method of moving planes to show that v(y) is radially symmetric with respect to the origin, and
then conclude that u(z) is axially symmetric with any line passing through the origin. Thus
u(x) must be a constant function on S2. Equation (1.3) then yields v = 0, which implies J, > 0
on M. By passing to the limit as o — 1, we recover the Onofri inequality.

When [ > 0 (i.e., p > 1 and o < 1), the method of moving planes fails and it is still an open
problem whether any solution of (2.2) with §; = 2(l + 2) is equal to v* or not. The following
uniqueness theorem reduces however the problem to whether any solution of (2.2) is radially
symmetric.



Theorem B . Suppose | > 0 and v;(y) = v;i(|y|),i = 1,2, are two solutions of (2.2) satisfying

Bi(v1) = Bi(va). (2.7)

Then vy = vo under one of the following conditions:
(i)l <1 or

(7)) I > 1 and 21 < Bi(v;) < 2(2+1) fori=1,2.

See [12] for a proof of Theorem B. In order to show how Theorem B implies Theorem A, we
suppose u is a solution of (1.3) that is axially symmetric with respect to some direction. By
rotating, the direction can be assumed to be (0,0,1). By using the stereographic projection as
above, and setting v as in (2.1), we have

{ v(y) = —4plog ly| + O(1), (2.8)

5 Jpe(1+|y[?)le’dy = 4p = 4+ 2L.

Ifi<l,ie, p< %, then v = v* by (i) of Theorem B, and then u = 0. If [ > 1, then by noting
that

20<4p=4+21=[(v) <444,

we deduce that v = v* by (ii) of Theorem B, which again means that u = 0.

3 Proof of the main theorem

We shall prove Theorem 1.1 by showing that if p < %, then any solution of (1.3) is necessarily
axially symmetric. We can then conclude by using Theorem A.
We shall need the following lemma.

Lemma 3.1. Let Q be a simply connected domain in R?, and suppose g € C?(Q) satisfies

Ag+ed >0 inQ and
Jo e9dy < 8.

Consider an open set w C § such that A g(w) < 0, where A\ g(w) is the first eigenvalue of the
operator A + e9 on H}(w). Then, we necessarily have that

/ eddy > 4m. (3.1)

Lemma 3.1 was first proved in [2] by using the classical Bol inequality. The strict inequality of
(3.1) is due to the fact that Ag+e9 > 0 in Q. See [3] and references therein.



Remark 3.2. We note that Lemma 3.1 can be applied even when w is unbounded. Indeed, for
simplicity, we shall assume —as will be the case in the application below to the proof of Theorem
1.1- that for some 8 > 2, we have

9(y) = =Blogly[+ O(1) at co.
We shall also assume that the corresponding null-eigenfunction ¢ in w, i.e.,
Ap+edp=0 inw,
@\aw =0,

is bounded in w. Without loss of generality, we may also assume that 0 ¢ @. Now set
§(z) = g(—) — 21 d @a) = () f ey =
9(x) = Q(W) —2loglz| and @(z) = w(W) orzew' ={y= e ¥ € w}.

Since 3 > 2, €9 is a Holder function at 0 € w*, and § and ¢ satisfy
Ajg+ed >0 inw'\{0} and A@+edp=0 inw"

By the boundedness of ¢, ¢ is continuous on w*. If 0 € w*, then by noting that § satisfies
Aj +e9 > (B — 2)8y, where & is the Dirac measure at 0 and 3 — 2 > 0, we can then apply a
version of Lemma 3.1 where ¢ can have a singularity (see [3]), to deduce that

/ 9@ g = / 9@ dog > 4.

We note that in the application of the lemma to the proof of Theorem 1.1, we have that ¢ is
bounded on all of R2.

Now we are in the position to prove the main theorem.

