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Preliminaries

A =
d⊕

i=0

A i = F[x1, . . . , xn] /〈f1, . . . , fn〉

I complete intersection means a graded Artinian
complete intersection algebra with the standard grading

I The formal dimension of A is the maximum d for which
Ad , 0.

I A has the sLp if ∃` ∈ A1 such that ×`d−2i : A i → Ad−i

are isomorphisms for 0 ≤ i ≤
⌊

d
2

⌋
.

I An embedding is an injective F algebra homomorphism
φ : A → A ′ between two rings of the same formal
dimension.

I A inherits the sLp from A ′ if there is a simultaneous
Lefschetz element for both A and A ′.



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Preliminaries

A =
d⊕

i=0

A i = F[x1, . . . , xn] /〈f1, . . . , fn〉

I complete intersection means a graded Artinian
complete intersection algebra with the standard grading

I The formal dimension of A is the maximum d for which
Ad , 0.

I A has the sLp if ∃` ∈ A1 such that ×`d−2i : A i → Ad−i

are isomorphisms for 0 ≤ i ≤
⌊

d
2

⌋
.

I An embedding is an injective F algebra homomorphism
φ : A → A ′ between two rings of the same formal
dimension.

I A inherits the sLp from A ′ if there is a simultaneous
Lefschetz element for both A and A ′.



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Preliminaries

A =
d⊕

i=0

A i = F[x1, . . . , xn] /〈f1, . . . , fn〉

I complete intersection means a graded Artinian
complete intersection algebra with the standard grading

I The formal dimension of A is the maximum d for which
Ad , 0.

I A has the sLp if ∃` ∈ A1 such that ×`d−2i : A i → Ad−i

are isomorphisms for 0 ≤ i ≤
⌊

d
2

⌋
.

I An embedding is an injective F algebra homomorphism
φ : A → A ′ between two rings of the same formal
dimension.

I A inherits the sLp from A ′ if there is a simultaneous
Lefschetz element for both A and A ′.



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Preliminaries

A =
d⊕

i=0

A i = F[x1, . . . , xn] /〈f1, . . . , fn〉

I complete intersection means a graded Artinian
complete intersection algebra with the standard grading

I The formal dimension of A is the maximum d for which
Ad , 0.

I A has the sLp if ∃` ∈ A1 such that ×`d−2i : A i → Ad−i

are isomorphisms for 0 ≤ i ≤
⌊

d
2

⌋
.

I An embedding is an injective F algebra homomorphism
φ : A → A ′ between two rings of the same formal
dimension.

I A inherits the sLp from A ′ if there is a simultaneous
Lefschetz element for both A and A ′.



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Preliminaries

A =
d⊕

i=0

A i = F[x1, . . . , xn] /〈f1, . . . , fn〉

I complete intersection means a graded Artinian
complete intersection algebra with the standard grading

I The formal dimension of A is the maximum d for which
Ad , 0.

I A has the sLp if ∃` ∈ A1 such that ×`d−2i : A i → Ad−i

are isomorphisms for 0 ≤ i ≤
⌊

d
2

⌋
.

I An embedding is an injective F algebra homomorphism
φ : A → A ′ between two rings of the same formal
dimension.

I A inherits the sLp from A ′ if there is a simultaneous
Lefschetz element for both A and A ′.



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Junzo’s Bold Conjecture

Junzo’s Bold Conjecture
Every complete intersection can be embedded in a
quadratic complete intersection.

Question
Does an embedded complete intersection necessarily
inherit its sLp from the quadratic complete intersection
into which it is embedded?
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Examples

I (monomial complete intersections)

F[x]
/
〈xm+1〉 // F[X1, . . . ,Xm]

/
〈X2

1 , . . . ,X
2
m〉

x � // (X1 + · · ·+ Xm)

I (“split” complete intersections)

F[x, y]

/〈
x

m−1∏
i=0

(x − λiy), y
n−1∏
i=0

(y − µix)

〉
I (certain coinvariant rings)



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Examples

I (monomial complete intersections)

F[x]
/
〈xm+1〉 // F[X1, . . . ,Xm]

