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Outline

• Intro to pos . flag variety
• Flag positions ( special class of flag matroids) & their moment polytopes

• The pos . tropical flag variety Cpos Dressier )

• Theorem connecting the above objects
• Applicators to reakgability questions

& Bruhat interval polytopes
• Example of Tr Fly

> °

( cluster connection
,
relation to Lara Bassinger's talk)



Positive Flag Variety (Type A)
De Let R = {me . . .

< re} < [n] = { 1 , .. .in }
The flag variety Flam is variety of partial flags of subspaces
{ CV , , . . > Kc) : OCV, c - c Vic CIR

"
and dim Vi = ni tr i }

Can represent an element of Fln ;n by an non matrix s- t .

span of top ri rows → Vi .

Special cases : ① If R=[ n] : complete flag ran Fln
② If R = {r} : Grassmanncan Grr ;n

Have projector it
: Fln → Flan obtained by forgetting some Vi 's

E
A = (o l bto

a

; ↑) represent element of Fls wheel Vi = span of
top i rows

For Ic [ it
,
Plucker coed p±(A)÷ det of submatn in column I

and rows 1,2 , . . . ,
III.



Two notions of positivity. Fix R={r,< . . - < rise In]

Plucker -positivity ! We say [a matrix representing ) an element (V. c. . . - Kit Flay
is Plucker - positive / nonnegative iff all Plucky loads
P± feel 11=1 -_ ri are post nonnegative .

Lusztg - positivity : Gln
> ◦

= { nxn matrices st . all square submatuas have por- det}
Fln

>°
= image of Glen

>°

inside Gln /B- Borel subqp
Fln
≥°
= closure Fln→

For R as above , Flr = projector a-(Fbi )
Fdr;% = " " Fln

"

IÉhKp : The two notions of positivity fat Flr ;n
coincide iff R is a set of consecutive integers

( complete flag case indep proved by Beverly ]

② We now restrict attention to case where R = {a. att , . . . > b }



Matroids , Flag matroids
, Flag positrons

De Given subset 5. ≤ [n] , let es =3 ei EIR
"

IES

Given collection Bc (%)
,
let P(B) = cow hull {e

,
: BEB} in IR "

If every edge of PCB) is parallel to ei - ej for some i≠j , they

say B is set of bases of matroid Mps and that

PCB) is a Edta . ( Gelfand- Gorsky - MacPherson- feganora)

If 7 dxn matrix A s.t.pt (A) 1=0 iff IEB , say A realizes M .

De Let R = (r, < . . .
<%) can] .

A flagmatroid of ranks R on (n) is sequence M_=(Mi . . . Mk) of matroids
of ranks R on In] f- t . all vertices

of the Minkowski sum PCM-t-PLM.lt . . _
+ PIMA

are equidistant from the origin .

PCI) called flag matroid polytope .

If (Mi >.< , Mk) has a reality by a real rain matrix A sit. for kick
the top rixn submatnx of A hat its mail minors positive,

say that [ Man , Me) is a #oid_ & PCM) aflagpos.jo/-yope .
[ Note : defining flag positroid s- t. it's automatically realize ]



Tories ④*)
"

act on Grr ;n by scaling columns of matrix .
Notes If matroid M is reality by matai A then
matroid polytope PCM) = moment map image of closure of torus orbit of A .

(Kodama- w)

E If R = In]
,
the flag pos . polytopes are Bruhatinlenapolyopy

These have form

Pun : = cow { Gcn , .
. ,
✗ and / u ≤✗ ≤v} CRY

↑

stay Bruhat order 2311 1312
u ≤ ✓ in Sn

132g 213

E If R={r}
,
the flag pos. polytopes are positroidpoytopet iz

connection to honchosay park tour (Ardila
- Rincon- w )

Eg hypuscplet → ¥¥É¥"when & how can we subdivide

matroid polytope into smaller matroid polytopes ?
Same 0 for flag matroid polytopes & pos . analogues . . Sq
( Kapanen , Laffogue, Speyer . _ . matroid subdivision &

corneum to trop Grassmanncan )



Thug ( Lukowski - Parisi - w , Speyer - W , Arkane - Hamed- Lam-Spradlin )
bet µ = (Mt : I c- (FY) c- ☒ (1) .

