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Abstract

We consider the semilinear elliptic problem —Au = f(x,u), posed in a smooth bounded
domain Q of RY with Dirichiel data u|sq = 0, where f:Qx[0,a5) > R, (0 <ay < +00)
is a function of appropriate regularity which blows up at a;. We give pointwise lower
bounds for the supersolutions under some appropriate conditions on f, and apply them to
eigenvalue problem —Au = Af(x,u), by giving upper and lower bounds for the extremal
parameter A and the extremal solution u*. To demonstrate the sharpness of our results, we
consider the eigenvalue problem —Au = Af(u”) (p > 1) with Dirichlet boundary condition,
and show that for every increasing, convex and superlinear C? function f : R, — R, with
f(0) >0, 2, — m
of Q. Also, we consider the eigenvalue problem —Au = Ap(x)f(u), where f is either a
regular singularity such as f(u) = e“, or a singular one such as f(u) = ﬁ and give
explicit estimates on A* and u*, that improve and extend several results in the literature,
by Payne[17], Sperb [21], Brezis-Vasquez [3], Guo-Pan-Ward [11], Ghoussoub-Guo [10],
Cowan-Ghoussoub [6], and others.

and |luy|lc — oo, where g is the maximum of the torsion function
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1 Introduction and preliminaries
We consider semilinear second-order elliptic equation of the form

—-Au= f(x,u) x€Q,
{ u=0  xedo, (.

where Q is a bounded smooth domain in RY and f : Q x [0, af) - Ry (0 < ap < +00)is a
given function which blows up at ay. It is said that a solution of (1.1) is classical provided the
map f~(x) = flx,u(x)) € C(Q), u € ciQ)ncC (ﬁ). Note that if f is Holder continuous in its first
variable and locally Lipschitz continuous in the second variable; by elliptic regularity theory, this is
equivalent to saying that a classical solution is in C>® for some a > 0 [20]. The aim of this paper is
to give a nonexistence result for problem (1.1) and find pointwise lower bounds for supersolutions of
(1.1) under some appropriate conditions on f. Then we apply the results to study the corresponding
eigenvalue problem, i.e.,

{ —Au=Af(x,u) xeQ, (1.2)

u=0 x € 0Q.

In particular, we consider the nonlinear eigenvalue problem

—Au=2pX)f(w) xeQ,
(Pap) u>0 xeQ
u=0 x €0Q,

where Q is a bounded smooth domain in RV, 0 < A, p is a nonnegative nonzero bounded Holder
continuous function and f : [0,a5) — R, is a smooth, increasing, convex nonlinearity such that
f(0) > 0 and which blows up at the endpoint of its domain. We consider two cases (according
the notations of [6]) either f is a regular nonlinearity i.e., f is superlinear, namely f(¢)/t — oo as
t — oo, and its domain is Dy := [0, +o0), or when Dy := [0, 1) and lim, ., f(f) = +oo called a
singular nonlinearity. Typical examples of regular nonlinearities f are e, (1 + u)? for p > 1, while
singular nonlinearities include (1 — u)7? for p > 1.

It is said that a solution of (P,,) is classical provided |lull;~ < oo (resp., [lullo < 1) if f is
a regular (resp., singular) nonlinearity. Note that by elliptic regularity theory, this is equivalent
to saying that a classical solution is in C>® for some @ > 0 [6]. It is known that there exist an
extremal parameter 1*(Q,p) € (0, ) depending on Q, p and N, such that (P;,) has a minimal
classical solution u,; € Cz(ﬁ) if 0 < 1 < A*(€, p) while no solution exists, even in the weak sense,
for A > A*(Q, p) (see [10] for a precise definition of weak solution). It can be shown that the map
A+ u, is increasing in A. Its increasing pointwise limit u*(x) := lim;_, »+q,p) #1(x) is a weak solution
of (P,,) for A = A*(Q, p) which is called the extremal solution of (P,,) (see [10, 13, 14, 2]). For
problem (P, ;) we refer the reader to L.E. Payne [16, 17, 18]. In this paper we are mostly interested
in upper and lower bounds for the extremal parameter A%, as well as pointwise lower bounds for the
corresponding extremal solution u* of (P,).

The ball of radius R centred at xo in RV will be denoted by Bg(xo). If xo = 0 and R = 1, then
we just write B. Given a set Q in RV we let |Q| denote its N-dimensional Lebesgue measure, while
wy denotes the volume of the unit ball B in RN, The torsion  of a domain Q is the non-negative
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function y € C2(Q), that is the unique classical solution of the problem

-Au=1 xeQ,
u=0 xeoQ.

