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Stationary SaS random fields driven by conservative flows.
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® = {¢¢,t € NJ} is a conservative Nd-action on measurable space
(E.&, ).

@ ¢y is the identity map on S.

@ (Gury =dyo0¢, forall u,ve Ng.

Assume that the action is measure preserving. Take f € L,(¢) and a Sa$S
random measure M controlled by pu:

Xt::/fogbtdl\/l, t € Ng
E

{X} is a stationary SaS random fields, and such random fields are
assumed to have long memory.

Rosinski, J(2000). Decomposition of stationary a-stable random fields,
Annals of Probability.
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To study the long memory properties, we mainly focus on two types of
limit theorems.

1
lim — max X; B € B([0,00)?) weak convergence of sup-measures
n—oo by, kenB

.1 :
lim — max X; te€[0,00)? functional convergence
n—o0 by, 0<t<|nt]

E =R9 R?,[0,1]9 (generally LCHS spaces). m: G — [0,00] is called a
sup measure if

e m(0)=0
e m(U,G,) = sup, m(G,) for arbitrary collections {G, € G : v}.

{mn} 285 m if and only if

limsupmp(K) < m(K) VKeK Iirlinf mp(G) > m(G) VGeg

n—oo

M is compact and metrizable under sup-vague topology.
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Random sup-measure is a random elements in M. In particular, if M(G)
is a cont rv for any open rectangle G, then weak-convergence M, = M is
equivalent to fdd convergence.

(mp(B1),- -+ ,mp(Bk)) = (m(B1),...,m(Bx)), open disjoint rectangles B;

Sup-derivatives and sup-integral:
dVm(t) := GinfG m(G), G € G uniquely determines m, d"mis usc
te

iVf(B) :=sup f(t) uniquely specifies a sup-measure, f is usc.
teB
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Markov chains and product Markov chains.
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{xn,n = 0} is an irreducible and null recurrent MC on Z ,with invariant
measure (7, € Z), mo = 1. On the path space

o (E,&) = (ZMNo, B(ZM0)).
o pu(+) =D iz miPi(").

@ P;i(-) is the law of {x, : n > 0,xp = i}.

left shift operator T(xp,x1,...) = (x1, X2, ...)

Proposition (Harris and Robbins 1953)

{xn} irreducible and null-recurrent < T conservative and ergodic.
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For a conservative action with
e A={x =0}, u(A)=1.
o by =pu(Up_; T *A) €eRVg, B€(0,1)
The processes X; := [ 140 T'dM has limit theorems:

L mexes (S esm) B e B0
b, ke?r)é t 2 " ’

° B€(0,1/2), d'n™(t) = X% I Ljseyimy £ € (01
o Be[1/2,1), dVn™P(t) = v Y e 4ry €011,

Let L;_g be the standard (1 — j)-subordinator

R = {L1_p(t),t >0} C [0,00) (1— () — stable regenerative set

P(V; < x)=x", x€[0,1] indep of R;, {V;, R;} iid family and {I;}
arrival time of unit Poisson on (0, c0).
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Lacaux, C and Samorodnitsky, G(2016). Time-changed extremal process

as random sup measure, Bernoulli.
Samorodnitsky, G and Wang,Y (2017) Extremal value theory for long

range dependent infinitely divisible processes.

June 21, 2018 9 /32
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d iid copies Markov chains (x,(,l)), cel, (x,gd)), has path spaces

(E1,&1,11), .-+, (Eq,Ed, 11qg)- T; is the left shift operator on E;.

Xy = (x,(ql), . ,X,Ej)), k € N§

Path space of (xx) and the shift operator are

o (E.& ) = (T & [T & T )
(] Tk(X) = ((Tl)klxl, ey (Td)kdXd)

Proposition

The action T on the o-finite (infinite) measure space (E,E, i) is
conservative, ergodic and measure-preserving.
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Consider the random fields
o A:={xp =0}, Misa SaS random measure on (E, &) controlled by
L.
o Xi:= [r(lao TH)(x)M(dx), ke Ng
The scaling constant in limit theorems is

n 1/a
by = p (U T‘kA>
k=1

d
= H b,(,') € RVyg/q assuming bf,l) =...= bf,d) € RVg/q
i=1
where bE,i) is the scaling constant for process X(0) generated by
(Ei, &y iy Ti).
Define a random sup-measure,

— d
Mn(B) = kn;(z)éXk B € B([0,1]%)
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Main theorem
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Theorem (Convergence of random sup-measure)

For0 < a<2,0< <1, inspace SM with the sup vague topology.