TFAE :

•

µ lies in Pos . top .
Grassmanncan Tn Grr

,

?
( closure of word - wise valuator of Grr.jo over Puiseut Series)

• µ obeys the pos . trop . 3- term Plucker relator :
for icj - Kal and S disjoint from them

, IS / = n- 2 ,
Msik + Msje = Min (Msij +Mace , Msie +Msjk)

• Every face in coherent (regular) Subdiv of hypusiuplex Any =ww(e±l±e(
induced by µ is a positroid polytope .

Coherent Subdiv obtained by
"

lift
"

each vertex e± of Ann to
"ht "Me :

then proj lower facet of corn { (e± , µ ,= ) } back to IR"

E n=4
,
A- 2

.
Consider (µ± : I C- (É" ) ) sit . µ , >

+May =Mz3+Mlq
<Miz +134 .

Then get this Subdiv
\

* ¥¥ "
◦

39



thI-skyJW-HHT.lt µ={µ± : I 9- Cnt} ER
"

.
TFAE

•µ lies in pos . top complete flag variety Tr Fln
"

Tr Fln
≥O

• M obeys pos. top 3-term Plucker a incidence plucker mean .

]
☆""*

E Mz+Mrs = Min (µ ,
+Mz ] ,Ms .tMz) ←

• Evey face in coherent Subdiv of pelmulohedrn Perun induced by
µ is a Bruhat interval polytope .

( Now eg . we lift vertex (311,21%4) to ht Matthis +Mkistllisgs )
E n =3

.

Consider (Maltz ,Ms ,Miz >ftp.MZDS.t.Mztth3-MI-Mzs <M3 +MIZ
• 321

away. :
%i¥i÷.Give thou which generalizes these in

•

I 23

- extend to flag varieties Flam where R is Contee set of integers
- replace

"

positive
"

by "

nonnegative
" which allows us to look at

Subdiv of more general polytopes .



tropical hyper field ←

Thm (Boretsky - Eun - W) : Let R befog of Contee integers (a ,aH , . ." b) .
Let µ = Cma , . .

> Mb) c- ¥aP( IT / ""J "=" # ( R U {•3)
"i"? TFAE

i =D

• µ lies in nonneg trop . of Flam ( = closure of cood
-win val of Flr% (Rt)

• µ satisfies all pros . trop 3- term Plucker a incident Plucker rel

• Evey face in coherent Subdiv of flag matroid polytope PHI) + . - • + PHI)
is a flag pos.tw:D polytope . _



Applications
Cor(BEw For flag matroid = (Ma

,
Mati . . . Mb) of consec ranks

a. att . . . b) its flag matroid polytope PCI ) is a flag pos .
polytope iff all its / ≤ 2) - dim't faces are -

Thmltsuknmanw) : Every faces of a Bruhat interval polytope ④P) is a BIP.

Cor 1BEur : A complete flag matroid poly is BIP iff all 2-don't fear air

Q : when does sequence of positions of deff ranks have a
real . jam by one matnt ?

Corw) : Suppose ( Ma , Mati . . . Mb ) is sequence of positions
of congee ranks - Then

, when considered
as sequence of pros . oriented matroids,

( Ma
,
. . . , Mb ) is a flag positroid iff it's an oriented

f-cgmatw.cl .



Examp Tr Fl,
"

= { (µ± : I Ects } CIR
"

" tropipkecln
vector

"

Bossiget computed Gobner fan structure
- 14 matte cones

,
9 rays , dual to 3D association

Note: Flq is dust variety of finite tym to .

Secondary fan structure . Got same fan -
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Thank
you

!
/w/ Jon Boretsky & Chris Em) Polyhedral & top geom of positivity arXiv : 2208. 09131

Happy Birthday Bernard !


