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Introduction to rook theory

Let [n] = {1,2,...,n}.

@ A board B is a finite subset of

[n] > [n] X
o We say that we place k

non-attacking rooks in B for

choosing a k-subset of B such ><

that no two rooks lie in the

same row or column. X

Meesue Yoo (SKKU) Elliptic rook theory May 18, 2017 3/33



Introduction to rook theory

Let [n] ={1,2,..., n}.

@ A board B is a finite subset of

[n] > [n] X
o We say that we place k

non-attacking rooks in B for

choosing a k-subset of B such ><

that no two rooks lie in the

same row or column. X

o N, (B) = the set of all non-attacking k-rook placements in B.
e r(B) = |Nk(B)|, the k-th rook number of B

Meesue Yoo (SKKU) Elliptic rook theory May 18, 2017 3/33



Given by, ..., b, € N, B(by, ..., b,) denote the set of cells

B(by,....by) ={(ij) | 1<i<n 0<j<bl.

e If a board B equals to B(by, ..., bp) for some b;'s, then B is called a
skyline board.

o If, in addition, by < by < --- < b, then a skyline board B is called a
Ferrers board.

12345 12345
5 5
4 4
3 3
2 2
1 1
B(4,2,1,5,3) B(0,2,3,5,5)
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Proposition

Let B be a Ferrers board of height at most m and let B U m denote the
board obtained by adding a column of length m to B. Then we have

nn(BUm)=nr(B)+ (m—k+1)r_1(B).

Meesue Yoo (SKKU) Elliptic rook theory May 18, 2017 5/33



Theorem (Goldman-Joichi-White, '75)
Given a Ferrers board B = B(bs, ..., by),

n

[Iz+bi—i+1)= Zrnk z) Lk,

i=1

where (z) Jy=2z(z—1)---(z—k+1).
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Example

o Consider a staircase board St, = B(0,1,...,n—1).

e GJW Theorem =

2= Y rai(Sta) - (2) e

k=0

rn—k(Stn) = Sy, the Stirling
number of the second kind

@ k-rook placement & n— k set
partition of [n]
° ‘Sn,k+1 = ‘Sn,kfl + kSn,k
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File numbers

Let Cx(B) denote the set of all placements (file placements) of k rooks in
B such that there is at most one rook in each column.

f(B) = |Cx(B)|; the k-th file number of B
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File numbers

Let Cx(B) denote the set of all placements (file placements) of k rooks in

B such that there is at most one rook in each column.

f(B) = |Cx(B)|; the k-th file number of B

Theorem (Garsia-Remmel, '86)

Given a skyline board B = B(by, ..., bn),

n n
k
[Tz+b) =Y fik(B)Z".
i=1 k=0
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Example
o Consider a staircase board St, = B(0,1,..., n—1).

o Garsia-Remmel Theorem =

8 (Z) Tn: i fnfk(Stn) : Zkv
k=0

6 fo—k(Stn) = cnk, the signless Stirling
5 XX number of the first kind

@ n — k-rook placement &
permutations of S, with k-cycles

@ Cpt1,k = Cnk—1 F ncp k
o & (173)(24)(598)(6)
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g-analogues
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g-analogues

o Garsia and Remmel ('86) defined a g-analogue of the rook numbers
for Ferrers boards.

@ Given a placement
P € Ni(B), B a Ferrers ><
board, let each rook in P
cancels all squares to its

right and below it. >< °
[
([ ]
[

n(g:B)= Y q%®),
PGNk(B)

where ug(P) is the number ><
of uncancelled squares in
B-—P.
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Proposition (Garsia-Remmel, '86)

Let B be a Ferrers board of height at most m and let B U m denote the
board obtained by adding a column of length m to B. Then we have

n(q;BUm) = q™ *n(q;B) +[m— k+1]4rk_1(q; B).
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Proposition (Garsia-Remmel, '86)

Let B be a Ferrers board of height at most m and let B U m denote the

board obtained by adding a column of length m to B. Then we have

re(g; BUm) = qm_krk(q; B)+ [m— k +1]qrk-1(q; B).

Theorem (Garsia-Remmel, '86)

For a Ferrers board B = B(bs, ..., by), by < -+ < by,

n n

[Tlz+bi+i=1lg= ) rmni(q B)lzlq

i=1 k=0

where [n]q = 1{_‘{;, [2]q k= [2]q[z =g -+ [z — k+1]q.
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g-file numbers

o Given a file placement
P € Ck(B), B a skyline
board, let each rook in P
cancels all squares below it
only.

fi(l@:;B)= ), q“ X X
PeCy(B) ° >< °

where ug(P) is the number ><
of uncancelled squares in
B—P.
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Proposition

Let B be a skyline board and B U m denote the board obtained by adding
a column of length m to B. Then for any k, we have

f(q; BUmM) = q"f(q; B) + [m]qfi—1(q; B).
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Proposition
Let B be a skyline board and B U m denote the board obtained by adding
a column of length m to B. Then for any k, we have

fi(q; BUm) = q™f(q; B) + [m]gfi—1(q; B).

