
joint work with N. Myrto Mavraki

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors

t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt



t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

 projective surface

smooth

projective curve

joint work with N. Myrto Mavraki

<latexit sha1_base64="jxL9ZfekAKRE4+rhKH6Ng4yvbaU="></latexit>

Assumptions:
E is not isotrivial
(E,B,O) is defined over Q

<latexit sha1_base64="UVEQrItVCKS3tOGgu8k6aBtT2kQ="></latexit>

Theorem. (Mordell, Weil, 1920s, Tate, Manin, ⇠ 1960)
Let k = function field Q(B). The set of rational points E(k) forms a finitely-
generated group.

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

viewed as elliptic curve / k



t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

joint work with N. Myrto Mavraki

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="grQ5n7IR2fTysL6oJ3/92M2qZFY="></latexit>

Theorem. (Silverman, 1983)
Assume P 2 E(k) is non-torsion. Then

Néron-Tate canonical height

<latexit sha1_base64="mqqHgWfxEZiTq7rAh/DXWtF02vY="></latexit>

ĥEt(Pt) = hDP (t) +O(1)

<latexit sha1_base64="Zz7zrelOywaJyLQE86VC6c9UShM="></latexit>

lim
hB(t)!1

ĥEt(Pt)

hB(t)
= ĥE(P )

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt

<latexit sha1_base64="ZUg09hOX4T/PXGa71TOIDJryo14="></latexit>

Theorem. (Tate, 1983)
Assume P 2 E(k) is non-torsion. Then
there is a Q-divisor DP of degree ĥE(P ) on B so

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors
<latexit sha1_base64="xRRIFNQD4pj0G3POa27mQsEDUAs=">AAACD3icbVDLSgNBEJz1GeMr6tHLYKLoJewGRI8BFT0qmCgkIcxOOtkhszPLTK8QlvyBF3/FiwdFvHr15t84eRx8FTQUVd10d4WJFBZ9/9ObmZ2bX1jMLeWXV1bX1gsbm3WrU8OhxrXU5jZkFqRQUEOBEm4TAywOJdyE/ZORf3MHxgqtrnGQQCtmPSW6gjN0Uruwdw46BjSC0whEL0JaakYMs2jYPitRrWjpbL9/UGoXin7ZH4P+JcGUFMkUl+3CR7OjeRqDQi6ZtY3AT7CVMYOCSxjmm6mFhPE+60HDUcVisK1s/M+Q7jqlQ7vauFJIx+r3iYzF1g7i0HXGDCP72xuJ/3mNFLvHrUyoJEVQfLKom0qKmo7CoR1hgKMcOMK4Ee5WyiNmGEcXYd6FEPx++S+pV8rBYdm/qhSrp9M4cmSb7JB9EpAjUiUX5JLUCCf35JE8kxfvwXvyXr23SeuMN53ZIj/gvX8BLrWazg==</latexit>

Geometric height ĥE on E(k)
<latexit sha1_base64="MTrCcaIgmtj6mckME1c6/BactKI="></latexit>

Arithmetic height ĥEt on fibers Et(Q)

<latexit sha1_base64="XxUGzEynvKZeBgCWqhTJ+bdL5es="></latexit>

any Weil height on base
curve B(Q) of degree 1

<latexit sha1_base64="Y9ipRLHjHZPJZ6MuCvjpXHWrjLU=">AAACFnicbVC7TsMwFHXKq5RXgJHFokUqA1VSCcFYAQNjK9GH1ESV4zqtVceObAepivoVLPwKCwMIsSI2/ganzQCFOx2dcx/nniBmVGnH+bIKK6tr6xvFzdLW9s7unr1/0FEikZi0sWBC9gKkCKOctDXVjPRiSVAUMNINJteZ3r0nUlHB7/Q0Jn6ERpyGFCNtqIF95nFB+ZBwXQqFhBXtUQ6vqp4wQ9nO1IuQHgdB2prNTisDu+zUnHnBv8DNQRnk1RzYn95Q4CQy+zFDSvVdJ9Z+iqSmmJFZyUsUiRGeoBHpG8hRRJSfzt+awRPDDGFmKxRcwzn7cyJFkVLTKDCdmUm1rGXkf1o/0eGln1IeJ5pwvDgUJgxqAbOM4JBKgjWbGoCwpMYrxGMkEdYmyZIJwV1++S/o1Gvuec1p1cuNmzyOIjgCx6AKXHABGuAWNEEbYPAAnsALeLUerWfrzXpftBasfOYQ/Crr4xuhTZ8K</latexit>

for t 2 B(Q)



t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

joint work with N. Myrto Mavraki

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors

Building on Silverman & Tate, we showed a few years ago:

<latexit sha1_base64="e4HqPs8TCdrTFRk3qcSQvYwkHyE=">AAACJHicdVDLSsNAFJ3UV62vWjeCm6FFcFUSQRREKNiFCxcV7AOaECaTSTt0kgkzE6GEfoyb/oVrN134wIUbv8VJ24W2emDgcM49zL3HixmVyjQ/jdzK6tr6Rn6zsLW9s7tX3C+1JE8EJk3MGRcdD0nCaESaiipGOrEgKPQYaXuD68xvPxAhKY/u1TAmToh6EQ0oRkpLbvHS5trO0qkdItXHiKW3o5HbgDb2uYL/2lfQdIsVs2pOAZeJNSeV2uHkqVQflxtu8c32OU5CEinMkJRdy4yVkyKhKGZkVLATSWKEB6hHuppGKCTSSadHjuCxVnwYcKFfpOBU/ZlIUSjlMPT0ZLapXPQy8S+vm6jgwklpFCeKRHj2UZAwqDjMGoM+FQQrNtQEYUH1rhD3kUBY6V4LugRr8eRl0jqtWmdV8063UQcz5MERKIMTYIFzUAM3oAGaAINH8AxewKsxNibGu/ExG80Z88wB+AXj6xs6Kqiv</latexit>

LP · LP = 0

Arakelov-Zhang

intersection number

<latexit sha1_base64="nGsuZO4A9/Fr4TgmZlYxAnq/iuE="></latexit>

Theorem. (D.-Mavraki)
Assume P 2 E(k) is non-torsion. Then hP is
the height induced from an adelic, continuous,
semipositive metric {k · kP,v}v2MK on ample LP

(associated to the Q-divisor DP ). Moreover,
<latexit sha1_base64="AlIWE4wA2cbhpbgIro7brB7Qyi4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewKojcDevAYwTwgCWF20psMmZ1dZ2aFsOQnvIgPxKuf4tWbf+NskoMmFjQUVd1Ud/ux4Nq47reTW1peWV3Lrxc2Nre2d4q7e3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhDy8zv3GPSvNI3ppRjJ2Q9iUPOKPGSs02D20K6m6x5JbdCcgi8WakdPH5lOG52i1+tXsRS0KUhgmqdctzY9NJqTKcCRwX2onGmLIh7WPLUklD1J10su+YHFmlR4JI2ZKGTNTfEykNtR6Fvu0MqRnoeS8T//NaiQnOOymXcWJQsmlQkAhiIpIdT3pcITNiZAllittdCRtQRZmxLyrYJ3jzJy+S+knZOy27N26pcgVT5OEADuEYPDiDClxDFWrAQMADvMCrc+c8Om/O+7Q158xm9uEPnI8femKUug==</latexit> =)

Equidistribution theorems

of Chambert-Loir, Thuillier,

Yuan (2008) and work of 

Masser-Zannier (2008-2012)

<latexit sha1_base64="ncCW+HNBaTnL74cUji+/OOmc1yo=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2QxLBKuwGRCsJaGEZIS9IQpid3CRDZmeXmbtiCOlt/BUbC0Vs/QE7/8bJo9DEAwOHc+7lzjlBLIVBz/t2UmvrG5tb6e3Mzu7e/oF7eFQzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MLye+vV70EZEqoKjGNoh6yvRE5yhlTputjIADRQe7ClD8y2IjZCRuvLy1EQUBwxpx815BW8Gukr8BcmRBcod96vVjXgSgkIumTFN34uxPWYaBZcwybQSAzHjQ9aHpqWKhWDa41mWCT21Spf2Im2fQjpTf2+MWWjMKAzsZMhwYJa9qfif10ywd9keCxUnCIrPD/USSdHGtMXQrtDAUY4sYVwL+1fKB0wzjra+jC3BX468SmrFgn9e8O6KudLNoo40OSFZckZ8ckFK5JaUSZVw8kieySt5c56cF+fd+ZiPppzFzjH5A+fzBy88mdo=</latexit>

There exists ✏ > 0 so that
<latexit sha1_base64="vSyWwd4AXUmsZ4hBDfM/5vVP3+4=">AAACIXicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdgVxJQBLbRLwDwgG+Ls5CYZnJ1dZ2aFsORXbPwIf8DGQpF0Ym/pNzh5FJrkwIXDOfdy7z1+xJnSjvNppZaWV1bX0uuZjc2t7R17d6+qwlhSqNCQh7LuEwWcCahopjnUIwkk8DnU/LuLkV97AKlYKG50P4JmQLqCdRgl2kgtu+AluNcq5fQJ9jjcYw8ixXgovAH2KInw2C4vsFt21sk7Y+B54k5Jtnh8/f3znLotteyh1w5pHIDQlBOlGq4T6WZCpGaUwyDjxQoiQu9IFxqGChKAaibjDwf4yCht3AmlKaHxWP07kZBAqX7gm86A6J6a9UbiIq8R606hmTARxRoEnSzqxBzrEI/iwm0mgWreN4RQycytmPaIJFSbUDMmBHf25XlSPc27Z3mnbNK4RBOk0QE6RDnkonNURFeohCqIokf0gt7Qu/VkvVof1nDSmrKmM/voH6yvXze2pgs=</latexit>

