Gradient flows, interpolations and large deviations

Christian Léonard

Université Paris Nanterre

Banff
10-13 December, 2018



co-authors

@ lvan Gentil

o Luigia Ripani

+ thanks to Giovanni Conforti for stimulating conversations



aim
build interpolations related to the dissipation mechanism of a gradient rowJ

O gradient flows in P(R")
@ interpolations in R”
© interpolations in P(R")



interpolations

quadratic optimal transport

Wiag)im inf [ ly—xPrldy) B e PR

o=, T1=03

00<s<1,  Q=C([0,1,R"
o pe C([0,1],P(R"))
o A(p) = inf {EP Jioa 1 XsP/2 ds; P € P(Q): Py = s, YO <5 < 1}

displacement interpolation between « and /3
inf {A(u) - 2 po = a, py = B} = Wi(ev, B) J




interpolations

e displacement interpolations are the constant speed geodesics (in a
metric sense) of the Wasserstein geometry on P(R"),  [Otto]

Benamou-Brenier formula

W3(a, B) = inf / vs|? dvsds = inf/
(v,v) J10,1]xR" v Jo,1

]Hf/sHi ds
Osv +div(rv) =0 7
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interpolations

e displacement interpolations are the constant speed geodesics (in a
metric sense) of the Wasserstein geometry on P(R"),  [Otto]

Benamou-Brenier formula

W2(a, B) = inf/ |vs|? dz/sds=inf/ [2s]|2, ds
[0,1] xIR” v J[0,1]

(v;v) ,
Osv + div(rv) =0
> ||1/s||12, = inf / \v|2 dvs
s v:Osv+div(vv)=0 Jrn

» Osv +div(vy) =0
> =V



interpolations

e displacement interpolations are the constant speed geodesics (in a
metric sense) of the Wasserstein geometry on P(R"),  [Otto]

Benamou-Brenier formula

W5 (a, B) = inf / |vs|? dvsds = inf/ [2s]|2, ds
[0,1]xR" ERACRY

(v;v) ,
Osv + div(rv) =0
> |2 = inf / lv|? dvs
s v:Osv+div(vv)=0 Jrn

» Osv +div(vy) =0
> =V

o displacement interpolations are not regular

@ c-entropic interpolations are regular approximations



gradient flows

Fokker-Planck equation
Orm — div(mU’/2) = Am/2

» m; € P(R"), t>0
» U:R" > R



gradient flows

Fokker-Planck equation
Orm — div(mU’/2) = Am/2

» m; € P(R"), t>0

» U:R" =R
@ hypothesis: U'>kld, >0
> my = Si(mo), semi-group

> My = limioo my = e Y Leb



gradient flows

JKO
t — m; is the Wh-gradient flow in P(R") of 7 := JH(:|mu)

o free energy: F(a) = 1[[pn Uda + H(a|Leb)], o€ P(R")
» relative entropy:  H(a|m) := [,, log(da/dm) do

° iy = —gradllft/]:



gradient flows

JKO
t — m; is the Wh-gradient flow in P(R") of 7 := JH(:|mu)

o free energy: F(a) = 1[[pn Uda + H(a|Leb)], o€ P(R")
» relative entropy:  H(a|m) := [,, log(da/dm) do

° iy = —grad)ft/]:

Gentil-L-Ripani 18
© (m¢)e>o is also the gradient flow of F with respect to a
large deviation cost
@ this large deviation cost leads to the regular e-entropic interpolations




gradient flows

@ state space: X =R"

» warming up serving as an analogy, before X = P(R")
@ path: w = (wt)e>0 € C([0,00),R") =: Qoo
o free energy: F:R" =R

d)t = —F’(wt), t 2 0




gradient flows

@ state space: X =R"

» warming up serving as an analogy, before X = P(R")
e path: w = (we)e>0 € C([0,00),R") =: Qo
o free energy: F:R" >R

d)t = —F’(wt), t 2 O

results
hypothesis: F">KId, K>0
@ semigroup: wt = St(wp), t>0
@ contraction: ISe(x) = Se(y)| < e Ki[x —y], t>0

[Se(x) = x| < e x — x|
Xy = argmin F : equilibrium state




gradient flows

@ state space: X =R"