We shall denote yq = sup,.q ¥(x) = |[Wllw. It is a classical result [21] that whenever f is an
increasing function with f(0) > 0, then the extremal parameter 1*(€2, 1) for problem (P, ) satisfies
the estimates:

1 t
— — <A, D) < 4(Q 1.3
Vo od i ST D<A )oi?llff() (13)

where 1,(€) is the first eigenvalue of Laplacian with Dirichlet boundary condition. Brezis-Vasquez
[3], Gazzola-Malchiodi [9], Guo-Pan-Ward [11], Ghoussoub-Guo [10], Cowan-Ghoussoub [6], and
others improved these estimates, at least for some specific nonlinearities f and provided upper and
lower L™ estimates for the minimal solutions of nonlinear eigenvalue problem (P,,). In this paper,
we offer another approach to these problems, which will yield improvements to the known estimates
on both A* and ||t/*||co.
The upper bounds will be dealt with in section 4, where we prove that
1 [ dt
* < — — .

ren Yo Jo f@) a5
which, in many cases, represents a sharper upper bound than (1.3). Indeed, for example in the case
of f(u) = (1 — u)~%, Ghoussoub-Guo [10] used Pohozaev-type arguments, to show that for a star-

shaped domain Q, one has 1*(Q, 1) < %, where P(Q) is the perimeter of Q. In particular,

A*(B,1) < W *2) , where B is the unit ball. Formula (1.4) gives however a much better estimate,

since in this case, F(f) := [ 4 = 100" and g = <L yielding that for all N > 3, *(B, 1) < 2
s =i = 3 Yo = 5y yielding that for a >3, (’)\T

Actually, (1.4) is an improvement on (1.3) for any nonlinearity f as long as the dimension is
large enough. Indeed, by using known asymptotics for 4,(€), one can show that if

AN) := 1 f T nd AN) = ,(Q) su
T dy 76 - o<t<€,f<>

/l(N) /I(N)

then — oo goes to infinity as the dimension N — oo, while remains bounded.
Another illustration of how our estimate (1.4) is an 1mpr0vement on (1.3), we consider in section
4, semilinear second-order elliptic equations of the form

u=20 x €0Q, (1.5)

{ —Au=AfWw’) xeQ,
where Q is a bounded smooth domain in R", p>land f: R, — R, is an increasing, convex and
superlinear C? function with £(0) > 0. Denoting by A, (resp. uj,) the extremal parameter (resp. the
extremal solution) of problem (1.5), we show by using (1.4) that

1
lim A% =
p=eo P f(OWq

and  lim [|u |l = +oo0.
p—)oc
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In particular, when f(0) = 1, then lim,— 4o 4,,(B) = 2N. Note that with the earlier result (1.3), one
only arrives at

1 V()
< liminf 4, < limsup 4, < 18

f(O)‘;bQ p—+ p—+oo f(O) '

In section 3, we provide improvements for the lower bound for the critical parameter 1*, by estab-
lishing the following estimate:

sup 1 — A1) < (1), (1.6)
O<t< Wl
Yo
where
B = sup f'(F~' wp(x))Vy(x)P, (1.7)
xeQ
and F(¢) := Ot %, t > 0. In particular, if Q is the unit ball B, we then have
sup 2Nt —4ta(t) < (B, 1), (1.8)
0<t<||Flle
where a(t) = sup f'(s)(t — F(s)). As we shall see, this lower bound (1.8) is sometimes an
0<s<F~1(t)

improvement on the estimate (1.3), and yields —at least in some dimensions— the exact value of the
extremal parameter for the standard nonlinearities f(u) = €*, f(u) = (1 + u)” and f(u) = (1 —u)™?
with p > 1. For example for f(u) = ¢“, the previous estimate (1.3) gives that 1*(B) > 271\', while our
formula above gives that

& N=1,2,
2N 2
A'(B) > max { sup 2Nt -4, —} =4 2 N =34,
0<t<1 €

2N-2) N3z5.

We also improve the lower bound on the L.-norm of u* given by Cowan-Ghoussoub [6]. For
example, and again in the case of f(u) = ¢“, they show that ||u*||., > 1, while our result yields that

]l > = In(1 — A" (Qyrq),

which in the case of the unit ball gives that ||u*|| > In %, hence a better lower bound when 6 < N <
9.

We also note that Brezis-Vasquez in [3] and others established that the extremal parameter of
problem (P, ) with f(u) = e" satisfies 1*(B, 1) = 2(N — 2) for N > 10 by finding the exact singular
solution u*. Then they concluded by comparison that 1*(B, 1) > 2(N — 2) for 3 < N < 9 using the
fact that the extremal solution in this case must be regular. A similar reasoning is used for the case
when f(u) = (1 + u)”. Note that our approach yields similar results without knowing the explicit
formula for the extremal solution u* or its regularity. Also we obtained a better lower bound when
f(u) = e* when N = 2,3, and also for f(u) = (1 + #)? when p < %.
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In summary, we have the following estimates for the unit ball in RY, which contains essentially
all previously known results.

t
max{ sup 2Nt —4tB(t), 2N sup —} < A(B, 1),
0<t<lIFllw o<r<ay S ()

and

« . t
A*(B, 1) < min {2N||F||w, /ll(B)Oii;;f%}.

