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[Theoretical Physics]

=

Many-body problem Expand the powers of the

Quantum Hall Effect discriminant on Schur functions
(Discriminant)
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» Invariant: determine if a polynomial has only simple roots

» Symmetric functions: A(xq,...,xn) = £[]; (% — xj)?

A(Xl,XQ) = Sy — 3511

» Square of the Vandermonde determinant

2
1 x xl2
A(xy,x2,x3) =det | 1 xo X22
1 x3 x32
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(Discriminant)
» Invariant: determine if a polynomial has only simple roots

» Symmetric functions: A(xq,...,xn) = £[]; (% — xj)?

A(Xl,XQ) = Sy — 3511

» Square of the Vandermonde determinant

2
1 x xl2
A(xy,x2,x3) =det | 1 xo X22
1 x3 x32

» Classification of entanglement: use the (geometric) invariant
theory to classify quantum systems of particles (qubit systems)
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» Operators involved in the many-body problem
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BACK TO PHYSICS:
JACK AND MACDONALD POLYNOMIALS

[Why Jack ponnomiaIs?] X (finite) alphabet, o parameter

» Operators involved in the many-body problem
» Form of the eigenfunctions and eigenvectors involved

» Clustering properties

(Why Macdonald ponnomiaIs?J X (finite) alphabet, (q, t)
parameters

» Generalization of the Jack polynomials: g =t*and t — 1
» Not only one, but four versions (for each!)

‘ Non-symmetric ‘ ‘ Shifted ‘ ‘ Macdonald poly. ‘

‘ Symmetric ‘ ‘Homogeneous‘ ‘ Jack poly. ‘
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Motivation

MY MOTIVATION

We compute the non—symmetric shifted Macdonald polynomial
associated to the vector [2,1,0] and we get this nice result

M5([2.1.0])

[a"2*t*2, t*g, 1]

m(ﬁﬁ POl =P P2+ Oxrx2— @ Px3+ g Bxixs +  Ex2x3 — @ Fxl+ ¢ PxPP — ¢ Pxixi— ¢ Pxax3 — A xPxz— 5 ®
q 7

24 P31 +28' Px2+ @ Pxi— g Pxix2 — @ 0x2 — @ Ox3+ @ Pxix2+ 2@ P13+ @5 + @ P 32%3 — ¢ £33 — @ P xixP — @ fx1x2x3 — 47
@RI+ PP R 428 PxI— @ PP — 3@ Pxix2 — 38 Pxlxi— ¢ P3P — 24 Pxex3+ 28 PxPxz+ ¢ PxPx5+ @ PxixZ + ¢ PxIx2x3+ ¢ Px2x3
+ 8PP 28 Pxix2x3 — PP — PP xI— PP x2xP - @ P + 28 Pl + @ Px2— @ PxlP+ @ PxIx3+ @ Px2x3 + P x1x2 — 24 Fx2x3

— PP+ FOAPI+ @ PxIxP 4+ 5@ P xIx2xF+ 2P P x5 + 2P 03P+ PP — P Pxl — PP — @ Px3+ @ P2+ 24P x3 — £

— 3@ PxIx2 3@ PxIx3— @ Px — FPx2xi— @ PaPxi— & PxixP — 3@ Prix2xi— ¢ PxlxF — @ PxPxi+ g x2x3 +2¢0x25F + £ F — #1032
— @3+ PP+ AL PxIx2 + 3@ PxIxi+ @ PP + 28 Px2x3 — qf xIx2 — 2qP x1x3 — qPxP — 4P x2%3 —2¢0 %% + ¢PxPx3 + g x1xP
+2qPxlx2x3 — 2qPx2xP — P x2xP + &P — 2@ PxI - 2@ P2 — PR3+ qPx2+ qP 33 + qPxP + qPxlx2 + 2qPxixI+ qf 32 + 4qfx2x3
+2gP x5 — 2qtxPx2 — qixPx3 — qtxlx —3qtxlx2xd + Pxlx2x3 + FxIxP + Pxx3 + 2P %228 + ¢ £ — qfxl — ¢Px2—2q x5+ qixl