/
〈X2

1 , . . . ,X
2
m〉

x � // (X1 + · · ·+ Xm)

I (“split” complete intersections)

F[x, y]

/〈
x

m−1∏
i=0

(x − λiy), y
n−1∏
i=0

(y − µix)

〉
I (certain coinvariant rings)



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Examples

I (monomial complete intersections)

F[x]
/
〈xm+1〉 // F[X1, . . . ,Xm]

/
〈X2

1 , . . . ,X
2
m〉

x � // (X1 + · · ·+ Xm)

I (“split” complete intersections)

F[x, y]

/〈
x

m−1∏
i=0

(x − λiy), y
n−1∏
i=0

(y − µix)

〉
I (certain coinvariant rings)



Bott-Samelson
Algebras and
Junzo’s Bold
Conjecture

Chris McDaniel
(joint work with

Larry Smith)

Coinvariant Rings
I F any field.
I V = (Fn) a finite dimensional vector space over F.
I R = F[V ] = Sym(V∗) the ring of polynomial functions

on V .
I W ⊂ GL(V) a finite group so that W acts on R.
I RW ⊂ R the subring of W -invariant polynomials.

I RW B R
/〈(

RW
)+〉

= the coinvariant ring of W .

Theorem (Shephard-Todd ’54, Chevalley ’55)
Assuming that |W | ∈ F×, RW is a complete intersection if and
only if W is generated by pseudo-reflections.

Definition

I a pseudo-reflection is an element s ∈ GL(V) with
|s| < ∞ that fixed a hyperplane Vs point-wise

I W is field friendly (or f.f.) if |W | ∈ F×.
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The Main Result

Theorem (Smith-M.- ’15)
If W is a finite f.f. pseudo-reflection group, and is generated
by reflection of order two, then there is a quadratic complete
intersection Q and an embedding

φ : RW → Q .
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Bott-Samelson Bimodules
I W any finite f.f. pseudo-reflection group
I s ∈ W any pseudo-reflection
I Rs ⊂ R the s-invariant subring

Construction
Given any sequence of pseudo-reflections w = s1, . . . , sk

define the Bott-Samelson bimodule for w by

BS(w) B R ⊗Rs1 · · · ⊗Rsk R

and define the Bott-Samelson algebra by

BS(w) B F ⊗R BS(w) � F ⊗Rs1 · · · ⊗Rsk R

e.g. k = 1:
I BS(s) B R ⊗Rs R
I BS(s) B F ⊗Rs R � R〈s〉 � F[X ]

/
〈X |s|〉
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Bott-Samelson Algebras

Fact
For any sequence of pseudo-reflections s1, . . . , sk we have

BS(s1, . . . , sk ) � BS(s1, . . . , sk−1)[X ]
/
〈X |sk | − B〉

Fact
For any sequence of pseudo-reflections w = s1, . . . , sk ,

1. the Bott-Samelson algebra BS(w) is a complete
intersection of formal dimension k .

2. Moreover, if |s1| = 2, . . . , |sk | = 2 then BS(w) is a
quadratic complete intersection.
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The Bott-Samelson Map

Fact
There is a well defined map of F algebras

ι(s1,...,sk ) : RW // BS(s1, . . . , sk )

r̄ � // (1̄ ⊗ 1 ⊗ · · · ⊗ 1) · r

= 1̄ ⊗ 1 ⊗ · · · ⊗ r

called the Bott-Samelson map.

Problem
Find a sequence of pseudo-reflections w for which ιw is an
embedding.
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Demazure Operators
I s ∈ W any pseudo-reflection
I `s ∈ V∗ any s-anti invariant
I ∆s : R → R(−1) the Demazure operator for s

∆s(f) =
f − s(f)

`s

I w = s1, . . . , sk any sequence of pseudo-reflections
I ∆w : R → R(−k) the composition

∆w = ∆s1 ◦ · · · ◦∆sk

Key Lemma (Neumann-Neusel-Smith ’96)
Let W be finite f.f. pseudo-reflection group, and let
u ∈ (RW )N be a socle generator in the coinvariant ring. Then
there is some sequence of pseudo-reflections
w0 B s1, . . . , sN for which

F 3 ∆w0(u) , 0.
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Extended Demzure Operators and the
Bott-Samelson Map

Fix any sequence of pseudo-reflections w = s1, . . . , sk and
assume that |s1| = 2, . . . , |sk | = 2.