1 Ca 1/a 5
F%n(X) — 7 77067 n — o0

o, 1/Oé 2
n (t Z r. {tEH (V(')+R ))}7 te [07 1]

n8(B) & —1/ay . . 2
(B igg Z I. {tenle(vj(l)+Rj(ﬁ,'))}’ B e B([07 1] )

Random variables on RHS are all independent and have same distribution
in the d = 1 settings. Note that:

(1) < |8 J_[\Z/l ' l{tGH;i:l(Vj(,)'i‘r‘)j(B’l))}

v
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© Due to the fact that the limiting random fields is self-similar, we only
consider the convergence in [0, 1]¢.

@ Functional convergence in J; topology are natural corollaries of
random sup-measure convergence.

© We focus on the situation d = 2. General cases are similar.
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Start with series representation and truncation.

[e.9]

: ) 1/a rla
(Xk:0< k<n) = | bCy § 1eJrj 1{Tk(ufn))0:0},0<k<n
J:
: /
A p Cle > grite 2
Mo n(B) = by G ’Eg?’)éj:l &l 1{Tk(Ujgn))0:0}, B € B([0,1]%)

o {¢;} is a iid, Rademacher rvs.
o {I;} are the arrival times of a unit rate Poisson process on (0, c0).
e For each n, {Uj(") :j > 1} are iid E-valued (paths of chains) random

elements with same law 7,

(- N{x € E:x; =0 for some 0 <
t

<n})
pw({x € E:x; =0 for some 0 < n

)

t
<
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Proposition

For any § > 0,

lim limsupP [ max Cal/o‘ Z ejrj—l/al{Tk(U(n>)o_0} >0 | =0
7))o=

— 0<k<n
X n—oo =041

Together with

1
bn

is sufficient to prove weak convergence.

Myp =g, g 1P
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We need to consider simultaneous return time to 0 of several Markov
chains. Because we want to pick up “positive” summands in the series
representation.
0 Z,={0<k<n: Tk(U( ))0 = 0}, this is a random closed set in
[0, 1]2.
_1 CkegUn)y
e =12, Z 10 < kgn.T(Uj )o = 0},
yln) — (U(l n)’ U(2 n))
1 2
° Zf:” = Zj(m) X Zj(,n)'
Once the chain visits zero, the time interval between succeeding visits are
iid random variables. In C. Lacaux and G. Samorodnitsky 2016

1
Z_j(:b) = *{firSt return time + range of an 1 random walk }

(1), A0 5(1)
- (v +RMYn [01] RM n1o,1]

— B
where XE[O,l],IP’(\/j <x)=x

Rj(l)iid (1 — B) — stable regenerative set
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@ For SCN, /As,n = Njes, Zjn = IA.(Glr)v X i-(52r)1
e SCN, lél) = ﬂjesﬁ’}l)

o Is = I8 x 1¥)

Theorem (G. Samorodnitsky and Y. Wang 2017)

(/A.(alr):)Sc{l,.,.,g} = (/él))gc{17..,’g} n— oo in F([0, 1])21Z

v

Corollary

(sm)scii,.ep = (Is)scqi..p n—oo in F([0,1])%
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i;,n é i\san m U Zjvn
jefl,.0—S
return time to 0 by chains indexed by S exclusively
B C [0,1]? is an open rectangle

n(B) = U ({lsnnBz0}{,nT=0})

Sc{1,...0}

Proposition

lim P{H,(B)} =0

n—o0

Intuition: Consider the limit, intersections of stable subordinators.
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Take By, ..., B,, disjoint open rectangles in [0,1]. For each i, on
complement of H,(B;)

V4
-1
!///&H(B,-) = kng%_ b, Z ejrj /al{Tk(Uf"))(;:O}
1 j:l

_rl/a ~ 1o
=Ca 5cT1?.).(.,z} L g0} JZG; T

_rl/a A “1/a
=C, sch?.).(.,Z} 1{’57nﬁ5f7f®} ng; 1{€j:1}rj

1 -1/«
- n :}Ca m 1 . 1 €= r
b,,///é’ 5C{1?.>.(.,e} {/sﬁB:ﬂ}j%; {g=1}"