-+ 2qtxIx2+ qexIx3 + gxIx2x3 — Px2x3 — txPPx3 — txIxP — 3exIx2x3 — 2ixlxF — 2152 x3 — 263255 — qixd — qxix2 — qxix3 — qx2x3 + txIx2

-+ 28xIx3 + 52 + 31325 + £xF + xPx2 + x5 + xIxP + 2x1x2%3 + xExF + 5 x3 + x2x5 + gxI + qx2 + qxd — £x2 — 133 — xI2 — 2xIx2 — 2x1x3
—x2? —2x2x3 — x5 —q+xl +32+x3)
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MY MOTIVATION

We compute the non—symmetric shifted Macdonald polynomial
associated to the vector [2,1,0] and we get this nice result

M5([2.1.0])

[qr2*t*2, t*g, 1]

m(ﬁtx POl =P P2+ Oxrx2— @ Px3+ g Bxixs +  Ex2x3 — @ Fxl+ ¢ PxPP — ¢ Pxixi— ¢ Pxax3 — A xPxz— 5 ®
q 7

24 P31 +28' Px2+ @ Pxi— g Pxix2 — @ 0x2 — @ Ox3+ @ Pxix2+ 2@ P13+ @5 + @ P 32%3 — ¢ £33 — @ P xixP — @ fx1x2x3 — 47
@RI+ PP R 428 PxI— @ PP — 3@ Pxix2 — 38 Pxlxi— ¢ P3P — 24 Pxex3+ 28 PxPxz+ ¢ PxPx5+ @ PxixZ + ¢ PxIx2x3+ ¢ Px2x3
+ 8PP 28 Pxix2x3 — PP — PP xI— PP x2xP - @ P + 28 Pl + @ Px2— @ PxlP+ @ PxIx3+ @ Px2x3 + P x1x2 — 24 Fx2x3

— PP+ FOAPI+ @ PxIxP 4+ 5@ P xIx2xF+ 2P P x5 + 2P 03P+ PP — P Pxl — PP — @ Px3+ @ P2+ 24P x3 — £

— 3@ PxIx2 3@ PxIx3— @ Px — FPx2xi— @ PaPxi— & PxixP — 3@ Prix2xi— ¢ PxlxF — @ PxPxi+ g x2x3 +2¢0x25F + £ F — #1032
— @3+ PP+ AL PxIx2 + 3@ PxIxi+ @ PP + 28 Px2x3 — qf xIx2 — 2qP x1x3 — qPxP — 4P x2%3 —2¢0 %% + ¢PxPx3 + g x1xP
+2qPxlx2x3 — 2qPx2xP — P x2xP + &P — 2@ PxI - 2@ P2 — PR3+ qPx2+ qP 33 + qPxP + qPxlx2 + 2qPxixI+ qf 32 + 4qfx2x3
+2gP x5 — 2qtxPx2 — qixPx3 — qtxlx —3qtxlx2xd + Pxlx2x3 + FxIxP + Pxx3 + 2P %228 + ¢ £ — qfxl — ¢Px2—2q x5+ qixl

-+ 2qtxIx2+ qexIx3 + gxIx2x3 — Px2x3 — txPPx3 — txIxP — 3exIx2x3 — 2ixlxF — 2152 x3 — 263255 — qixd — qxix2 — qxix3 — qx2x3 + txIx2

-+ 28xIx3 + 52 + 31325 + £xF + xPx2 + x5 + xIxP + 2x1x2%3 + xExF + 5 x3 + x2x5 + gxI + qx2 + qxd — £x2 — 133 — xI2 — 2xIx2 — 2x1x3
—x2? —2x2x3 — x5 —q+xl +32+x3)

But if we consider the specialization given by gt?> = 1, then

/\/’[2,1,01\q:;2 = —t%(txs — x2)(tx3 — x1)(tx2 — x1)
t
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AFFINE HECKE ALGEBRA OF THE SYMMETRIC GROUP

