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Graphical models: Potts (1/26)

On graph G “ pV ,E q, we consider Potts models

νpσq “
1

Z

ź

pijqPE

eβ1tσi“σju
ź

iPV

eB1tσi“1u

— distribution on spin configurations σ P rqsV , rqs ” t1, . . . , qu,
with partition function Z

Interaction strength is parametrized by inverse temperature β;
sometimes also place external field B towards distinguished spin 1

Natural generalization of Ising models (q “ 2); coupled with
Fortuin–Kasteleyn (FK) random-cluster models for β,B ě 0
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Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: hard-core (2/26)

We also consider hard-core models

νpσq “
1

Z

ź

pijqPE

p1´ σiσjq
ź

iPV

λσi

— supported on σ P t0, 1uV encoding independent sets
(no neighbors occupied)

Sometimes we weight occupied vertices by a fugacity λ

The (approximate) evaluation of Z pλq on given input graphs is a
much-studied computational problem



Graphical models: free energy (3/26)

Asymptotics of Potts and hard-core models on large graphs:
consider graph sequences Gn “ pVn,Enq, |Vn| “ n Ñ8

Most basic quantity of interest is the (asymptotic) free energy

φ ” lim
nÑ8

n´1 log Zn (if limit exists);

exact evaluation of φ can yield substantial information concerning
the thermodynamic limit of the system (phase transitions, etc.)

For convenience we will abbreviate

lim inf φ ” lim inf
nÑ8

n´1 log Zn, lim supφ ” lim sup
nÑ8

n´1 log Zn
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Tree-like graphs: definition (4/26)

We consider this problem for graphs that are sparse (|En| — |Vn|)
and locally tree-like — the local neighborhood of a uniformly
random vertex converges in distribution to a (random) rooted tree

see Benjamini–Schramm ’00, Aldous–Lyons ’06

the (uniformly) random d-regular graph Gn,d converges (locally)
to the infinite d-regular tree Td , denoted Gn,d  Td
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Tree-like graphs: motivations (5/26)

(some motivations for tree-like graphs)

The definition encompasses natural random graph ensembles such
as sparse Erdős–Rényi graphs or random regular graphs; many
natural randomized computational problems are also described by a
locally tree-like constraint structure (random k-SAT)

Trees are amenable to exact analysis (recursive equations) —
physicists predict many exact asymptotic results for the setting
Gn  T , based on comparisons between models on Gn and on T

We focus here on the (replica symmetric) Bethe ansatz for the
exact value of φ in graphs Gn  T : predicts φ to equal an explicit
quantity ΦBethe depending only on the limit tree T
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Tree-like graphs: examples (6/26)

(examples of locally tree-like graphs)

Random regular graph Gn,d  regular tree Td

Sparse Erdős–Rényi graph Gn,d{n  Poisson Galton–Watson tree

Depth-` subtree Tdp`q  random d-canopy tree, not Td
see Aizenman–Warzel ’06, Dembo–Montanari ’09

Gn  T compares the rooted tree T with Gn rooted at a
(uniformly) random vertex — Tdp`q 6 Td because a random

vertex in Tdp`q is likely to be at or near the leaves

The non-amenability of the graph is the source of many issues,
starting with existence of the free energy φ . . .



Tree-like graphs: examples (6/26)

(examples of locally tree-like graphs)

Random regular graph Gn,d  regular tree Td
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Tree-like graphs: Non-amenability (7/26)

q

Classical physics focused
on finite exhaustions of
finite-dimensional lattice
graphs, where existence
of φ can usually be
deduced by subadditivity
— deleting a negligible
fraction of edges decomposes
the graph into blocks (amenable)

For graphs  trees these boundaries are no longer negligible, so
the classical argument no longer applies (non-amenable)

— no rigorous argument for existence of φ in general models
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Prior work: GT interpolation (8/26)

Early breakthrough in Guerra–Toninelli interpolation scheme (2002),
a subadditive approach proving existence of φ for SK spin glasses

Scheme has been significantly developed in subsequent work,
extending to cover some sparse graphical models

Guerra ’02, Franz–Leone ’03, Franz–Leone–Toninelli ’03,
Panchenko–Talagrand ’04, Bayati–Gamarnik–Tetali ’09, Salez ’14

(in some cases with quantitative bounds on φ)