{hP (t)  ✏} \ {hQ(t)  ✏}
<latexit sha1_base64="ELoUsz+70Hs975FQpOh1wI3Zu4g=">AAACK3icbVDLTgIxFO3gC/GFunTTCCauyAyJ0SVRFy4hkUfCENLp3IGGTjtpOyaE8D9u/BUXuvARt/6HZWCh4EmanJ5zT9p7goQzbVz3w8mtrW9sbuW3Czu7e/sHxcOjlpapotCkkkvVCYgGzgQ0DTMcOokCEgcc2sHoZua3H0BpJsW9GSfQi8lAsIhRYqzUL177QjIRgjAFpnHEBDOAWYSJCLEUfDzj5Xo5u5cbZez7mCg7YSMJZLlKv1hyK24GvEq8BSmhBer94osfSprGNkw50brruYnpTYgyjHKYFvxUQ0LoiAyga6kgMejeJNt1is+sEuJIKnuEwZn6OzEhsdbjOLCTMTFDvezNxP+8bmqiq96EiSQ1IOj8oSjl2Eg8Kw6HTAE1tpGQEaqY/SumQ6IINbbegi3BW155lbSqFe+i4jaqpdrtoo48OkGn6Bx56BLV0B2qoyai6BE9ozf07jw5r86n8zUfzTmLzDH6A+f7B4wZpWY=</latexit>

is finite if and only if P and Q
are independent.

Néron-Tate canonical height
<latexit sha1_base64="xRRIFNQD4pj0G3POa27mQsEDUAs=">AAACD3icbVDLSgNBEJz1GeMr6tHLYKLoJewGRI8BFT0qmCgkIcxOOtkhszPLTK8QlvyBF3/FiwdFvHr15t84eRx8FTQUVd10d4WJFBZ9/9ObmZ2bX1jMLeWXV1bX1gsbm3WrU8OhxrXU5jZkFqRQUEOBEm4TAywOJdyE/ZORf3MHxgqtrnGQQCtmPSW6gjN0Uruwdw46BjSC0whEL0JaakYMs2jYPitRrWjpbL9/UGoXin7ZH4P+JcGUFMkUl+3CR7OjeRqDQi6ZtY3AT7CVMYOCSxjmm6mFhPE+60HDUcVisK1s/M+Q7jqlQ7vauFJIx+r3iYzF1g7i0HXGDCP72xuJ/3mNFLvHrUyoJEVQfLKom0qKmo7CoR1hgKMcOMK4Ee5WyiNmGEcXYd6FEPx++S+pV8rBYdm/qhSrp9M4cmSb7JB9EpAjUiUX5JLUCCf35JE8kxfvwXvyXr23SeuMN53ZIj/gvX8BLrWazg==</latexit>

Geometric height ĥE on E(k)
<latexit sha1_base64="MTrCcaIgmtj6mckME1c6/BactKI="></latexit>

Arithmetic height ĥEt on fibers Et(Q)

<latexit sha1_base64="hBB9/L9/ltaUO82AU2sgb9Q/2gQ="></latexit>

Fix number field K so every P 2 E(k) defined /K.
For each P 2 E(k), set hP (t) = ĥEt(Pt) for t 2 B(Q).

<latexit sha1_base64="Y9ipRLHjHZPJZ6MuCvjpXHWrjLU=">AAACFnicbVC7TsMwFHXKq5RXgJHFokUqA1VSCcFYAQNjK9GH1ESV4zqtVceObAepivoVLPwKCwMIsSI2/ganzQCFOx2dcx/nniBmVGnH+bIKK6tr6xvFzdLW9s7unr1/0FEikZi0sWBC9gKkCKOctDXVjPRiSVAUMNINJteZ3r0nUlHB7/Q0Jn6ERpyGFCNtqIF95nFB+ZBwXQqFhBXtUQ6vqp4wQ9nO1IuQHgdB2prNTisDu+zUnHnBv8DNQRnk1RzYn95Q4CQy+zFDSvVdJ9Z+iqSmmJFZyUsUiRGeoBHpG8hRRJSfzt+awRPDDGFmKxRcwzn7cyJFkVLTKDCdmUm1rGXkf1o/0eGln1IeJ5pwvDgUJgxqAbOM4JBKgjWbGoCwpMYrxGMkEdYmyZIJwV1++S/o1Gvuec1p1cuNmzyOIjgCx6AKXHABGuAWNEEbYPAAnsALeLUerWfrzXpftBasfOYQ/Crr4xuhTZ8K</latexit>

for t 2 B(Q)