Proof of Theorem 1.1. Suppose u(z) is a solution of (1.3). Let & be a critical point of w.
Without loss of generality, we may assume &y = (0,0, —1). By using the stereographic projection
IT as before and letting

v(y) = ull™(z)) - 2plog(1 + |y|*) + log(8p),
v satisfies (2.2) and

Vo(0) =0 (3.2)
Set
P\Y) = Y2 D U1 D

Then ¢ satisfies



Ao+ (1+y*)e’e=0 inR2% (3.3)
By (2.1), it is easy to see ¢ is bounded in R2. If ¢ # 0, then by (3.2),

©(y) = Q(y) + higher order terms for |y| < 1,

where Q(y) is a quadratic polynomial of degree m with m > 2, that is also a harmonic function,
ie., AQ = 0. Thus, the nodal line {y|¢(y) = 0} divides a small neighborhood of the origin

into at least four regions. Let ~;, ¢ = 1,2,3,4, be four branches of nodal line of ¢ issuing
4

from the origin. If 7; does not intersect with ;, 7 # j, then R2 \ U ~; contains at least four
i=1
' 4
simply-connected components. See Figure 1 below. If v; intersects with some «;, then R2\ U i
i=1

contains at least three simply-connected components. See Figure 2.
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If there are more branches of nodal line of  issuing from the origin, then R?\ {¢ = 0} is divided
into more components of simply-connected domains. Therefore, we conclude that R? is divided
by the nodal line {y|¢(y) = 0} into at least 3 regions, i.e.,

R\ {yle(y) =0} = [J o
In each component €2, the first eigenvalue of A + (1 + |y[?)!e? being equal to 0. Let now
gi=log ((1+ y)'e").
By noting that
Ag+ef >0 inR?

Lemma 3.1 then implies that for each j = 1,2, 3,

/ eIdy = / (1 + |yP)levdy > 4.

J Q]



It follows that

3
8mp = Z/ (1+ y»)levdy > 127,
j=1"7%%

which is a contradiction if we had assumed that p < % Thus we have p(y) = 0, i.e., v(y) is
axially symmetric. By Theorem A, we can conclude u = 0. 0

Remark 3.3. If we further assume that the antipodal of &j is also a critical point of u, then

m
R%\ {y|p(y) =0} = U 2, where m > 4. Lemma 3.1 then yields
j=1

m
8mp = / (1+ |y[2)le”dy > E / (1+ ]y|2)levdy > dmm > 167,
R2 3 Qs
J=17""

which is a contradiction whenever p < 2. By Theorem A, we have again that v = 0. For
example, if u is even on S? (i.e., u(z) = u(—z2) for all z € S?), then the main theorem holds for
p<2

Remark 3.4. If v is a solution of (2.2) with §;(v) < 6, and 0 is a critical point of v, then by
the same proof of Theorem 1.1, we can conclude v is radially symmetric in R?. Furthermore, if
v(x1,x2) is even in both x; and x3, then v is radially symmetric if §;(v) < 8.

Remark 3.5. One can actually show that Conjecture 1 holds for p < % + € for some ¢y > 0.
Indeed, it suffices to show that for a smaller but close to %, the functional J, is non-negative.
Assuming not, then there exists a sequence of {ay}r such that % <o < %, limyg o = % and
inf pq Jo,, (u) < 0. Since J,, is coercive for each o > %, a standard compactness argument yields
the existence of a minimizer u, € M for J,,. Moreover, ||ug| g1 < C for some positive constant
independent of k. Modulo extracting a subsequence, u; then converges weakly to some ug in M

as k — oo, and wug is necessarily a minimizer for Iz in M. By our main result, ug = 0. Now,
3

we claim that u; actually converges strongly in H' to ug = 0. This is because — as argued by
Chang and Yang — the Euler-Lagrange equations are then
1
U A — 14 —e =0 (3.20)
2 Ak
where A\, = |, g2 €' dw < C for some positive constant C. Multiplying (3.20) by ux and integrat-
ing over S2, we obtain

1
O;k/ \Vudeer/ ur(@) dw = o= | ey (z) du. (3.21)
§2 S2 k JS2

Applying Onofri’s inequality for uj, and using that |[ug| ;1 < C, we get that [, e** duw is
also uniformly bounded. This combined with Holder’s inequality and the fact that u; converges
strongly to 0 in L? yields that [g, e“Fuj, dw — 0. Use now (3.21) to conclude that ||ug||z:1 — 0
as k — oo.