However, this interpolation method has only been successfully
applied in somewhat special random graph ensembles

(Erdős–Rényi, or uniformly random given degree sequence)

Further appears restricted to anti-ferromagnetic models
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Prior work: DM interpolation (9/26)

Among ferromagnetic models, simplest is Ising with β ě 0
Bethe prediction verified in sparse ER at small β by De Sanctis–Guerra ’08

Verified for all β ě 0,B P R for graphs  Galton–Watson trees by
Dembo–Montanari (2009), with a scheme of interpolation in β,B

(relaxed moment condition) Dommers–Giardinà–van der Hofstad ’10

— subsequently extended to graphs  general trees
(uniformly integrable vertex degrees) Dembo–Montanari–S. ’11

These interpolation schemes fall loosely in two classes,
(GT) between νn and νn1 b νn2

; or between νn and pνnq
ansatz

GT02, BGT09, Salez ’14
Guerra ’02, FL02, FLT03, PT04

(DM) in interaction parameters β,B DM09, DGvdH10, DMS11
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Results: Regular graphs (10/26)

In this talk we describe some results beyond ferromagnetic Ising,
obtained partly by interpolation and partly by other means . . .

We have had most success in the setting Gn  Td (regular tree)
— the only possibility for a non-random limiting tree —
largely because the Bethe prediction takes a simpler form

Examples of graphs Gn  Td include
the (uniformly) random d-regular graph,
the (uniformly) random bipartite d-regular graph,
and any sequence Gn of d-regular graphs of divergent girth
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Results: Free energy (11/26)

(results on free energy)

(adapting the interpolative approach)

THEOREM (Sly–S. ’12).
For the hard-core (independent set) model at any fugacity λ ą 0,
and for the anti-ferromagnetic Ising model at any B P R, the
Bethe prediction holds on any bipartite sequence Gn  Td .

(nonbipartite sequences like Gn,d have strictly smaller φ for large λ)

THEOREM (Dembo–Montanari–Sly–S. ’12).
For the Potts model at any β,B ě 0, the Bethe prediction holds
on any sequence Gn  Td with d even.

(lower bound by interpolation, and also holds for d odd)
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Bethe Gibbs measures (12/26)

On Gn  T , ΦBethe “ Φpν‹q, with Φ an explicit function, and
ν‹ a certain infinite-volume Gibbs measure on T — represents
proposed local limit of the models on Gn, “νn  ν”

Bethe ansatz assumes special structure for ν‹:
marginal on any finite subgraph U Ă T given by

ν‹pσUq –
´weight of σU

within U

¯

ˆ
ź

vPBU

h‹pσv q
Bethe Gibbs measure
with entrance law h‹

(also termed Markov chain Gibbs measures,
splitting Gibbs measures) Spitzer ’71, Zachary ’83

Consistency considerations mandate fixed-point relations for h‹

(RS cavity equations or belief propagation (BP) equations)
— ΦBethe is equivalently defined in terms of BP solutions h‹
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Bethe Gibbs measures: Non-uniqueness (13/26)

A major challenge in verifying the Bethe prediction is the
non-uniqueness of infinite-volume Gibbs measures

Ising already has non-uniqueness, but the correct measure can be
isolated by monotonicity considerations Dembo–Montanari ’09

Situation is qualitatively different in q ě 3 Potts models, where
monotonicity considerations do not seem enough to close the gap

If multiple Gibbs measures, folklore prescription in physics is to
select Bethe Gibbs measure achieving highest value of ΦBethe,
ΦBethe “ suptΦpν‹q : ν‹ Bethe Gibbs measureu

(restriction to Bethe Gibbs measures is an assumption)

— our proof of the Potts Bethe prediction gives one verification of
this heuristic within a non-trivial example
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AF binary: Non-uniqueness (14/26)

Hard-core model on Td : see e.g. Kelly ’85

there is a unique Gibbs measure for any λ ď λupdq

For λ ą λupdq, boundary condition has nonvanishing influence on
root — in particular, Td exhibits distinct Gibbs measures
νeven ‰ νodd giving maximal preference to even (odd) levels

The AF Ising model similarly has a Gibbs non-uniqueness regime,
demarcated by a curve in the pβ,Bq space