<latexit sha1_base64="Qy++qB82aH22rKcqAKHe3MjxWbw="></latexit>

c1 R̂NT (P,Q)  LP · LQ  c2 R̂NT (P,Q)

Arakelov-Zhang

intersection number

Néron-Tate regulator

<latexit sha1_base64="ymshGSzGFSUWjCBl/POXDuiWUyw=">AAACGnicbZDLSsNAFIYn9VbrrerSzWAVWtCSFESXBRVcpmAv0MQwmU7aoZNJmJkIJfQ53Pgqblwo4k7c+DZOm4La+sPAx3/O4cz5/ZhRqUzzy8gtLa+sruXXCxubW9s7xd29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT94eWk3r4nQtKI36pRTNwQ9TkNKEZKW17RcgZIpYOxd122Kz/cqMBT6DDE+4xA+6QBHZHxXc0rlsyqORVcBGsGpfpRMJXtFT+cXoSTkHCFGZKya5mxclMkFMWMjAtOIkmM8BD1SVcjRyGRbjo9bQyPtdODQST04wpO3d8TKQqlHIW+7gyRGsj52sT8r9ZNVHDhppTHiSIcZ4uChEEVwUlOsEcFwYqNNCAsqP4rxAMkEFY6zYIOwZo/eRFatap1VjUbOo0rkCkPDsAhKAMLnIM6uAE2aAIMHsATeAGvxqPxbLwZ71lrzpjN7IM/Mj6/Aacdoao=</latexit>

ĥE(P )ĥE(Q)� hP,Qi2

Our earlier theorem implies

<latexit sha1_base64="4h8QvaelhKFfLoL9T92mltqtQXM=">AAACE3icbVA7T8MwGHTKq5RXgJHFokEqDFVSCcFYCZAYW4k+pLaqHMdprTp2ZDtIVdT/wMJfYWEAIVYWNv4NTpsBCjed7r7n+TGjSrvul1VYWV1b3yhulra2d3b37P2DthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/ucr8zj2Rigp+p6cxGURoxGlIMdJGGtpnfS4oDwjXpVBIiBiDTsOBiAfQaTqQcujcVCanThXCoV12q+4c8C/xclIGORpD+7MfCJxEZjhmSKme58Z6kCKpKWZkVuonisQIT9CI9AzlKCJqkM5/msETowQwuykUXMO5+rMjRZFS08g3lRHSY7XsZeJ/Xi/R4eUgpTxONOF4sShMGNQCZgHBgEqCNZsagrCk5laIx0girE2MJROCt/zyX9KuVb3zqtuslevXeRxFcASOQQV44ALUwS1ogBbA4AE8gRfwaj1az9ab9b4oLVh5zyH4BevjG9lpmko=</latexit>

for all P and Q in E(k).

Remarks

The above theorem means that

<latexit sha1_base64="4eqzcr1ef2b1cLB4O5mJV/hpZpA="></latexit>

Main Theorem. (D.-Mavraki) Fix E ! B defined over a number field.
There are constants c1, c2 > 0 so that

<latexit sha1_base64="miACYCcMKFlMCzUgDvL24mhlkCg="></latexit>

LP · LQ = 0 () P and Q are dependent () R̂NT (P,Q) = 0

this is well known: 

Néron-Tate height is a

positive definite quad form

<latexit sha1_base64="wJESSR8fVlmuHJpoUKwey3n/BdA=">AAACJnicdVDLSsNAFJ3UV62vqEs3g0V0VRJBFKFQ0IWCixbsA5pSJ5NJHTrJhJmJUEK+xo1/4De4cVERcefKpd/gpO1CWz0wcDjnHube40aMSmVZ70Zubn5hcSm/XFhZXVvfMDe3GpLHApM65oyLloskYTQkdUUVI61IEBS4jDTd/lnmN++IkJSH12oQkU6AeiH1KUZKS12zDB2u/SyeOAFStxix5CpNu1XoYI+r/+waPC1D2DWLVskaAc4Se0KKlf3Lz6/H3E21aw4dj+M4IKHCDEnZtq1IdRIkFMWMpAUnliRCuI96pK1piAIiO8nozBTuacWDPhf6hQqO1J+JBAVSDgJXT2arymkvE//y2rHyTzoJDaNYkRCPP/JjBhWHWWfQo4JgxQaaICyo3hXiWyQQVrrZgi7Bnj55ljQOS/ZRyarpNs7BGHmwA3bBAbDBMaiAC1AFdYDBPXgCQ/BiPBjPxqvxNh7NGZPMNvgF4+Mb6OuprA==</latexit>

LP · LQ :=
<latexit sha1_base64="8Jodq8OKdjZKd5iEqFuJutcPjzY="></latexit>

hP (DQ) +
X

v2MK

[Kv : Qv]

[K : Q]

Z

Bv

�Q,v d!P,v

<latexit sha1_base64="cq2l56lIPKLZJzdC5K5NfGmmMv0="></latexit>

The biquadratic form (P,Q) 7! LP · LQ is also
nondegenerate on real vector space E(k)⌦ R.