Theorem
For a skyline board B = B(by, by, ..., by),

n n

H[Z + b,']q = kZO fn—k(q; B)[Z]g

i=1
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Elliptic analogues
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Elliptic analogues

@ A function is elliptic if it is meromorphic and doubly periodic.

o Elliptic functions can be built from quotients of theta functions.
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Elliptic analogues

@ A function is elliptic if it is meromorphic and doubly periodic.

o Elliptic functions can be built from quotients of theta functions.

Define a modified Jacobi theta function with argument x and nome p by

0(x:p) = [J((1 = Px)(1 = pP*/x)),

>0
O(x1,..., Xm; P) H Xk P),

where x, x1, ..., xm #0, |p| < L.

o 0(x;p) = —x0(1/x;p), O(px;p) = —16(x;p)
e addition formula: 8(xy,x/y,uv,u/v;p)
=60(xv,x/v,uy,uly;p)+ 5 O(yv,y/v,xu,x/u;p)
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Define the theta shifted factorial (or q, p-shifted factorial) by

[17-56(aq"; p), n=1,2,...,
(a9, p)n =<1, n=0,
/T 0(ag™ < p), n=-1,-2,...,

and
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Define the theta shifted factorial (or q, p-shifted factorial) by

IT3=56(aq"; p), n=12...,
(a; qvp)n: 1 n:O,
1/ TL50(ag™ k5 p),  n=—1,-2,...,

and .
(a, a2, .. am q.p)n = [ [(aki 9. P)n
k=1
Remark
For p =0,

6(x;0) =1—x, hence (a;9,0), = (a;9)n.
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Elliptic weights

Define the elliptic weights depending on two independent parameters a, b
base g, nome p by

o _ 02 bg*, aq" 2/ b p)
Wa,biq,p(K) = 0(aq2k—1, bgk+2, agk/ b; p) @

0(aq'*2*, bq, bq®, aqg /b, a/ b; p)
Wa,b;q,p(k) = k+1 k+2 k—1 kK p 9
0(aq, bgk*1, bgk+2, agk—1/b, agk/ b; p)

k

For positive integer k,

Wa biq.0(k HWabqp
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Elliptic weights

Define the elliptic weights depending on two independent parameters a, b,
base g, nome p by
0(ag**1, bg*, ag"~2/b: p)
0(aq?*1, bg*+2, agk/b; p) a,
Wy b s (K) = 0(aq' "2, bq, bg®, aqg1/b,a/b;p)
a,biq.p = 6(aq, bg**1, bgk+2, ag"—1 /b, ag*/ b; p)
For positive integer k,

Wa,b;q,p(k) =

Wa biq.0(k HWabqp

Remark
If we let p — 0, a — 0 and then b — 0, then

wo,0:9.0(k) = q, Wo.0.9.0(k) = g~
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Elliptic analogue of g-integer

Define an elliptic analogue of the (complex) number n by

(s gy = 0(q", aq", bq?, a/ b; p)
#59P = 9(q, aq, bg™t1, ag"~1/b; p)’
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Elliptic analogue of g-integer

Define an elliptic analogue of the (complex) number n by

(s gy = 0(q", aq", bq?, a/ b; p)
#59P = 9(q, aq, bg™t1, ag"~1/b; p)’

o [n]abigp = [n— 1abiqp + Wabqp(n—1)
e For a positive integer n, the above recursion defines [n], p.q.p
uniquely, with W, .4 ,(0) = 1.
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Elliptic enumeration of lattice paths

Lattice paths in Z2:

'Q _ (n,:m)

|

Given A, Q) € Z2, let P(A — Q) denote the set of all lattice paths from
Ato Q).
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We weight the steps in a lattice path: to each horizontal step from
(s —1,t) to (s, t), assign the weight W, p.q »(s, t)

Wi biq.p(s: t)
(s-1,t) (s;t)

where

9(3q5+2tv bq25, bq2s—1, aql_s/b, aq—S/b) .

Wa,b;qyp(s' t) = 9(3(75, bq2s+t’ bq2s+t—1y aql—i-t—s/b, aqt—s/b) q

and 1 to each horizontal step (s, t —1) — (s, t).
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Let w(P) := product of the weights of all its steps for a lattice path P .

Theorem (Schlosser, '07)

o Ea”
a,biq.,p  PcP((0,0)—(k,n—k))

where

[n:| _ (qu, aql-i-k' bq1+k, aql_k/b; q, p)n—k
A (g,aq, bq'+2k, aq/ b; q, p) n—«
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Let w(P) := product of the weights of all its steps for a lattice path P .