» warming up serving as an analogy, before X = P(R")
e path: w = (we)e>0 € C([0,00),R") =: Qo
o free energy: F:R" =R

d)t = —F’(wt), t 2 O

results
hypothesis: F" > KId,

@ semigroup: we = St(wo),
@ contraction: IS¢(x)
[Se(x) — x«

K>0
t>0

—Si(y)l < e Ftx —y],

| < e Ktx — x|

Xy = argmin F : equilibrium state

o free energy dissipation:
» | =|F|?: X —[0,0)

d
EF(Wt) = F' (we) w




gradient flows

slowing down: e— 0"

. . ’
0 Wi = Wet, Wi = ewer = —€F'(wg), F~>€eF



gradient flows

slowing down: e — 0t
0 Wi = Wet, Wi = ewer = —eF' (W), F~ eF
d
o Wi = —e Fl(wp) = EF'F(wy) = & (IFP/2)' (wf)

Newton's equation
@f= -V, V=-l/2=-|FP/2




gradient flows

slowing down: e — 0t
0 Wi = Wet, Wi = ewer = —eF' (W), F~ eF
d
o Wi = e F/(wf) = €F'F(wf) = € (IF'?/2) ()

Newton's equation
@f= -V, V=-l/2=-|FP/2

along the gradient flow, the force field is the gradient of (half) the free
energy dissipation

d € €
> S () = —JeF ()



interpolations

building interpolations related to this free energy dissipation force field J

o )
o { ‘” F @) iff it solves inf / 5 le + F'(wr) e
[0,00)

Wy = X wiwp=x9

> this serves as a definition (minimizing movement)



interpolations

building interpolations related to this free energy dissipation force field J

o )
o { ‘” F @) iff it solves inf / 5 le + F'(wr) e
[0,00)

Wy = X wiwp=x9
> this serves as a definition (minimizing movement)

@ small time step: € > 0, QY ={weQ; wo=x,w1 =y}

1
o /|wt—|—F’(wt)|2dt

wig=xwe=y Jlo,q 2

5|2 112
()= o)+ inf [ {i%\ Ll (ws>} e
o1 L 2 2

weY




interpolations

building interpolations related to this free energy dissipation force field

o )
o { ‘” F @) iff it solves inf / ZJdoe + F'(we)? dt
[0,00

(A]O - X WZUJ():XO ) 2
> this serves as a definition (minimizing movement)

@ small time step: € > 0, QY ={weQ; wo=x,w1 =y}

1
o / Lie + F(wo) P dt
WWo=X,We=Y J[0,¢] 2

5|2 112
()= o)+ inf [ {i%\ Ll (ws>} e
o1 L 2 2

weY

2
0 Ae(W) ::/ Le(ws’(/:}s) dS:/ {’('US‘_I_62/(CUS)} dS
0.1 oa L 2 2
Q inf A%w)=: Cr(x,y)

weY



interpolations

w12
o Aw) ::/ Le(ws,ws)dsz/ {|W;|+62’(2ws)} ds
[0.1] [0.1]

eF-cost, eF-interpolation

wlenJXyA (w) = Cr(x,y)

o Cr(x,y) =ly —x[*/2+ O(é?),

P 2
i e—>0+7



interpolations

w12
o Aw) ::/ Le(ws,ws)dsz/ {|W2s|+62/(2ws)} ds
[0.1] [0.1]

eF-cost, eF-interpolation

w|en§1;yA (w) = Cr(x,y)

o Cr(x,y)=ly —xP/2+ O(e),
P 2
i e—07t "

interpolations and dissipation

along the eF-interpolations, the force field is (half) the gradient of the free
energy dissipation of the e-slowed down gradient flow




interpolations

e-modified contraction of the gradient flow in R”
C€F(St(X)7 St(y)) < e_2KtCEF(X7y)7 Vtaxay

o [Se(x) = Se(y)? < e 2 |x — yP?



interpolations

“e-modified K-convexity” of F
for any eF-interpolation v and all 0 < s <1

F(7s) < 0ck(1 — s)F(v0) + Ock(s)F (1)
1— e—25K

—TaeK(S)QeK(l — 5)[Cer(70,71) + €F(70) + €F ()]