Fact 1
There is a well defined “extended Demazure composition”

∆̂w : BS(w)→ BS(w)(−k).

Fact 2
The (extended) Demazure composition commutes with the
Bott-Samelson map, i.e.

∆̂w

(
ιw(f)

)
= ιw

(
∆w(f)

)
, ∀ f ∈ R .
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The Main Result Again

Theorem (Smith-M.- ’15)
Let W be a finite f.f. pseudo-reflection group generated by
reflections of order 2, and let w0 B s1, . . . , sN be a sequence
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Lefschetz Properties

Fact
If F has characteristic 0 then the Bott-Samelson algebra
BS(s1, . . . , sk ) has the strong Lefschetz property.

Question
Does RW inherit the sLp from the Bott-Samelson it’s
embedded in?

Recall: The Bott-Samelson map is an R module map:

ιw0 : RW // BS(w0)

r̄ � // (1̄ ⊗ 1 · · · ⊗ 1) · r

Fact
RW inherits the sLp from BS(w0)⇔ BS(w0) is a Lefschetz
R module.
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Lefschetz R Modules

I A Lefschetz R Module: is a graded finite dimensional R
module that has a Lefschetz element in R, i.e.
M =

⊕d
i=0 Mi such that ∃ a linear form ` ∈ R such that

×`d−2i : Mi � // Md−i 0 ≤ i ≤
⌊

d
2

⌋
I Lefschetz R Module⇒ Centered Decomposition:

M =
⊕
j∈Z

⊕
aj∈Z

Mj(aj)

0
⌊
d
2

⌋
d 0

⌊
d
2

⌋
d

(centered) (not centered)
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Decompositions of Bott-Samelson Algebras

Observation
If any summand in an R module decomposition of BS(w0) is
OFF CENTER, then RW CANNOT inherit the sLp.

Question
How to find R module decompositions of BS(w0)???

Enter representation theory:
Amazing Fact
For Coxeter groups, the R module decompositions of
Bott-Samelson algebras can be read off from the
multiplicative structure of the Hecke algebra!!
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Hecke Algebra of a Coxeter Group W = (W ,S)

HW B
⊕
w∈W

Z[v , v−1] · Hw ←
(
standard

basis

)

Hw · Hs =

Hws if w ≺ ws

(v−1 − v) · Hw + Hws if ws ≺ w

I ∃ an involution ι : HW → HW s.t.

ι(P(v)) = P(v−1)

ι(Hx) = H−1
x−1

I ∃ Kazhdan-Lusztig basis,
{
C ′w |w ∈ W

}
characterized by

the following properties:
I ι(C ′w) = C ′w
I C ′w = Hw +

∑
x≺w

hx,w(v) · Hx , hx,w(v) ∈ Z[v]

Kazhdan-Lusztig Positivity Conjecture
hx,w(v) ∈ Z≥0[v] for all pairs x ≺ w in W.
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Soergel Bimodules for W = (W ,S)

I Let R = F[V ] have doubled degrees, i.e. deg(V∗) = 2.
I R = the category of R bimodules
I For any simple reflection s ∈ S define the simple

bimodule
Bs B R ⊗Rs R(1)

I Soergel’s Bimodule Category: BS = the full Karoubian
monoidal subcategory of R generated by the simple
bimodules Bs .

Fact
The Bott-Samelson bimodule BS(w) is a Soergel bimodule
for every sequence of simple reflections w = s1, . . . , sk .