Theorem (Schlosser, '07)

o Ea”
a,biq.,p  PcP((0,0)—(k,n—k))

where

(g, aq, bg**2k, aq/ b; q, p)n—«

[”} .: (g*tk, ag*tk, bg'tk, ag' =%/ b; q, p)n_«
a,biq,p

The elliptic number [n], p.q,p is

[n]a,b;q,p = {ﬂ

. it can be interpreted as an area generating function of lattice paths from
(0,0) to (1,n—1).

a,b;q,p
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Addition of numbers

Ordinary case: n+(m—n) =m

g-analogue: [n]q + q"[m — n|q = [m]q
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Addition of numbers

Ordinary case: n+(m—n) =m
g-analogue: [n]q + q"[m — n|q = [m]q
Elliptic case:

[n]a,biq.p + Wabig,p(n)[m — n] aq?n,bq";q,p

:[m]a,b;q,p
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Elliptic rook numbers

Given a Ferrers board B and a placement P € Ny (B), let Ug(P) denote

the set of cells in B — P which are not cancelled by any rooks in P.

Definition
We define an elliptic analogue of the k-th rook number by

n(a big,p;B) = ), wt(P),
PeNk(B)

where

wt(P)= [1 Wabaqp(i—i—rij(P)),
(i.j)€Ug(P)

and r(; j(P) is the number of rooks in P which are in the north-west

region of (7, ).
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Example

Consider a Ferrers board B = B(3,3,3) and let P be a placement of two
rooks in (1,3) and (3,1) in B.

Ug(P) = {(2.1),(2,2),(3.2)}

1 23 =wt(P)
3 X[ o] = Wabigp(2—=1=1) X Wapqp(2—2—1)
2[e X Wapigp(3—2—1)
1le] X _ 6(aqg . bg ' aq"%/b;p) 6(aq,b,aq”?/b;p)* 4

0(ag=3,bq,aq1/b;p) 0(ag~!, bg? a/b;p)? q9
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Theorem (Schlosser-Y, '2017)
Let B = B(by, ..., bn) be a Ferrers board. Then we have

n

H[Z + b — i+ 1]aq2(i—bi—1)'bqifb,-71;qyp
=

n k
=Y k(@ biqpB)[[lz =i+ 1,000 pgitiqp
k=0 T
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Theorem (Schlosser-Y, '2017)
Let B = B(by, ..., bn) be a Ferrers board. Then we have

n

1—]1:[2 + b — i+ 1]aq2(i—bi—1)’bqi—b,~71;q’p
=

k

n
= Z r,,,k(a, b; q, p; B) H[Z —J+ l]aq% U,bgi~1;q,p
k=0 Jj=1

Corollary
For a Ferrers board B = B(by, ..., bn),

ra(a, biq,p; B) = [ [[bi — i+ 1] 20-5-1 pgi-ti-1,q,-

In particular, for B = B(n,n,...,n) = [n] X [n],

rm(a, b; q, p; B) = [n]ag-20 pg-n:q.p[N — L] agz-2n bgt-ng.p - - - (1] ag-2.bg-1:q.p- )
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Proposition

Let B be a Ferrers board with | columns of height at most m, and BU m
denote the board obtained by adding the (I + 1)-th column of length m to
B. Then for any k < I, we have

rk(a' b; aq,p; BU m) = Waqz(/*m),bq’*"’;q,p(m - k) rk(a, b; q. p; B)

+ [m—k+ l]an(,,m),bqlfm;qyp re—1(a, b; g, p; B).

v

Meesue Yoo (SKKU) Elliptic rook theory May 18, 2017 26 / 33



Elliptic Stirling numbers of the second kind

Consider the staircase board St, = B(0,1,2,...,n— 1).

The product formula for St, =

n k
([z]a.b;q,p)n = Z rn,k(a, b; q, p; St,, H z—j+ 1
k=0

Jj=1

Meesue Yoo (SKKU) Elliptic rook theory
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Elliptic Stirling numbers of the second kind

Consider the staircase board St, = B(0,1,2,...,n— 1).
The product formula for St, =

n K
([2)abiq.p)" = Z ra_x(a, b; q, p; Stp) H z—j+1],
k=0

Jj=1

r,,,k(a, b; q, p, Stn) is the elliptic Stirling numbers of the second kind

Sab:q.p(n, k) defined by Zséfia Kereskényiné Balogh and Michael
Schlosser.
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Elliptic Stirling numbers of the second kind

Consider the staircase board St, = B(0,1,2,...,n— 1).
The product formula for St, =

k

n
([z]a,b;q,p)n = kZO rnfk(ay b; q, p; Stn I_]1: z—j+ 1 -1) bgi—!
—— J:

rn—k(a, b; q, p, St,) is the elliptic Stirling numbers of the second kind
Sab:q.p(n, k) defined by Zséfia Kereskényiné Balogh and Michael
Schlosser.