<latexit sha1_base64="Qy++qB82aH22rKcqAKHe3MjxWbw="></latexit>

c1 R̂NT (P,Q)  LP · LQ  c2 R̂NT (P,Q)

Arakelov-Zhang

intersection number

Néron-Tate regulator

<latexit sha1_base64="ymshGSzGFSUWjCBl/POXDuiWUyw=">AAACGnicbZDLSsNAFIYn9VbrrerSzWAVWtCSFESXBRVcpmAv0MQwmU7aoZNJmJkIJfQ53Pgqblwo4k7c+DZOm4La+sPAx3/O4cz5/ZhRqUzzy8gtLa+sruXXCxubW9s7xd29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT94eWk3r4nQtKI36pRTNwQ9TkNKEZKW17RcgZIpYOxd122Kz/cqMBT6DDE+4xA+6QBHZHxXc0rlsyqORVcBGsGpfpRMJXtFT+cXoSTkHCFGZKya5mxclMkFMWMjAtOIkmM8BD1SVcjRyGRbjo9bQyPtdODQST04wpO3d8TKQqlHIW+7gyRGsj52sT8r9ZNVHDhppTHiSIcZ4uChEEVwUlOsEcFwYqNNCAsqP4rxAMkEFY6zYIOwZo/eRFatap1VjUbOo0rkCkPDsAhKAMLnIM6uAE2aAIMHsATeAGvxqPxbLwZ71lrzpjN7IM/Mj6/Aacdoao=</latexit>

ĥE(P )ĥE(Q)� hP,Qi2

Our earlier theorem implies

<latexit sha1_base64="4h8QvaelhKFfLoL9T92mltqtQXM=">AAACE3icbVA7T8MwGHTKq5RXgJHFokEqDFVSCcFYCZAYW4k+pLaqHMdprTp2ZDtIVdT/wMJfYWEAIVYWNv4NTpsBCjed7r7n+TGjSrvul1VYWV1b3yhulra2d3b37P2DthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/ucr8zj2Rigp+p6cxGURoxGlIMdJGGtpnfS4oDwjXpVBIiBiDTsOBiAfQaTqQcujcVCanThXCoV12q+4c8C/xclIGORpD+7MfCJxEZjhmSKme58Z6kCKpKWZkVuonisQIT9CI9AzlKCJqkM5/msETowQwuykUXMO5+rMjRZFS08g3lRHSY7XsZeJ/Xi/R4eUgpTxONOF4sShMGNQCZgHBgEqCNZsagrCk5laIx0girE2MJROCt/zyX9KuVb3zqtuslevXeRxFcASOQQV44ALUwS1ogBbA4AE8gRfwaj1az9ab9b4oLVh5zyH4BevjG9lpmko=</latexit>

for all P and Q in E(k).

Remarks

The above theorem means that

why should we care?

<latexit sha1_base64="4eqzcr1ef2b1cLB4O5mJV/hpZpA="></latexit>

Main Theorem. (D.-Mavraki) Fix E ! B defined over a number field.
There are constants c1, c2 > 0 so that

<latexit sha1_base64="miACYCcMKFlMCzUgDvL24mhlkCg="></latexit>

LP · LQ = 0 () P and Q are dependent () R̂NT (P,Q) = 0

this is well known: 

Néron-Tate height is a

positive definite quad form

<latexit sha1_base64="wJESSR8fVlmuHJpoUKwey3n/BdA=">AAACJnicdVDLSsNAFJ3UV62vqEs3g0V0VRJBFKFQ0IWCixbsA5pSJ5NJHTrJhJmJUEK+xo1/4De4cVERcefKpd/gpO1CWz0wcDjnHube40aMSmVZ70Zubn5hcSm/XFhZXVvfMDe3GpLHApM65oyLloskYTQkdUUVI61IEBS4jDTd/lnmN++IkJSH12oQkU6AeiH1KUZKS12zDB2u/SyeOAFStxix5CpNu1XoYI+r/+waPC1D2DWLVskaAc4Se0KKlf3Lz6/H3E21aw4dj+M4IKHCDEnZtq1IdRIkFMWMpAUnliRCuI96pK1piAIiO8nozBTuacWDPhf6hQqO1J+JBAVSDgJXT2arymkvE//y2rHyTzoJDaNYkRCPP/JjBhWHWWfQo4JgxQaaICyo3hXiWyQQVrrZgi7Bnj55ljQOS/ZRyarpNs7BGHmwA3bBAbDBMaiAC1AFdYDBPXgCQ/BiPBjPxqvxNh7NGZPMNvgF4+Mb6OuprA==</latexit>