Now, write v = v + o(||u||) for ||u|| small, where v belongs to the tangent space of the
submanifold M at ug = 0 in H*(S?). It is easy to see that | g2 VX dw = 0. We can calculate the
second variation of J, in M at ug = 0 and get the following estimate around 0

Ja(u):a/ \Vv\de—Q/ (w2 duw + of||ul ).
S2 S2

Note that the eigenvalues of the Laplacian on S? corresponding to the eigenspace generated
by x1,x2,x3 are Ay = A3 = Ay = 2, while A5 = 6. Since v is orthogonal to x, we have

/ |Vo|? dw >6/ [v|? dw
S2 S2

Jo(u) > («

and therefore

1 2 2

= Pl +ol[[ul[%).

Taking o = oy, and u = wy, for k large enough, we get that J,, (u) > 0, which clearly contradicts
our initial assumption on uy.

Concluding remarks. (i) The question whether Jo(u) > 0 for < o < 2 under the condition
(1.2) is still open. However, in [13], it was proved that there is a constant C' > 0 such that for
any solution u of (1.3) with 1 < p <2 (i.e. 3 < a < 1), we have

lu(z)| < C for all x € S2.

(ii) Recently, Liouville type equations with singular data have attracted a lot of attention among
PDErs since they are closely related to vortex condensates which appear in many physics models.
One of the challenges in this line of research is to understand bubbling phenomena arising from
solutions of these equations, and the past twenty years have seen many works in this direction.
The most delicate case in bubbling phenomena is when more than one vortex collapse into
a single point. (2.2) is one of the model equations that allows an accurate description of the
bubbling behavior during such a collapse. See [4] and [8] for related details. Thus, understanding
the structure of solutions to the equation (2.2) is fundamentally important. As mentioned above,
it is conjectured that for [ < 2, all solutions of (2.2) must be radially symmetric. This remains
an open question, although a partial answer has been given recently in [4].

References

[1] T. Aubin, Meilleures constantes dans le théoréme d’inclusion de Sobolev et un théoréme de
Fredholm non linéaire pour la transformation conforme de la courbure scalaire (French), J.
Funct. Anal. 32 (1979), no.2, 148-174.

[2] C. Bandle, Isoperimetric inequalities and applications, Monographs and Studies in Mathe-
matics, 7. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1980.

[3] D. Bartolucci, C.S. Lin, Uniqueness results for mean field equations with singular data,
Comm. Partial Differential Equations, 34 (2009), no.3, 676-702.



[4]
[5]

[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. Bartolucci, C.S. Lin, G.Tarantello, preprint, 2009.

S.Y. Chang, P. Yang, Conformal deformation of metrics on S?, J. Differential Geom. 27
(1988), no.2, 259-296.

S.Y. Chang, P.Yang, Prescribing Gaussian curvature on 52, Acta Math. 159 (1987), no.3-4,
215-259.

K.S. Cheng, C.S. Lin, On the asymptotic behavior of solutions of the conformal Gaussian
curvature equations in R?, Math. Ann. 308 (1997), no.1, 119-139.

J. Dolbeault, M.J. Esteban, G.Tarantello, Multiplicity results for the assigned Gaussian
curvature problem in R?, Nonlinear Anal. 70 (2009), 2870-2881.

J. Feldman, R. Froese, N. Ghoussoub, C.F. Gui, An improved Moser-Aubin-Onofri inequal-
ity for axially symmetric functions on S?, Calc. Var. Partial Differential Equations 6 (1998),
0.2, 95-104.

C.F. Gui, J.C. Wei, On a sharp Moser-Aubin-Onofri inequality for functions on S? with
symmetry, Pacific J. Math. 194 (2000), no.2, 349-358.

C. Hong, A best constant and the Gaussian curvature, Proc. AMS, 97, (1986), p. 737-747.

C.S. Lin, Uniqueness of solutions to the mean field equations for the spherical Onsager
vortex, Arch. Ration. Mech. Anal. 153 (2000), no.2, 153-176.

C.S. Lin, Topological degree for mean field equations on S%, Duke Math. J. 104 (2000),
no.3, 501-536.

J. Moser, A sharp form of an inequality by N. Trudinger, Indiana U. Math. J. 20 (1971),
p. 1077-1091.

E. Onofri, On the positivity of the effective action in a theory of random surfaces, Comm.
Math. Phys. 86 (1982), no.3, 321-326.

B. Osgood, R. Phillips, P. Sarnak, Extremals of determinants of Laplacians, J.F.A. 80,
(1988), p.148-211.

10