Another problem that we treat in section 2 is the nonlinear eigenvalue problem (P,,), when p can
vanish somewhere on the domain Q. We establish the following estimate without assuming that
inf,co p(x) > 0.

2N||Flloo

(Q.p) < :
SUP e, {Px(da(x))d2 ()]

(1.9)

where dg(x) is the distance of x to the boundary dQ and p,(r) := izrzlf : p(y) defined for any r <
YEB,(x

dq(x). For example, if p(x) = |x|* and Q is a ball of radius R, we obtain that

. an _ 2N ja+2\@2) (" dt
A (Br, W) < = (=)
04

R o f@
In particular, we consider the problem
p(x)
-Au=2 €Q,
(Mp.p) (1 -up
u=0 x € 09,

where p > 1, which has often been used to model Micro-Electro-Mechanical devices (MEMS).
Here 4 > 0 is proportional to the applied voltage, 0 < u(x) < 1 denotes the deflection of an
underlying membrane and p(x) is the so-called permittivity profile [7, 11]. By 4*(€, p, p) we mean
the extremal parameter of problem (M, ). We improve on some of the recently obtained results
by Guo-Pan-Ward [11], Ghoussoub-Guo [10], Cowan-Ghoussoub [6], and others about upper and
lower L™ estimates for the minimal solutions of nonlinear eigenvalue problem (M, ,5). See also
[4, 5, 15] and the references cited therein.
Note for example that estimate (1.9) yields in this case that

2N

=: A(N), (1.10)
3 5Up,eq {ox(da())d3 (1)

' (Q,p,2) <

which is worth comparing to the following upper bound obtained in [10]:

4,(Q) 4(Q)
27 inf e p(x)’ fQ pbdx

A'(Q,p,2) < min | b= ), (1.11)
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where ¢ is the normalized positive eigenfunction correspond to A;(€) with fQ ¢dx = 1. Again, one
can see that in the case of a unit ball B, /1 remains bounded as N — oo, whlle £ — oo. Actually, if
inf,eq p(x) > 0, then (1.10) yields for a general domain Q, that

2N

AQ,02) < ——,
0D S S i car®

where rq := supdqg(x) is the Chebyshev radius of Q. This means that (1.10) is better than (1.11)

xeQ
whenever
GI1C R S 7 2§upxegp(x) .
N ré 2’ 3infeq p(x)

In section 5, we collect corresponding explicit estimates for the standard nonlinearities f(u) = e,
S = +uPand f(u) = (1 —uw)™? with p > 1.

2 Pointwise lower bound for the supersolutions of problem (1.1)

In this section, first we obtain a pointwise lower bound for the supersolutions of problem (1.1) i.e.,

u>zf(x,u) xeQ,
[z e @

where Q is a bounded domain in RY with smooth boundary dQ and f : Q x [0,a =R (0<ar<
+00) is a function such that mysq (defined below) is an increasing C'-function with mra(0) > 0.
Here we have denoted

meq(t) := )icgéf(x, H  and Mpa() = sugf(x, 1) forallte[0,ay). 2.2)

Proposition 2.1 Let u € C*(Q) be a solution of (2.1), then

Fu(x)) 2 ¥(x) forall x € Q,

where s is the torsion function and F(t) = fot fort e [0,ay).

myro(s)

Proof. By a simple computation we have

AF(u) = F”W)|Vul® + F'(w)Au
=, (1) A
= —zf’Q Vu|2 + “
m o (u) my.o(u)
3 —m},g(u)

IVul> -1 < -1 = Ay.
mjzc,g(u)
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Thus A(F(u(x)) — ¥(x)) < 0 for all x € Q. On the other hand, F(u(x)) — y(x) > 0 for all x € 9Q,
hence, by the maximum principle we must have F(u(x)) > y(x) for all x € Q, as claimed. O An
immediate application of the above is that every solution u € C2(Q) of (P,,1) satisfies the following

F'(y(x) <u(x) forall x € Q,
where F is defined by F(¢) = Ot J%.

Now, consider the problem

{ -Auzp(x)f(u) xe€Q, 2.3)

uz0 x € 0Q.

where Q is a bounded domain in R", p is a nonnegative function and f : [0,ay) — [0,00) (0 < ay <
o) is a nondecreasing C' regular or singular function such that f(0) > 0. Here, if one would like
to apply Theorem 2.1, one would have to impose the condition inf,cq p(x) > 0. To get around this
assumption, which is not desirable in MEMS models, we consider the following notion. We define
for any r < dg(x) := dist(x, 0Q), the function

px(r) = inf p(y). (2.4)

YEB,(x)
The following theorem gives pointwise lower bounds for solutions of (2.3).