LP · LQ :=
<latexit sha1_base64="8Jodq8OKdjZKd5iEqFuJutcPjzY="></latexit>

hP (DQ) +
X

v2MK

[Kv : Qv]

[K : Q]

Z

Bv

�Q,v d!P,v

<latexit sha1_base64="cq2l56lIPKLZJzdC5K5NfGmmMv0="></latexit>

The biquadratic form (P,Q) 7! LP · LQ is also
nondegenerate on real vector space E(k)⌦ R.



<latexit sha1_base64="Qy++qB82aH22rKcqAKHe3MjxWbw="></latexit>

c1 R̂NT (P,Q)  LP · LQ  c2 R̂NT (P,Q)

Arakelov-Zhang

intersection number

<latexit sha1_base64="4h8QvaelhKFfLoL9T92mltqtQXM=">AAACE3icbVA7T8MwGHTKq5RXgJHFokEqDFVSCcFYCZAYW4k+pLaqHMdprTp2ZDtIVdT/wMJfYWEAIVYWNv4NTpsBCjed7r7n+TGjSrvul1VYWV1b3yhulra2d3b37P2DthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/ucr8zj2Rigp+p6cxGURoxGlIMdJGGtpnfS4oDwjXpVBIiBiDTsOBiAfQaTqQcujcVCanThXCoV12q+4c8C/xclIGORpD+7MfCJxEZjhmSKme58Z6kCKpKWZkVuonisQIT9CI9AzlKCJqkM5/msETowQwuykUXMO5+rMjRZFS08g3lRHSY7XsZeJ/Xi/R4eUgpTxONOF4sShMGNQCZgHBgEqCNZsagrCk5laIx0girE2MJROCt/zyX9KuVb3zqtuslevXeRxFcASOQQV44ALUwS1ogBbA4AE8gRfwaj1az9ab9b4oLVh5zyH4BevjG9lpmko=</latexit>

for all P and Q in E(k).

<latexit sha1_base64="4eqzcr1ef2b1cLB4O5mJV/hpZpA="></latexit>

Main Theorem. (D.-Mavraki) Fix E ! B defined over a number field.
There are constants c1, c2 > 0 so that

<latexit sha1_base64="wJESSR8fVlmuHJpoUKwey3n/BdA=">AAACJnicdVDLSsNAFJ3UV62vqEs3g0V0VRJBFKFQ0IWCixbsA5pSJ5NJHTrJhJmJUEK+xo1/4De4cVERcefKpd/gpO1CWz0wcDjnHube40aMSmVZ70Zubn5hcSm/XFhZXVvfMDe3GpLHApM65oyLloskYTQkdUUVI61IEBS4jDTd/lnmN++IkJSH12oQkU6AeiH1KUZKS12zDB2u/SyeOAFStxix5CpNu1XoYI+r/+waPC1D2DWLVskaAc4Se0KKlf3Lz6/H3E21aw4dj+M4IKHCDEnZtq1IdRIkFMWMpAUnliRCuI96pK1piAIiO8nozBTuacWDPhf6hQqO1J+JBAVSDgJXT2arymkvE//y2rHyTzoJDaNYkRCPP/JjBhWHWWfQo4JgxQaaICyo3hXiWyQQVrrZgi7Bnj55ljQOS/ZRyarpNs7BGHmwA3bBAbDBMaiAC1AFdYDBPXgCQ/BiPBjPxqvxNh7NGZPMNvgF4+Mb6OuprA==</latexit>

LP · LQ :=

Observation.  Geometric height is known to control growth of arithmetic 
height, i.e., large height phenomena.  This shows that geometric height 
also controls small height phenomena.  Via Zhang's Inequality (1995), 
the intersection number can be replaced with

<latexit sha1_base64="BTVKMB0wCIDVpyByRlyQMEcaiMs="></latexit>

(ĥE(P ) + ĥE(Q)) ess.min.t2B(Q)(ĥEt(Pt) + ĥEt(Qt))