Bipartite Bethe prediction ΦBethe
bip allows semi-translation-invariant

Bethe Gibbs measures like νeven, νodd while standard Bethe
prediction ΦBethe requires translation invariance
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AF binary: Bipartite Bethe free energy (15/26)

Hard-core model on Gn  Td (d “ 4)

Bethe predictions and interpolation results (SS12)

non-bipartite
Bethe prediction Φ

Bethe pλq

bipartite
Bethe prediction Φ

Bethe

bip
pλq

in uniqueness regime,
φ “ ΦBethe

“ ΦBethe
bip

for any Gn  Td

in the non-uniqueness regime λ ą λu,
ΦBethe

bip ą ΦBethe because it optimizes
over more Gibbs measures

lim supφ ď ΦBethe
bip for any Gn  Td ,

with φ “ ΦBethe
bip if bipartite
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φ “ ΦBethe

“ ΦBethe
bip

for any Gn  Td

in the non-uniqueness regime λ ą λu,
ΦBethe

bip ą ΦBethe because it optimizes
over more Gibbs measures

lim supφ ď ΦBethe
bip for any Gn  Td ,

with φ “ ΦBethe
bip if bipartite



AF binary: Bipartite gadgets (16/26)

Montanari–Mossel–Sly (2009) demonstrated that φ can sometimes
be leveraged to characterize Gibbs measures on Gn

ferro. Ising on regular graphs MMS ’09; generalized by Basak–Dembo ’12

Extending their method, our computation of φ can be used to
characterize the structure of bipartite hard-core (AF Ising) models

On symmetric bipartite graphs Gn  Td , the hard-core measure
locally looks like ν‹ for λ ď λu, 1

2ν
even ` 1

2ν
odd for λ ą λu

+

−
For λ ą λu, a typical configuration favors one side of the graph,
i.e. the graph has a global “phase” — can use such graphs as
“gadgets” to encode binary values in a computational reduction
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AF binary: Hardness of counting (17/26)

THEOREM (Sly–S. ’12).
For hard-core (AF Ising) models in Gibbs non-uniqueness regimes,
the partition function is inapproximable in polynomial time, even
when restricted to regular graphs.

Combined with algorithmic results for the uniqueness regime by
(ferro. Ising) Jerrum–Sinclair (1993), (hard-core) Weitz (2006), and
(AF Ising) Sinclair–Srivastava–Thurley (2012), this fully characterizes
the “complexity of counting” in homogeneous binary models on
bounded-degree graphs
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AF binary: Reduction to MAX-CUT (18/26)

suppose (for contradiction) that
Zpλq is approximable, λ ą λu:

can then use bipartite gadgets
to approximate MAX-CUT

on a given input graph,
which is known to be hard

[Alimonti–Kann ’97]

(the input graph G)

first replace each vertex
by a copy of the gadget

(erasing the edges)

size of gadget remains constant
over all (large) sizes of input graphs

add edges between gadgets
corresponding to

original edges of input graph:
` side to ` side,
´ side to ´ side

(the amplified graph G 1)

neighboring gadgets of G 1 strongly
prefer opposing phases,

thereby encoding an
approx. MAX-CUT of G

Zpλq on amplified graph G 1

approximates MAX-CUT
on original input graph G ,

proving hardness
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Potts: BP recursion (19/26)

Recall definition of Potts measure (distinguished spin 1)

νpσq “
1

Z

ź

pijqPE

eβ1tσi“σju
ź

iPV

eB1tσi“1u, σ P rqsV

A Bethe Gibbs measure ν is characterized by an entrance law h,

νpσUq –
´weight of σU

within U

¯

ˆ
ź

vPBU

hpσv q

— h is a probability measure on rqs satisfying BP equations

Assume for simplicity hp2q “ . . . “ hpqq, so we can parametrize h
by r ” logrhp1q{hp2qs: the recursion in r reads r “ BPprq where

BPprq “ B ` pd ´ 1q log
ereβ ` q ´ 1

er ` eβ ` q ´ 2
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Potts: BP mapping, Potts v. Ising (20/26)

BP recursion parametrized by r ” logrhp1q{hp2qs
(d “ 4, B “ 0; changing B shifts curve vertically)

Ising Potts (q “ 30)

β “ 0.1

β “ 0.2β “ 0.3β “ 0.4β “ 0.5β “ 0.6β “ 0.7β “ 0.8β “ 0.9β “ 1β “ 1.1β “ 1.2β “ 1.3β “ 1.4β “ 1.5