Theorem 2.1 Let u € C*(Q) be a solution of (2.3). Then

u(y) > F(puda() 2=E) - for all x,y € Q such that |y - x| < da(x), 2.5)
where F(t) := fot ]% In particular, we have

u(x) > F*l(px(dg(x))%‘*) for all x € Q. (2.6)

If p(x) = [x|%, @ > 0, we then have

-1 @ dQ(x)2 .
u(@) > (3] = do(x)* =) if |l > da(x). @7

Proof. Since By, v (x) € Q for all x € Q, it follows from (2.3) that for all y € By, (x) we have

W) o o, Auly)
AF(u(y)) = ——=|Vu|" + ———
P Pwon T T )
< =p()
< —palda(x). (2.8)
Now consider the auxiliary function w(y) = %&"”"2 which satisfies Aw = —1 in By, (x) and

w = 0 on 0B,y (x). From (2.8) we get that

A(Fu() = plda())w(») <0 in By (),
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and
Fu(y)) =w(y) 2 0 on 9B, (x).
It follows from the maximum principle that F(u(y)) — px(da(x))w(y) = 0 in By, (x), that is

do(x)* — |y — xf”
2N

which proves (2.5). Taking y = x in (2.9) gives (2.6).
Now if p(x) = |x|%, @ > 0 then for x € Q such that |x| > dn(x) we have

Fu(y)) > px(da(x)) for all y € B (x), (2.9)

pu() = inf I = (1l = da()

By substituting it for p, in (2.6), one gets (2.7)

Remark 2.1 Note that estimate (2.5) is (strictly) better than (2.6). For example let Q = Bg(0)
and for simplicity take p = 1. Then (2.6) gives the estimate u(x) > F‘l(%)for all x € Q.

R -

However, by taking x = 0 in (2.5) gives u(y) > F~!( 211/y|2
(R — |x)? < R? — |x? for all |x] < R.

) for all y € Q. But it is easy to see that

3 Improved upper bound for the extremal parameter

The following immediate corollary of Theorem 2.1 gives an upper bound for the extremal parameter
A* of the nonlinear eigenvalue problem (1.2).

Corollary 3.1 Let u € C*(Q) be a solution of the non-linear eigenvalue problem (1.2) and xy € Q
such that y(xo) = Y. Then, we have

1< L fu(xo) ds - L f‘l/ ds
o Jo mpals)  wa Jo mpa(s)

In particular, the extremal parameter of problem (P, ) satisfies

1 t 1 “ ds
— sup — < A'(Q, 1) < — —_— (2.1)
Vo 0cren, £(0) vaJy f®
Proof. By Proposition 2.1 we have
F(u(x)) > Ay(x) forall x € Q, 2.2)

where F(t) = for ds__ This implies that

myra(s)”
1< 1 f“w ds 1 ff ds
Swado mpa()  waJo mpa(s)

as desired.
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Remark 3.1 The upper estimate in (2.1) can be much better, especially in high dimensions, than
the previously known one, namely that

Q1 A1(Q
@ h< “)égjm

where 4;(Q) is the first eigenvalue of the Laplacian on Hé (Q). Actually, if

1oy ds t
/l(N) = —— and AN) := ,(Q) sup —
) T e 7@
then )(N ) S goes to infinity as the dimension N — oo, while A%V) remains bounded. This follows

1mmed1ate1y from the fact that for any bounded domain Q in R the first eigenvalue 1,(Q) of the
Laplacian satisfies

4N7> 1
Q) > ——
1@ N+2(a)N|Q|

). 2.3)

The next theorem illustrates the remarkable usefulness of (2.1).

Theorem 3.1 Let @ C RN (N > 2) be a bounded smooth domain, and let f : R, — R, be an
increasing, convex and superlinear C?-function such that f(0) > 0. Then

1
lim A}, =
poeo P f(O)a

where 4, and u, are the extremal parameter and extremal solution of problem (1.5) respectively.

and  lim |lup |l = +0o,
p—)OO

Proof. Take f,(1) := f(t”) for p > 1. It is easy to see that there exists a unique 7, > 0 such that
I t

= sup——

fp(tp) >0 fp([)

Indeed, the function g,(?) := xG) (t) satisfies g,(0) = 0 and g,(f) — O as ¢t — +oo for p > 1, which
means that there exists 7, > 0 such that g,(z,) = sup g,(?). To prove uniqueness, note that
>0

forall p > 1. 2.4)

o =1, hy(@)
2 A

g, = (2.5)

and since h),(1) = —tf;/(t) < O for ¢ > 0, then 7, is unique. Now, we show that 7, — 1 as p — +co.
Since g’p(tp) =0, by (2.5) we have

f@)—-piyf'th)=0 forall p>1. (2.6)
From the convexity of f we have f(r) — f(0) < ¢f’(¢) for t > 0. So from (2.6) we get