(Hnla,6) = Cla, ) [ oxie T8 T 1,7
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AFFINE HECKE ALGEBRA OF THE SYMMETRIC GROUP

(Hnla,6) = Cla, ) [ oxie T8 T 1,7

tXji11 — Xj
> Ti=t4 (s — 1)~
Xit+1 — Xi

> f(X)T =f <X(,7V,X1, B 7X/\/1>
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AFFINE HECKE ALGEBRA OF THE SYMMETRIC GROUP

(Hnla,6) = Cla, ) [ oxie T8 T 1,7

tXji11 — Xj
> Ti=t4 (s — 1)~
Xit+1 — Xi

> f(X)T =f <X(,7V,X1, B 7X/\/l)

The operators T; satisfy the relations of the Hecke algebra in the
symmetric group:

» TiTiz1Ti = Tiy1 Ti Tiy1 (braid relation)

> T,'TJ': TJ'T,', for |i—j| >1

> (Ti—)(Ti+1)=0
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OPERATORS AND POLYNOMIALS

(g, t)—Cherednik operators

Go=tV T T T T
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Non-symmetric Macdonald polynomials (E,), cynv: unique
basis of simultaneous eigenfunctions of the operators &;.
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(g, t)—Cherednik operators

&=ty Tt Tty T

Non-symmetric Macdonald polynomials (E,), cynv: unique
basis of simultaneous eigenfunctions of the operators &;.
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OPERATORS AND POLYNOMIALS

(g, t)—Cherednik operators

&=ty Tt Tty T

Non-symmetric Macdonald polynomials (E,), cynv: unique
basis of simultaneous eigenfunctions of the operators &;.

Knop-Cherednik operators:

i 1 1
== tlflT,'_l oI <1 — > TI\_Iil . Ti_l + =
XN Xj

Non-symmetric shifted Macdonald polynomials (M, ), cyn:
unique basis of simultaneous eigenfunctions of the operators =;.
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PROPERTIES [

» Symmetric version: apply the symmetrizing operator
SN - ZO’GGN TO"
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PROPERTIES [

» Symmetric version: apply the symmetrizing operator
SN - ZO’GGN TO"
» Dominance properties:

E, © xY + Z ayyx M, (:*)Xv + Z ayvxY,

u<v u<v

L. Colmenarejo Clustering properties of Macdonald polynomials May, 2017

Our results



Motivation Background

PROPERTIES [

» Symmetric version: apply the symmetrizing operator
SN - ZO’GGN TO"
» Dominance properties:

E, © xY + Z ayyx M, (:*)Xv + Z ayvxY,

u<v u<v

» Eigenvalues: spectral vectors Spec(v)
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PROPERTIES [

» Symmetric version: apply the symmetrizing operator
SN - ZO’GGN TO"
» Dominance properties:

E, © xY + Z ayyx M, (:*)Xv + Z ayvxY,

u<v u<v

» Eigenvalues: spectral vectors Spec(v)

» Yang-Baxter graph: provides a method to compute
non-symmetric (shifted) Macdonald polynomials
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PROPERTIES 11

1

Notation: the reciprocal vector of v is (v)[i] = Spec(V)[i
v)[i
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PROPERTIES 11

1

Notation: the reciprocal vector of v is (v)[i] = Spec(V)[i
v)[i

» Interwining: if v[i] < v[i + 1],

11—t
1— <V)[i‘|j1]

(V[

Mv.s,- = MV Ti +

» Affine operation: M, ¢ = M, 7(xy — 1)
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PROPERTIES 11

1

Notation: the reciprocal vector of v is (v)[i] = Spec(V)[i
v)[i

» Interwining: if v[i] < v[i + 1],

1—1¢

OIS
1=

Mv.s,- = MV Ti +

» Affine operation: M, ¢ = M, 7(xy — 1)

» Vanishing properties:
» M, (1)) =0for |v|<|ul, u#v

» M, ({v)) = £t*h; 4(v, q), where hq (v, z) is the (g, t)—hook
product of v
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DUNKL OPERATOR AND SINGULAR POLYNOMIALS

We define the Dunkl operator as
D=z -¢&.