14

— —1/a )
=Cy Te%)le{szl}rj 1{teRj}

J=1

d - -1
SCe My T gy =T as
JjeSs
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AX(B) = max X, B € B(0.17)

bi,//l,,(X) = CopB n 5 o

n

1 1/ -1/
Fn«m,n(’X’)(B) = Ca/ Scra?.).(.,@} 1{i5,nﬂBi75(0} 2 5: ejrj
je

—1/a

1/ .
=Ca <5Cr{nlax o 1{15,,,08;&@} Z Lig=13T;
""" jes

o —-1/a
Scr~{nl?.>.(.,£} 1{’5vn”’375@} ng; 1{€j:—1}rj )

Taking the maximum of two iid rvs cancells out 21/
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Convergence of partial maxima processes
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Theorem

Assume that 0 < a < 2,0 < B < 1.

(l max X, t € [0, 1]2) — (CY*27Yoy([0,1]), t € [0,1]?)

by 1<k<|nt)

in D([0,1]?) with Skorohod J;-topology.

v

Again, it suffices to show J; convergence for the truncated partial maxima
random fields.
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Fix Sc{l,...,¢},and i=1,2

D4y —

YS,n(t) = 1{/A‘_(;i),,ﬁ[0,ti]#@}’ S [0, 1]
(1) ,

Ys (1) 1{I§i)ﬁ[0,t,-]7é®}’ ti €10,1]

19— 18 implies min 1) = min 1{) So

(Y& (1), t; € 0,1]) 2 (v(t), 5 €[0,1]) in D[0,1]

(Ysa(t), t €[0,1]) = (Ys(t),t € [0,1]) in D([0,1])

where

2
Ys.n(t) := Lejs anioe120y = H Y_é:?-,(tf)a t € [0,1]?

Ys(t) = Lignpo,g20) = H yO(t), telo1P
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On the complement H,([0,1]?) and apply continuous mapping theorem,

I\/I (1), t € [0, 1]2> t = (t1, &), [0, t] := [0, t1] x [0, ta]

_ l/a “1/a )
B C ! SCr{r!laX 0} {IS »N[0,t]#0} Z 6J J ) t e [0, 1]
JES

-1/
cile 5chaX Liisn[o,4£0} Z Lig=13T; /o telo,1]?
jes

< <<C 1a> 0 ’(0,1]),  teo, 1]2>
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Corollary

Assume that 0 < a < 2,0 < B < 1.

l 2 1/ 2
(bn 12y b € 0,1 ) = (CY/n([0.1)). t € [0.1]%)

in D([0,1]?) with Skorohod J;-topology.
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Random fields driven by additive simple random walks: in progress
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(1) {5.(1)} and {5.(2)} , two independent simple symmetric random walk
from origin.

Q@ S, 2 Sl(ql) + 51522) + So, let Sg € Z with counting measure .

(E,£), path space of (S, k € N3).

o0
W= Z P, is a o-finite measure

n=—0o0

x€E,x=x1®x,k = (ki, k) € Ng, Thkx = (Tl)klxl + (Tz)k2X2

(E,&,un,T) is a conservative, ergodic and measure-preserving system.
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A denotes the set {Sp = 0}.
Xi = / 1p00%dM = / lis,—0ydM, k€73
E E
In this model

(63
by ~ c\/n for some constant ¢

A random sup-measure

AX)(B) = max |Xil. B € B(0.0c))
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Theorem (in progress)

Assume 0 < o < 2,

1
(X)) = G/ asn— oo

n

in space SM[0, 1]?

> -1/«
() =3 T Urewy
=1

j
{W,}j>1, iid rsc’'s on [0,1]% , ¥V G € G([0,1]?),

P{W; NG # 0} = C12/Zp{z<{5.(”+3.(2)+t}[01]2) N Gﬂ)} dt

)

BM) and B , independent linear standard Brownian motions started
from the origin.

v
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Unsolved Problem:
Whether zeros of additive simple random walk on Z9, d > 1, after proper
scaling, converges weakly to zeros of additive Brownian motion.
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Thanks
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