1
- /O <— forallp>1. 2.7

f@y p
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Taking the limit as p tends to infinity in (2.7) we have f (tﬁ) — f(0) as p — oo, it follows that
11: — 0 as p — oo. Now, if limz, # 1, then we can find a subsequence {z,,} such that for j € N,
p—

Il <a<iy ort, <pB<1forsomea,p € R. The first case implies that tﬁf — 400 as j — oo which
is a contradiction, and the later case implies that 0 < p jt};j < pjpPi — 0 as j — oo. Then by (2.6)
we must have f(tf,’jf) — 0 < f(0) as j — oo which contradicts the fact that f(tﬁ) — f(0)as p — co.

Hence, we showed that 7, — 1 as p — +c0. Now from (2.4) we get

1
lim sup

t
—_— 2.8
Py e pﬁwf(t" = 70 8

On the other hand :

if 0<r<1,
J(0)
0

if > 1.

p_’“’fp(t) {

Taking ¢ : Ry — Ry with £(#) = 1/f(0) fort € [0,1] and £(¢) = 1/fo(¢) = 1/f(@) for t € (1, +0),
then £ € L'(R,) and 1/ fp@® < {(®) for p > 2. Now, by the Lebesgue dominated convergence
theorem,

< ds 1
lim = —. 2.9)
p=e Jo o fps) o f(0)
Now, estimate (2.1) guarantees that
1 t 1o g 1 dt
—sup—</l;<—fp L (2.10)
!ﬁg >0 fp(t) 'r//Q fp(t) 'J’Q 0 fp(t)

Taking the limit as p tends to infinity in (2.10) and using (2.8) and (2.9), it follows that
lim A and lim = +o0o0.
S T o, HplR0) = +oo

Next, we consider problem (P,,) and establish some estimates on the extremal parameter 4*(Q, p)
using Theorem 2.1.

Theorem 3.2 (i) The extremal parameter A*(Q, p) of problem (P, ) satisfies the following
2NF(Jlull) 2N|IF|loo

(Q, p) < < , (2.11)
sug{px(dmx))dé(x)} sug{m(dQ(x»dé(x)}

where F(t) := dq is the distance to the boundary 0Q, and p.(r) := 1nf p(y)
S

1
0 f(A)’

(i) If @ > 0, then

2(Q, 1x%) < 2NV E (o) . 2.12)

sup {(Ix] = da(x))"do(x)?}

[x>dq(x)
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(iii) In particular,

2NF(lu*|loo) < 2N||Fllo
2 = 2 >

Q Ta

(1) < (2.13)

where rq = sup dq(x) is the Chebyshev radius of Q, and in the case of a ball of radius R, we
xeQ

have

oyt

a(l

A (Bg, 1x) < F(llu*lloo)R™ . (2.14)

Proof. By Theorem 2.1 and the fact that F is increasing we have

do(x)?

IFllee > Fllu'lleo) > Fu"(x)) > 27(Q, p)p(da(x)) N

€Q,

which proves (2.11). Taking p = 1 in (2.11) gives (2.13). (ii) is straightforward. In the case Q is
a ball of radius R, we have dq(x) = R — |x| for all x € Q. By elementary calculus it can be easily
checked that for all R > 0 and a > 0, the function g(f) = (2t — R)*(R — #)* defined on [R/2, R] takes
its maximum in ¢ = %R. It then follows that

(1] - do)da? = 2B
sup (|x] — do(x))%da(x)” = ———.
Ixl<da(x) ° “ (@ +2)@*2
Remark 3.2 Suppose f(u) = ﬁ then the estimate
2N =
2(Q,p,2) < .= AN), (2.15)

35Up,cq {x(da(x)d3 (%)
is better than the following one obtained by Guo-Pan-Ward [11]

42,(2) 41(Q)
27 inf veq p(x)’ fQ pddx

A'(Q,p,2) < min | b= A, (2.16)

where ¢ is the normalized positive eigenfunction correspond to 4;(Q) with fQ ¢dx = 1. Again, this

is most obvious in higher dimensions, since ﬁ remains bounded as N — oo, while 1%, goes to infinity.

Indeed, first note that A > min{ > it’fl‘(f/))(x), su;f]g(x)}' From the fact that |Q| < (W)N wy and

using the lower estimate (2.3) on 4,(€2), we can deduce that% — oo as N — oo. This proves that the
upper bound (2.15) considerably improves (2.16) for large N.