1— e—2eKt

@ Ok(s) = 1 o2k 6$>+ s

@ K-convexity of F: for any geodesicy and all 0 <s <1
F(7s) < (1= 5)F(70) + sF(71) = Ks(1 = s)|y1 —70[*/2



interpolations

“e-modified K-convexity” of F
for any eF-interpolation v and all 0 < s <1

F(7s) < 0ck(1 — s)F(v0) + Ock(s)F (1)
1— e—25K

_TgeK(s)eeK(l —s) [CEF('YOa’)’l) + €eF () + EF(’YI)]

1— e—ZeKt

@ Ok(s) = 1 o2k 6$>+ s

@ K-convexity of F: for any geodesicy and all 0 <s <1

F(vs) < (1 = s)F(0) + sF(y1) = Ks(L — s)|y1 — 70l%/2
@ thank you Giovanni



interpolations

e-modified basic convexity inequality

Cery, %) < gy [FO) = FOL ¥y

°5s=0, 10 =x
e ¢ —» 0t leadsto [F(y) — F(x:)] > Kly — x|2/2, ¥y



large deviations

e Fokker-Planck equation: drm — div(mU'/2) = Am/2

@ (m¢)e>0 a gradient flow with respect to a large deviation cost

@ this large deviation cost gives regular interpolations




large deviations

e Fokker-Planck equation: drm — div(mU'/2) = Am/2

@ (m¢)e>0 a gradient flow with respect to a large deviation cost

@ this large deviation cost gives regular interpolations

@ stochastic representation of (m;)
R { dZ, = —U'(Z,)/2 dt + dW,, t>0
Zo ~ Mo
» Markov generator: (=U -V+A)2
» R™ =Law(Z) € P(Qu)
» m; = Law(Z;) = R[™ € P(R")



large deviations

Fokker-Planck equation: Orm — div(mU'/2) = Am/2

(m¢)e>0 a gradient flow with respect to a large deviation cost

this large deviation cost gives regular interpolations

@ stochastic representation of (m;)
R { dZ, = —U'(Z,)/2 dt + dW,, t>0
Zo ~ Mo
» Markov generator: (=U -V+A)2
» R™ =Law(Z) € P(Qu)
» m; = Law(Z;) = R[™ € P(R")

@ R:= R™M> is my-reversible



large deviations

e particle system: Z%,Z2 ... iid(R)

e empirical measures: ZN := N1 > 1<i<n0zi € P(Qu0)
7" = (Z))ez0 € C = ([0, ), P(R")

ZV = ZV e P(R"), t>0



large deviations

e particle system: Z%,Z2 ... iid(R)

o empirical measures: ZN := N1 Y o1<i<n9zi € P(Q)
—N ~ -
Z" = (2120 € C 1= C([0, ), P(R™))
ZV = ZV e PR, t>0

@ large deviations as N — oo

(by Sanov's theorem)

o ~ .
PZVe) = exp< NlpnefH(P|R)>

— 00

o H(P|R) = [,log(dP/dR) dP, P € P(Qu)



large deviations

(by the contraction principle)
=N =N
P27 =pl|Zy =mo) = exp(=Ndm(p)), necC

® Jmo(p) = inf {H(P|R™); P: Py = pt, YVt >0} + L po=mo}



large deviations

(by the contraction principle)
=N =N
P27 =pl|Zy =mo) = exp(=Ndm(p)), necC

© Jmo(p) = inf {H(P|R™); P: Py = piz, Yt > 0} + tg0=mo}

@ argmin Jp, = (m¢)e>0

. . =N
@ strong LLN: knowing that limy_,»c Zg = mg, as, we have:

lIMmyoo 2 = (Me)e>0

OP:RmO — Pt:R{nOth



interpolations

building interpolations related to this free energy dissipation force field

1
o/ Lo + Fl(w)? dt
0.4 2

w12 112
{|ws| L alF (ws>} s

= F(we) — F(wo) + e_l/ > 5

[01]