A singular polynomial is a polynomial in the kernel of each D;.
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M, are singular?
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DUNKL OPERATOR AND SINGULAR POLYNOMIALS

We define the Dunkl operator as
Di=z=i—-¢&:.
A singular polynomial is a polynomial in the kernel of each D;.

Remark: If M, is singular and the dimension of the eigenspace still

equals 1, then M, (;) E,.

(General question]: For which vector and for which specialization

of the parameters (or even variables), the Macdonald polynomials
M, are singular?

We can find many examples of singular Macdonald polynomials, as
well as conjectures, but the general form remains unknown.
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SOLUTION FOR THE STAIRCASE

Theorem (Dunkl, Luque, C. - 2015)

Let vy = [(n—1)k,(n —2)k,..., k,0]. Consider the
specialization qkt? = 1, with k odd or g5t # 1. Then,

k
M,(q,t) = E/,(q,t) = ﬂ:t*HH (X,. _ t%/XJ)

=1 i<j
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SOLUTION FOR THE STAIRCASE

Theorem (Dunkl, Luque, C. - 2015)

Let vy = [(n—1)k,(n —2)k,..., k,0]. Consider the
specialization qkt? = 1, with k odd or g5t # 1. Then,

k
M,(q,t) = E/,(q,t) = j:t*HH (X,. _ t%/XJ)

=1 i<j

Examples
M[271’0] q:% = —tz(tX3 — X2)(tX3 — X1)(tX2 — X1)
M[4’2’0] g==1 = tY(X]_—tX2)(X]_—tX3)(X2—tX3)(X1+X2)(X]_+X3)(X2+X3)
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SOLUTION FOR THE QUASI-STAIRCASE?

Conjecture (Dunkl, Luque, C.)

Let v = Vp ka3 be the quasi—staircase. Consider the specialization

gktetl =1, withg =1 or qé t% # 1, where g = ged(k, o + 1).
Then,

M, (xl,...,X5,y1,...,ta_1y1,...,to‘ ly,, 1)

= (5 (xl,... x[g,yl,...,t"_lyl,...,ta y,,_l) =
k B n—-1

t*]:[ HH(’_tIyJ) HH t’yj
I=1 i=1 j=1 s=1i<j
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EXAMPLES

1
Ma1100 | X1, Y1, ty1, y2, tyo; et t)] =

=t'(y1 — y) 1 — ty2)(x1 — ) (x1 — t2y1).

1
2 2 . 2
Ma2200 (Xl,YLZ Y1, Y2, 27y21 3,27 ) =

=22"(y1 — 202) (1 — 2y2)(y1 — Z*y2) (201 — y2)
(x1 — 2y2) (1 — 2*n) (xa — 231) (1 — 2*n).

w
Mzoo <X1,J/1,Z}/1; ;J) =
-1 ) )
= Tz?’(xl — zzyl)(2x1 + 1+ l\@yl)(—2x1 —zy1 + l\/gzyl),

where w = %1 + %\@/
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FINAL REMARKS

» The difficult part is to prove the singularity of M,,.
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FINAL REMARKS

» The difficult part is to prove the singularity of M,,.

» Other results:

» If A has no zero parts, we can describe M) in terms of
Mx_(xn.....aw) (up to a factor)

» If X has zero parts, we can consider a standard specialization.
For instance,

(*) X1 X2
Msa000(x1, %2, 2, t,1) = M, (ga g)
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FINAL REMARKS

» The difficult part is to prove the singularity of M,,.

» Other results:

» If A has no zero parts, we can describe M) in terms of
Mx_(xn.....aw) (up to a factor)

» If X has zero parts, we can consider a standard specialization.
For instance,

(*) X1 X2
Msa000(x1, %2, 2, t,1) = M, (ga g)

» Can we describe all the nice specializations?
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Thank you very much!

iMuchas gracias!
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