Remark 3.3 Note that, since F' is increasing then for a regular nonlinearity f we have ||Fl|l =
00 . . . . 1 . .
b % while for a singular nonlinearity [|Fllo =}, % Also, By considering the smallest ball

containing Q and the largest ball contained in €, it is not hard to see that

8N 1 2N
—— < — < =
diam(Q? ~ ya | 2
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The above then yields the following explicit bounds for 1*(Q, p), in terms of the size of the domain.
If Dy = [0, 00), then

ax {—8N 2 }su A%( 2N f
diam(Q2 21 58 £(0) f(t) 7
In particular,
2N t 2N s
—_ - \ /l B 0 X 75 YN
& Sy STEOD< % |5

4 Improved lower bounds for the extremal parameter

In this section we obtain two different lower bounds for the extremal parameter of problem (1.2),
which will improve (1.3). First, we show how the latter estimate can be obtained

Lemma 4.1 Let f : QxXR, — R, be a S-Holder continuous in its first variable and locally Lipschitz
continuous in the second variable. If My (defined in (2.2)) is increasing and M;q(0) > 0, then

problem (1.2) has a positive classical solution provided 0 < A < wig Sup,.q m This means that

1 t
— su <A (3.1)
Yo r>(1))Mf,Q(t)

Proof. Obviously, u = 0 is an allowable subsolution and therefore it suffices to find a supersolution.
To this end, we consider u = i to be a supersolution for (1.1) where y is the torsion function and
@ is a positive real number to be determined later. Clearly, u > 0 on §Q. Since the function My is
increasing, then it is just sufficient to have

Al + AM po(apq) = —a + AM po(ag) < 0. (3.2)

Choose a > 0 such that

o t . .
= ————. For this a, (3.2) holds, ded
Ma(@ve) Stl:([)) Mra®) or this a, (3.2) holds, provide
1 1
/l < _a—lpg - Sup;,
Ya Mro(aya)  Ya 0 Mpa(t)
as desired. |
As an example, consider the problem

{ —Au = Ax|%¢* x€ B,

u=0 X € 0B, 3.3)

where a > 0 is a real number. Here we have
1

1
fx, 0 =|xI", Q= B1(0), Mya(r) = sup [x|¢' =¢, sup — =—and — =2N.
xeB,(0) 0 € e Yo

Then by Lemma 4.1 we have %N <A O
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In the following we use again the sub- (super-) solution approach to give another lower bound for
the extremal parameter A* associated to the nonlinear eigenvalue problem (P, ). For any bounded
domain T in RV, we denote by A,(T) the first eigenvalue of —A on H(l) (') and by ¢r corresponding
positive eigenfunction normalized with supy ¢r = 1. We associate to a given domain Q € RY and a
given nonlinearity f, the following parameter

Vo, = sup {/ll(l")Jf(igf ¢r); IT'domainof RV, T'D ﬁ}, (3.4

where J /(1) = A, being the unique solution of the below equation

A

f(A)°
fA) =tf(A), 0<t<1, 0<A<ay.

Theorem 4.1 Consider the eigenvalue problem (P, ). Then

4
rQp) > —2L
supq p(x)

where vq 5 is defined by (3.4).

Proof. To prove the theorem we need to construct a supersolution of (P, ,) for every A < vq s(supq o)L
For a bounded domain I' 2 Q with smooth boundary, let (1;(I'), ¢r) be the first eigenpair normalized
in such a way that

super = 1, and inf ¢r := 51 > 0.
r Q

We construct a supersolution in the form # = A¢r where 0 < A < ay is a scalar to be chosen later.
We require that

At + Ap(x) f (@) = A4 (D)gr + Ap(x) f(Agr) <0 in Q,

which can be satisfied as long as

BA,T, f), where B(A,T, f) := 4;() inf{i; s € [s1(D), 11},

A< ——
supg P(x) f(As)

Hence we have

1 (Q.p) > sup {B(A.T, f); 0 < A <ap, T20Q).

1
upg, p(x)

Therefore, it remains to show that
vo,f = sSup {ﬁ(A,r,f); 0<A<ay T2 5},

First, define g(r) = ﬁ for 0 < 7 < ay. By the properties of f we have 0 = g(0) = lim,_,,, g(r), and
we claim that there is unique point 0 < #p < ay such that g(#)) = maxo<<a; g(¢), g is increasing on

[0, 7] and decreasing on [#g, ay). To see this note that we have

h(t)

gw= 20

where h(t) := f(t) — tf' (1),
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and since h(0) = f(0) > 0, A'(r) = —tf” () < 0 and because of the convexity and superlinearity of f,
lim,,, h(f) = —oo, thus we get the claim. This shows that inf (s, 1) g(As) = min{g(s1A), g(A)}. For
a fixed 51 < 1 take T'(A) = g(s1A) — g(A) on [0,ay], then T is a continuous function that is negative
near zero and positive near a so there is 0 < A, < ay such that T(A;) = 0. It is obvious that A, >
to > s1A;, and also is unique. Indeed T'(A) = 0 if and only if g(A) = g(s14) or 51 f(A) — f(51A) =0
which has a unique solution from the fact that (s f(A) — f(Asy)) = s1(f'(A) — f'(s1A)) > 0 on
(0,ay). Thus we have

inf g(As) =

s€(sy,1]

g(As)) O0<A<A,,
g(A) Ay <A <ay.