Considering whether there is a rook in the last column or not, we obtain
the following recursion

Sa,b;q,p(""‘ 1 k)= Wa,b;q,p<k - 1)‘S"-el,b;q,p(”v k—1)+ [k]a,b;q,pSa,b;qvp(”' k).
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Elliptic file numbers

Definition
Given a skyline board B = B(c;

..... ¢n), we define an elliptic analogue of
the k-th file number of B by

fi(abig.piB)= ), wt(Q),
QeC(B)

where

wtr(Q) = H Wa,b;q,p(l —J)
(ij)eUs(Q)
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Proposition

For any skyline board B, let BU m denote a board obtained by attaching
a column of height m to B. Then

f(a, b; q, p; BU m)
= Wog-2m pg-m.q.5(M)fi(a, b; q, p; B) 4 [M] sg-2m pg-m.q pTk—1(a, b; q, p; B).}
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Proposition
For any skyline board B, let BU m denote a board obtained by attaching
a column of height m to B. Then

f(a, b; q, p; BU m)
= Waq—Zm’bq—m;q’p(m) fi(a, b;q,p; B) + [m]aq—Qm’bq—m;qvpfkf]_(a, b; q, p; B).}

Theorem (Schlosser-Y, '2017)
For any skyline board B = B(cy, .. ., Cn), we have

n

H[Z + Ci]aq—ki,bq‘ci;q,p = Z fo—k(a, b; q, p; B)([Z]a,b;q,p)k-
i=1 k=0
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Elliptic r-Stirling numbers of the first kind

The r-Stirling numbers of the first kind, denoted by ¢(")(n, k), are defined,
for all positive r, by the number of permutations of the set {1 ..... n}

having k cycles, such that the numbers 1,2,..., r are in distinct cycles.
(Broder, '84)
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Elliptic r-Stirling numbers of the first kind

The r-Stirling numbers of the first kind, denoted by ¢(")(n, k), are defined,
for all positive r, by the number of permutations of the set {1 ..... n}
having k cycles, such that the numbers 1,2,..., r are in distinct cycles.
(Broder, '84)

The r-Stirling numbers of the first kind have the following generating
function

ic(’)(n,k)zk:{ zZ(z+r)(z+r+1)---(z+n=1), n>r>0,

) 0, otherwise.
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Elliptic r-Stirling numbers of the first kind

The r-Stirling numbers of the first kind, denoted by ¢(")(n, k), are defined,
for all positive r, by the number of permutations of the set {1 ..... n}
having k cycles, such that the numbers 1,2,..., r are in distinct cycles.
(Broder, '84)

The r-Stirling numbers of the first kind have the following generating
function

n r _ > >
Zc(’)(n,k)zk:{Z(Z+r)(z+r+1) (z+n—-1), n_r._O,
P 0, otherwise.

Consider the board R, = B(cy, .. ., ¢n) such that ¢ = -+ =¢, =0,
¢ =1i—1,forr4+1<i<n The product formula gives

Z(z+r)(z+r+1)---(z4+n—-1) = Zn: fo i (Rn)Z¥
k=0
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File placements correspond to permutations of the set {1,..., n} having k
cycles, such that the numbers 1,2, ..., r are in distinct cycles.

Example (n =8,r =3,n— k = 5)

X

X

EFNWROIOYN 00

X
12345678

5 (1476)(25)(38)
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Elliptic r-Stirling numbers of the first kind

For R, = B(& . Orr+1..n— 1), the product formula gives
ApAA

r

n
([Z]a,biq'P)r ] [Z +r4i— ]‘]an(l*’*"),bql""';q,p

|
-

Il
—

f,,_k(a, b; q, p; Rn)([z]a,b;q,p)k-

n

k=0
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Elliptic r-Stirling numbers of the first kind

For R, = B(O_ 0. rr+1,. — 1), the product formula gives
~—
r

n

([Z]a,biq'P)r ] [Z +r4i— ]‘]an(l*’*"),bql""';q,p

|
-

Il
—

= i fa—k(a, b; q, p; Rn)([z]a,b;q,p)k'
k=0

Let cg [)) 7 p(n, k) denote f,_x(a, b; q, p; Rn).

° cgl))qp(n, k) defines an elliptic analogue of r-Stirling numbers of the

first kind.
° cgl),qp(nqtl k)

[n]aq—2n’bq— gl)) (n, k) + Waq_zn’bq_n;q’p(n)c‘(;l));q’p(n, k—1).
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Thank you
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