Néron-Tate regulator

<latexit sha1_base64="ymshGSzGFSUWjCBl/POXDuiWUyw=">AAACGnicbZDLSsNAFIYn9VbrrerSzWAVWtCSFESXBRVcpmAv0MQwmU7aoZNJmJkIJfQ53Pgqblwo4k7c+DZOm4La+sPAx3/O4cz5/ZhRqUzzy8gtLa+sruXXCxubW9s7xd29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT94eWk3r4nQtKI36pRTNwQ9TkNKEZKW17RcgZIpYOxd122Kz/cqMBT6DDE+4xA+6QBHZHxXc0rlsyqORVcBGsGpfpRMJXtFT+cXoSTkHCFGZKya5mxclMkFMWMjAtOIkmM8BD1SVcjRyGRbjo9bQyPtdODQST04wpO3d8TKQqlHIW+7gyRGsj52sT8r9ZNVHDhppTHiSIcZ4uChEEVwUlOsEcFwYqNNCAsqP4rxAMkEFY6zYIOwZo/eRFatap1VjUbOo0rkCkPDsAhKAMLnIM6uAE2aAIMHsATeAGvxqPxbLwZ71lrzpjN7IM/Mj6/Aacdoao=</latexit>

ĥE(P )ĥE(Q)� hP,Qi2

<latexit sha1_base64="ncCW+HNBaTnL74cUji+/OOmc1yo=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2QxLBKuwGRCsJaGEZIS9IQpid3CRDZmeXmbtiCOlt/BUbC0Vs/QE7/8bJo9DEAwOHc+7lzjlBLIVBz/t2UmvrG5tb6e3Mzu7e/oF7eFQzUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6MLye+vV70EZEqoKjGNoh6yvRE5yhlTputjIADRQe7ClD8y2IjZCRuvLy1EQUBwxpx815BW8Gukr8BcmRBcod96vVjXgSgkIumTFN34uxPWYaBZcwybQSAzHjQ9aHpqWKhWDa41mWCT21Spf2Im2fQjpTf2+MWWjMKAzsZMhwYJa9qfif10ywd9keCxUnCIrPD/USSdHGtMXQrtDAUY4sYVwL+1fKB0wzjra+jC3BX468SmrFgn9e8O6KudLNoo40OSFZckZ8ckFK5JaUSZVw8kieySt5c56cF+fd+ZiPppzFzjH5A+fzBy88mdo=</latexit>

There exists ✏ > 0 so that
<latexit sha1_base64="vSyWwd4AXUmsZ4hBDfM/5vVP3+4=">AAACIXicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdgVxJQBLbRLwDwgG+Ls5CYZnJ1dZ2aFsORXbPwIf8DGQpF0Ym/pNzh5FJrkwIXDOfdy7z1+xJnSjvNppZaWV1bX0uuZjc2t7R17d6+qwlhSqNCQh7LuEwWcCahopjnUIwkk8DnU/LuLkV97AKlYKG50P4JmQLqCdRgl2kgtu+AluNcq5fQJ9jjcYw8ixXgovAH2KInw2C4vsFt21sk7Y+B54k5Jtnh8/f3znLotteyh1w5pHIDQlBOlGq4T6WZCpGaUwyDjxQoiQu9IFxqGChKAaibjDwf4yCht3AmlKaHxWP07kZBAqX7gm86A6J6a9UbiIq8R606hmTARxRoEnSzqxBzrEI/iwm0mgWreN4RQycytmPaIJFSbUDMmBHf25XlSPc27Z3mnbNK4RBOk0QE6RDnkonNURFeohCqIokf0gt7Qu/VkvVof1nDSmrKmM/voH6yvXze2pgs=</latexit>

{hP (t)  ✏} \ {hQ(t)  ✏}
<latexit sha1_base64="ELoUsz+70Hs975FQpOh1wI3Zu4g=">AAACK3icbVDLTgIxFO3gC/GFunTTCCauyAyJ0SVRFy4hkUfCENLp3IGGTjtpOyaE8D9u/BUXuvARt/6HZWCh4EmanJ5zT9p7goQzbVz3w8mtrW9sbuW3Czu7e/sHxcOjlpapotCkkkvVCYgGzgQ0DTMcOokCEgcc2sHoZua3H0BpJsW9GSfQi8lAsIhRYqzUL177QjIRgjAFpnHEBDOAWYSJCLEUfDzj5Xo5u5cbZez7mCg7YSMJZLlKv1hyK24GvEq8BSmhBer94osfSprGNkw50brruYnpTYgyjHKYFvxUQ0LoiAyga6kgMejeJNt1is+sEuJIKnuEwZn6OzEhsdbjOLCTMTFDvezNxP+8bmqiq96EiSQ1IOj8oSjl2Eg8Kw6HTAE1tpGQEaqY/SumQ6IINbbegi3BW155lbSqFe+i4jaqpdrtoo48OkGn6Bx56BLV0B2qoyai6BE9ozf07jw5r86n8zUfzTmLzDH6A+f7B4wZpWY=</latexit>

is finite if and only if P and Q
are independent.