From the fact that A;, > 7o > s1A,, and g(7) is increasing on [0, #p] and decreasing on [f, ay) it
follows that

S1

f(Ay)

sup infl]g(As) =g(Ay) =

0<A<ay SElst,

=Js(s1) = Jf(igf %r),
which completes the proof. O

(1= {a-nr
(1=t Koy
yields that for p = 2, J¢(t) = %, hence Theorem 4.1 is a direct extension of a similar result

obtained by Ghoussoub-Guo in the case of a quadratic MEMS nonlinearity [10].

Remark 4.1 If f(u) = then it is easy to see that J¢(7) = for 0 < ¢t < 1, which

_1
(1-wyr>

1
For f(u) = e", we have J¢(t) = ’l'—:’, In % for 0 <t < 1, and thus the above proposition yields that:
A(Q.p) > (sup p(x)) ™ sup {1,(D)s(D); T > 0},
Q

where s(I') := J(infg ¢r).

While the above estimate may have an interesting theoretical value, it is unfortunately not suitable
for explicit computations. We will therefore consider problem (P,,) with p = 1 and give a lower
bound for the extremal parameters in term of the torsion function ¢ of Q. It should be interesting to

find a relation between such a torsion function and the quantity sup A;(I')s(I') defined above.
—Q

Theorem 4.2 Consider the semilinear elliptic equation (P, ), then

Q1) > max{ sup @ —a*B(@), L sup L} (3.5

0<(,<de;¢ Yo 0<z<a,-f(t) '
Q

where (1) = sup,q f'(F~' (W (x))IVY(x), and F(r) := Of 5, 1> 0.

Proof. Take an a € (0, ”%) and define u(x) = F~'(ay(x)) for x € Q. It is evident that u €
C2(Q) N C1(AQ). We show that 7 is a supersolution of (P,;) for 4 = a - 02,8((1). To do this
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we compute Aii(x). Note that if we take y = F~'(af) then it is easy to see that y/ = af(y) and
¥ = fO)f (). So
Aa(x) = [ f' @IV — alf (@)
«M%ﬂrwwwww%mm>

= —(a - ’B@)f(@).

In other words, Aii(x) + (@ — azﬁ(a)) f(@) < 0, and since we have ii(x) = 0, x € 9Q, this shows that i
is a supersolution of (P, ;) for 4 = a — a'zﬁ(a). On the other hand, ¥ = 0 is an allowable subsolution,
thus problem (P, ;) with A = @ — a*B() has a classical solution and hence

Q1) > a - a?B).

Taking the supremum on a € (0, %) and combining it with (1.3), we obtain (3.5). Now, we
consider some special cases of Theorem 4.2 and give some explicit lower bounds for the extremal
parameter of problem (P, ;).

Corollary 4.1 Consider the semilinear elliptic equation (P,,) on the unit ball B, In particular if
and assume the function f'(t)(a — F(t)) is decreasing on (0, ar). Then, we have

t

A (B, 1) = max{ sup 2Na — 4cx2f'(0) , 2N sup . 3.6)
0<a<||Flle o<t<a; J (@)
Proof. When Q = B we have y(x) = 1;‘32 , then from (3.5) we get
: 2 ot L=l
(B, 1) = sup «a—aB(a), where B(a) :=sup f'(F (a ))—2. 3.7
0<a<2N||Flle xeB 2N N

Taking ¢ := F‘l(alg—k,‘lz), make the change @ — 2N« in (3.7), and use that the function f’(¢)(a—F(t))

is decreasing on (0, F~!(a)), to obtain that 8(a) = f'(0)( — F(0)) = f'(0)a, which proves (3.6).

5 Some applications

In this section, we apply our results to the following eigenvalue problem

{ —Au=Af(u) xeQ,

W=0 x e o, G.1

where Q is a smooth bounded domain in RY and f(u) = (1 — u)™?, f(u) = " or f(u) = (1 + u)” for
p > 1. Problem (3.1) has been extensively studied in the literature because of wide applications to
physical models (see for example [3, 8, 9]).