Proof.
BS(w)(k) � R ⊗Rs1 · · · ⊗Rsk R(k)

� (R ⊗Rs1 R(1)) ⊗R · · · ⊗R (R ⊗Rsk R(1))
� Bs1 ⊗R · · · ⊗R Bsk

�
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Soergel’s Categorification Theorem

I HW Hecke algebra
I BS = category Soergel bimodules
I Define the split Grothendieck group of BS :

[BS ] B
⊕
B∈BS

Z · [B]

/ 〈
[B1 ⊕ B2] − [B1] − [B2]

〉
I a ring via tensor product, i.e. [B1] · [B2] = [B1 ⊗R B2]
I a Z[v , v−1] algebra, i.e. v j · [B] = [B(j)]

Theorem (Soergel ’07)
There is a Z[v , v−1] algebra isomorphism

E : HW → [BS ]

defined by E(v) = [R(1)] and E(C ′s) = [Bs].
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Theorem (Soergel ’07)
There is a Z[v , v−1] algebra isomorphism

E : HW → [BS ]

defined by E(v) = [R(1)] and E(C ′s) = [Bs].
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The Character Map and Soergel’s Conjecture

Theorem (Soergel ’07)
The (left) inverse of the categorification map is the character
map E−1 : [BS ]→ HW defined by

E−1([B]) =
∑
x∈W

Poin
(
Hom(B ,Dx), v

)
· Hx .

for some “standard bimodules” Dw ∈ R.

Recall: C ′w =
∑
x∈W

hx,w(v) · Hx .

Conjecture (Soergel ’07)
There are bimodules Bw ∈ BS (w ∈ W) such that

E−1([Bw ]) = C ′w , ∀ w ∈ W .
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Indecomposable Soergel Bimodules

Theorem (Soergel ’07)
There is a one-to-one correspondence between
(isomorphism classes of) indecomposable R bimodules in
BS and W × Z,

(w, j) 7→ Bw(j).

where Bw =
⊕`(w)

i=−`(w)

(
Bw

)i
lives in degrees “centered

around zero”.

Soergel’s Conjecture
For all w ∈ W,

E−1([Bw ]) = C ′w .
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Soergel’s Conjecture is True!!

Theorem (Elias-Williamson ’14)

1. Soergel’s Conjecture is true, and

2. Bw is a Lefschetz R module, i.e. there is ` ∈ V∗(= R2)
such that

×`i :
(
Bw

)−
i →

(
Bw

)i

is an isomorphism for each 0 ≤ i ≤ `(w).

Proof.
By induction on the Bruhat ordering of W . �
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Decomposing Bott-Samelson Bimodules
For a sequence of (simple) reflections s1, . . . , sk , we have

HW 3

E �

��

C ′s1
· · ·C ′sk_

��

∑
w∈W Pw,(s1,...,sk )(v)C ′w

[BS ] 3 [Bs1 ⊗R · · · ⊗R Bsk ]
[⊕

w∈W Pw,(s1,...,sk )(v) · Bw

]
Conclusion:

BS(s1, . . . , sk )(k) �
⊕
w∈W

Pw,(s1,...,sk )(v)Bw .

Fact
BS(s1, . . . , sk ) is a Lefschetz R module (if and) only if the
polynomials Pw,(s1,...,sk )(v) are constant.
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Example
W = A3 = S4, S = s t u, w0 = s, u, t , u, s, t

I The Bott-Samelson map is an embedding

ιw0 : RW
(embedding)

// BS(w0)

I In HW : C ′(w0) = C ′s · C
′
u · C

′
t · C

′
u · C

′
s · C

′
t

C ′(w0)
GAP

(v−1 + v)C ′sut + C ′stut + C ′suts + C ′w0

I In BS :

BS(w0)(6)
S., E.-W.

Bsut (−1) ⊕ Bsut (1) ⊕ Bstut ⊕ Bsuts ⊕ Bw0

Observation
The embedded coinvariant ring ιw0 (RW ) ⊂ BS(w0) does

NOT inherit the sLp from BS(w0).
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Questions and Problems

1. To what extent do Soergel’s and Elias-Williamson’s
results extend to complex reflection groups?

2. Prove Junzo’s Bold Conjecture for all coinvariant rings!

3. Prove Junzo’s Bold Conjecture for all complete
intersections!!

Thank you!
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