interpolations

building interpolations related to this free energy dissipation force field

1
o/ Lo + Fl(w)? dt
[0.c] 2

'52 F/2 <
:F(we)—F(wo)Jre_l/[Ol]{|w2| el '2(“’)} ds

© Jmo(p) = inf {H(PIR™); P: Py = pe, Vt = 0} + t{p5=mp}



interpolations

building interpolations related to this free energy dissipation force field

1
o/ Lo + Fl(w)? dt
0.4 2

'52 F/2 <
:F(we)—F(wo)-i-e_l/[Ol]{|w2| +62| |2(w)} ds

O Umo(j1) = inf {H(P|R™Y; P: Pe = e, Yt > O} + t{0mo)
o F(a) = 3H(alms)

o A°(p) = einf {;[H(Pméva) + H(P*|RA; P P = 15,0 < s < 1}

» small time interval: [0, €]

» slowing down: [0,¢] = [0,1], R°:=(Xee)xR

> time reversal:  P* := (X*)xP, X} :=Xi_;, 0<s<1
R*=R



interpolations

e-entropic interpolation
inf{Ae(H); B pio =, = B} =: CED(avﬁ)v a, B € P(Rn) J

» Schrddinger problem (1931)

e Cip: large deviation cost



interpolations

e-entropic interpolation
inf{Ae(H); M Ho = &y 1 = ﬂ} =: CED(O‘HB)v a,p € P(Rn) J

» Schrddinger problem (1931)
e Cip: large deviation cost

@ by the way ...where is the free energy dissipation?



interpolations

o Wi(a,B) = inf/ |vs|? dusds:inf/ 5|2, ds
(vv) J{0,1]xRn v J[o,1]

)

Soreelice Eenetsicsr ems (G 19EHL 1EE)
112
CED(a,IB):inf/ {Ilvs\lys+€22(ys|moo)}ds
0.1

v 2 2

o I(almu) == [za |V log /da/dms|? do (Fisher information)

> time reversal
» Nelson's stochastic velocities

@ depends on «, not on velocity

o regularizing effect



interpolations

5 12
v z
o Cip(a, ) =inf {” sl | 2 (vlmo) o,
v Jpy b 2 2
: = ws> o [F'[P(ws)
> compare:  Cer(x,y) = wlen:];xy/[o,l]{ , Te— }ds
I:|F/|2

results
o Z(alms) = | grad? F|2
o I-limco+(Cip) = (W22/2)




interpolations

o U" > kld
o K:=k/2

e-modified contraction of the gradient flow in P(R")
Cip(Se(), Se(B)) < e?KtCip(a, B), VYt >0, Va,B € P(R")

o Wi(Se(a), Se(B)) < e M W3 (a, B)



interpolations

“e-modified K-convexity” of F (Conforti)

for any entropic e-interpolation v and all 0 < s <1

F(ps) < Ok (1 — 5)F (o) + Oer (s)F (111)
1— e—2€K

— Ok ($)0ek (1 = 9)[Cip(1o, i) + €F (po0) + eF (1))

v

e for any displacement interpolation p and all 0 < s <1

Fps) < (1= 8)F (o) + sF(u1) — Ks(1 — s) W3 (o, 1) /2



interpolations

e-modified Talagrand inequality
€

€ < -
Cip(e, meo) < tanh(Ke)

F(a), VaeP(R")

° Wi (o, ms)/2 < K1 F(a), Va



gradient flows, interpolations and large deviations

© LD of empirical mesures of diffusive particles

@ LD rate function: J(p) & slowing down: [0, €]

1
free energy: F(a) & LD cost: Cjp(e, )

© identify the free energy dissipation: Z(«)



gradient flows, interpolations and large deviations

eJ-interpolations are well-suited approximations of displacement
interpolations:

@ they allow for proving tight perturbations of transport inequalities
involving F

@ they inherit some regularity from the dissipative mechanism (if any)
of the gradient flow




gradient flows, interpolations and large deviations

eF-interpolations are well-suited approximations of displacement
interpolations:

@ they allow for proving tight perturbations of transport inequalities
involving F

@ they inherit some regularity from the dissipative mechanism (if any)
of the gradient flow

@ rigorous proofs in the present setting
@ extension to other free energy functions F, undone at present time,
but the heuristics are known

» Conforti: arXiv:1704.04821 (PTRF online)
» Gentil-L-Ripani: arXiv:1806.01553