Consider the singular nonlinearity f(u) = (1 —u)™” for 0 < u < 1, with p > 1. In this case, we
have

1—(1-pr!
F@t) = %1) and F'()=1-(1—(p+ ).
p
Also, sup ﬁ = ([H’l’%. We can therefore deduce the following result
O<r<1
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Corollary 5.1 The extremal parameter and extremal solution of (3.1) with f(u) = (1 — u)™? satisfy:

pr_ 1 J<r@.

max{ sup 1=rBU). oS o

1
O<t< g

A(Q)p? 1 }

1@ < min (20T G v

and

1= "Y1 =(p+ DAQu(x) <u'(x) forall xeQ, (3.2)

where W is the torsion function, and (8 is as defined in (1.7). In particular, if Q is the unit ball, then

2N
7(N,p) < A'(B) < , (3.3)
p+1
and
- + 1)T(N,
|- ’{/l—w <u'(x) forall xeQ, (3.4)
2N
where T(N, p) is defined in (3.5) below.
Proof. Tt suffices to note that
2Np?
(N, p) = max{ sup 2Na — 4pa?, —pl}
d<acl (p+ Dre
2NpP
N N
=i L 8L < N < 2, (3.5)

2 2p 4p
For the regular case f(u) = €" and f(u) = (1 +u)? by a similar argument as above we can prove that

Corollary 5.2 The extremal parameter and extremal solution of (3.1) with f(u) = " satisfy

max{oiit_tzﬁ(t)’e%g} ST@< min{/llig) , wLQ}
and
—In(1 -V Q) <w'(x)  forall xeQ. (3.6)

In particular, in the case of the unit ball, we have

T(N) < A*(B) < 2N. (3.7
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and
N
—In(1- Q) <u'(x) forall xeQ, (3.8)
2N
where T(N) is defined in (3.9) below.
Proof. Note that
& N=1.2,
* 2 2N N2
A*(B) > 7(N) = max { sup 2N - 4a?, 7} =y ¥ N = 3,4, (3.9)
O<a<l1
2(N-2) Nz5.
Corollary 5.3 The extremal parameter and extremal solution of (3.1) with f(u) = (1 + u)?, (p > 1)
satisfy:
2 pp 1 *
max su t—tp1t), ————1 < A(Q),
{O<t<i p (p— Db l/’Q}
(p+Dygq
P 11 (Q 1
/1*(9)<m1n{ p )'l( )1 , }’
(p=DPD 7 (p- e
and
1 .
- -1<u*(x) forallxeQ. (3.10)
N1 =(p = DA (Qy(x)
In particular
2N
T(N,p) < A(B) < ,
p—1
where T(N, p) is defined in (3.11) below.
Proof. Note that A*(B) is larger than
2N(p — P!
(N, p) = max{ sup 2Nt —4pt?, L}
0<r<t p?P
We-br N <8(1 -1y,
P P
= N? 1y\p-1 4p
=1 3 8(1—1—7)" <N< 5, (3.11)

2 2 4
(N -2 N>p+”1.
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Remark 5.1 The above three corollaries improve on existing results in many ways. We have seen
this in the upper and lower bounds for 4*. One can also note the improvements in the lower L™
bounds for u*. For example, Ghoussoub-Cowan had proved in [6] the following:

(@) If f) = (1 = w7, then -7 < [lu’l|o-
(ii) If f(u) = €*, then 1 < ||u*||co.
(i) If f(u) = (1 + u)?, then ﬁ <l leo-

Note that (3.2), (3.6) and (3.10) give better estimates, at least in certain dimensions. For example, if
Q is the unit ball, our results above yield:

(@) If f(w) = (1 - u)2, then 1 — f/;iN < ||u*||, Which gives a better lower bound than (i) when
SSNKT.

®) If f(u) = €*,and 3 < N < 9, then ln% < |lu*|l, Which gives a better lower bound than (i7)
when 6 <N < 9.

(¢) If f(u) = (1 +u)?, and p > %, then '3 (pff)N — 1 < ||u*||eo, Which gives a better lower bound

than (iii) when N > 2(1%)"’.

Remark 5.2 By combining our results with those of Cowan-Ghoussoub [6], one can obtain stronger
upper bound for 4*. Namely,

o If f(u) = ﬁ and 3 < N < 7, then there exists dy > 0 such that

_ _ 30N
2(3]\; 4) <1 (B) < 2N(1 38 )

Note that if N > 8, then A*(B) = % and u*(x) = 1— leg.
o If f(u) = ¢" and 3 < N <9, then there exists 6y > 0 such that
2(N —2) < *(B) < 2N(1 — ™).
Note that for N > 10, we have 1* = 2(N — 2) and u*(x) = —2In|x]|.
o If f(u) = (1 +u)” and 3 < N < 4, then there exists ky > 0 such that

2 . N 1
Py < 1B < (1- ).
p-1 p—1 (1 + ky)P!

2
-~ (N-
p—1
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