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Figure 2: (a) Schematic depiction of the bifurcation diagram for n1:(−n2) resonant systems studied in
[18, 22]. The curves of critical values C− and C+ join at the point c∗. (b) The situation depicted in (a) is
highly degenerate for n1, n2 ≥ 3 and small perturbations can split each of the curves C− and C+ to more
than one curves of critical values such that regular values between these new curves lift to the union of
disjoint smooth tori in phase space. This new situation is depicted in (b) where the sets of critical values
can be found inside a zone S and the sets of regular values above and below S are denoted by D+ and D−
respectively.
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Figure 3: Construction of a 2:5-curled torus. (a) A single “petal” (thick curve) is rotated by angle 2π/5
to form a “flower” with 5 “petals”. (b) A cylinder with finite height is constructed over the “flower”. (c)
The upper side of the cylinder is rotated clockwise by 2/5(2π). (d) The upper and lower sides are glued
together.

For the specific choices of H used in [18, 22] the integral map F = (J,H) has one curve of critical values
C− that ends at a point c∗ when n1 = 1, or two curves of critical values, C− and C+ that join at a point c∗
when n1 ≥ 2, see figure 2. For f ∈ C− the fibre F−1( f ) is an n1:n2-curled torus and for f ∈ C+ the fibre
F−1( f ) is an n2:n1-curled torus.
Definition 1. An m:n-curled torus is a square [0, 1]2 with coordinates (x, y), together with the identifi-
cations (x, 0) ∼ (x, 1/n) ∼ · · · ∼ (x, (n − 1)/n) ∼ (x, 1) for all x ∈ [0, 1] and (0, y) ∼ (1, y + m/n) for all
y ∈ [0, 1].
An m:n curled torus is most intuitively described in the following way. Start with a single “petal” on a
plane, i.e., with a circle which is smooth everywhere except a single singular point, see figure 3(a). Then
make a “flower” by joining n copies of the single “petal” at the singular point. Each copy of the “petal” is
rotated by angle 2π/n relative to the previous copy, see figure 3(a). Consider now a (finite height) cylinder
over the “flower” (figure 3(b)), and glue the upper and lower sides of the cylinder after twisting the upper
side by an angle 2π(m/n) in clockwise direction, see figure 3(c). The resulting gadget in figure 3(d) is a
geometric representation of the m:n-curled torus.
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