β “ 0.2

β “ 0.4β “ 0.6β “ 0.8β “ 1β “ 1.2β “ 1.4β “ 1.6β “ 1.8β “ 2β “ 2.2β “ 2.4β “ 2.6β “ 2.8β “ 3

Potts figure only shows BP on subspace hp2q “ . . . hpqq
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Potts: BP mapping, Potts v. Ising (20/26)
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Potts: BP solution as function of pβ, Bq, Potts v. Ising (21/26)

BP fixed point(s) r‹ as function of β pd “ 4q

Ising Potts (q “ 30)

(in both figures) B “ 0

(in both figures) B “ 0.1(in both figures) B “ 0.2(in both figures) B “ 0.3(in both figures) B “ 0.4(in both figures) B “ 0.5(in both figures) B “ 0.6(in both figures) B “ 0.7(in both figures) B “ 0.8(in both figures) B “ 0.9(in both figures) B “ 1(in both figures) B “ 1.1(in both figures) B “ 1.2(in both figures) B “ 1.3(in both figures) B “ 1.4(in both figures) B “ 1.5

Potts has a regime of pβ,Bq exhibiting three distinct solutions r‹ ě 0:
smallest corresponds to free boundary Gibbs measure νf while

largest corresponds to 1-boundary Gibbs measure ν1
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Potts: Non-uniqueness regime (22/26)

Non-uniqueness regime for Potts on Td (d “ 4, q “ 30)
and interpolation results for Gn  Td (DMS11)

positive pβ,Bq quadrant

in uniqueness regime,
νf
“ ν1 on Td , and

φ “ ΦBethe for Gn  Td

in non-uniqueness regime,
νf
‰ ν1 on Td , and

lim inf φ ě ΦBethe for Gn  Td
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Potts: Bethe free energy (23/26)

Potts Bethe prediction as function of β (d “ 4, q “ 30, B “ 0.05)

non-
uniqueness

regime

Φpνf
q, with νf the free-boundary
Bethe Gibbs measure

Φp
ν
1 q,

with
ν
1 the 1-boundary

Bethe Gibbs measure

Bethe prediction
ΦBethe

“ Φpνf
q _ Φpν1

q

Interpolation gives lim inf φ ě ΦBethe for Gn  Td ,
with φ “ ΦBethe in uniqueness regimes (DMS11)
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Potts: Upper bound variational scheme (24/26)

For d even, we prove the matching upper bound lim supφ ď ΦBethe

(hence φ “ ΦBethe) for all β,B ě 0 (DMSS12) — approach is
non-interpolative, and is instead in spirit of variational scheme
developed by Aizenman–Sims–Starr (2003) for SK

see Contucci–Dommers–Giardinà–Starr ’12
for anti-ferromagnetic Potts models by on sparse ER graphs

Gn regular graph: remove random vx. to form cavity graph G Bn´1,
then match half-edges to form regular graph Gn´1 (d even)
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Potts: Solution to variational problem (25/26)

Solving suptΦpHBq : HB probability measure on rqsdu:

By Potts–FK coupling and decomposition of HB, reduce to
optimization over product cavity measures HB “ h1 b ¨ ¨ ¨ b hd ,
each hi symmetric among rqszt1u, with hf ď hi ď h1

By convexity arguments for the function Φ, reduce to optimization
over corners, where each hi P th

f, h1u: final step is to show that
f pbq “ Φrphfqbb b ph1qbpd´bqs is maximized at b P t0, du

We then use BP to prove f p0q “ f p1q and f pb ´ 1q “ f pbq —
changing single cavity neighbor has same (cancelling) effect on
vertex and edge terms

Extending f to a smooth function of b P R, we show that
f 1pbq Ñ ¯8 as b Ñ ˘8, and f 1 has at most three real zeroes —
proves f pbq is maximized over b P t0, . . . , du at b “ 0 or b “ d
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Further directions (26/26)

(some open questions)

More general models, or more general graph ensembles?

Among all graph sequences Gn  T with given T , is the
maximal free energy always achieved by bipartite sequences Gn?

Is there a rigorous interpretation for optimization of the
Bethe functional over Bethe Gibbs measures?
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Thank you!
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