Our earlier result:
<latexit sha1_base64="hyg+M8/Z+AKPd6eNHVQx/EmUCQs="></latexit>

⇡

LP
· LQ

ĥE
(P

) +
ĥE

(Q
)

<latexit sha1_base64="8Jodq8OKdjZKd5iEqFuJutcPjzY="></latexit>

hP (DQ) +
X

v2MK

[Kv : Qv]

[K : Q]

Z

Bv

�Q,v d!P,v



<latexit sha1_base64="Qy++qB82aH22rKcqAKHe3MjxWbw="></latexit>

c1 R̂NT (P,Q)  LP · LQ  c2 R̂NT (P,Q)
<latexit sha1_base64="4h8QvaelhKFfLoL9T92mltqtQXM=">AAACE3icbVA7T8MwGHTKq5RXgJHFokEqDFVSCcFYCZAYW4k+pLaqHMdprTp2ZDtIVdT/wMJfYWEAIVYWNv4NTpsBCjed7r7n+TGjSrvul1VYWV1b3yhulra2d3b37P2DthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/ucr8zj2Rigp+p6cxGURoxGlIMdJGGtpnfS4oDwjXpVBIiBiDTsOBiAfQaTqQcujcVCanThXCoV12q+4c8C/xclIGORpD+7MfCJxEZjhmSKme58Z6kCKpKWZkVuonisQIT9CI9AzlKCJqkM5/msETowQwuykUXMO5+rMjRZFS08g3lRHSY7XsZeJ/Xi/R4eUgpTxONOF4sShMGNQCZgHBgEqCNZsagrCk5laIx0girE2MJROCt/zyX9KuVb3zqtuslevXeRxFcASOQQV44ALUwS1ogBbA4AE8gRfwaj1az9ab9b4oLVh5zyH4BevjG9lpmko=</latexit>

for all P and Q in E(k).

<latexit sha1_base64="4eqzcr1ef2b1cLB4O5mJV/hpZpA="></latexit>

Main Theorem. (D.-Mavraki) Fix E ! B defined over a number field.
There are constants c1, c2 > 0 so that

<latexit sha1_base64="kcCvZHOnwxJnXLgMrFVFo0Oy+dY="></latexit>

T (Em,2, ✏) :=
n
p 2 Em : 9 p0 2 Em,2(Q) with t = ⇡(p) = ⇡(p0) and ĥt(p� p0)  ✏

o

<latexit sha1_base64="GgDS4Kq2oGWYUkd8vlB09jlrkic="></latexit>

For isotrivial E, proved by Viada (2009), Galateau (2010).

This proves a case of Shouwu Zhang's

Conjecture (1998)

<latexit sha1_base64="klVqMdLvMNKBTDYNY1m4FVnukKA="></latexit>

For nonisotrivial E with ✏ = 0, proved by Barroero-Capuano (2016).
m = 2 case with ✏ = 0: Masser-Zannier (2012)

<latexit sha1_base64="rFG3oVBxvBnWgibTA5tpo6bkqR4=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAIrobMWNu6sqALlxXsBdqhZNJMG5rJDElGKENfwY0Ltbj1Ydy6823MtAoq+kPg5/vPIeccP+ZMaYTerdzS8srqWn69sLG5tb1T3N1rqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX2R5+5ZKxSJxoycx9UI8FCxgBOsM9VgQ9IslZJ/VKm65ApGNUNVxncy41fJJGTqGZCqdvz5lmjX6xbfeICJJSIUmHCvVdVCsvRRLzQin00IvUTTGZIyHtGuswCFVXjqfdQqPDBnAIJLmCQ3n9HtHikOlJqFvKkOsR+p3lsG/sm6ig5qXMhEnmgqy+ChIONQRzBaHAyYp0XxiDCaSmVkhGWGJiTbnKZgjfG0K/zct13ZObXSNSvVLsFAeHIBDcAwcUAV1cAUaoAkIGIE78AAerdC6t2bW86I0Z3327IMfsl4+AJmOkxY=</latexit>

(
)

Compare:  Pink Zilber Conjectures,

Bombieri-Masser-Zannier,

Raynaud (Manin-Mumford Conj.), 

Habegger, Rémond-Viada, 

Habegger-Pila, ...

Zhang, Ullmo (Bogomolov Conj.)

<latexit sha1_base64="q8Mw4lrq2jPYfq3NS6AA3wI7mCw="></latexit>

Theorem. (D.-Mavraki) Fix nonisotrivial E ! B defined over a number field.
Let C be any irreducible curve in the fiber product ⇡ : Em ! B that dominates
B, with m � 2. Let Em,2 be union of flat subgroup schemes of codimension
� 2. There is ✏ > 0 so that the intersection of C and

<latexit sha1_base64="iw2yPNLOkbgxGLiJ6dcgUbypTK4="></latexit>

is contained in a finite union of flat subgroup schemes of positive codimension.

<latexit sha1_base64="F1eOHXgxk8aHlLoxh7jeyDQK4QA="></latexit>

Our previous result covered C \ T (Em,m, ✏), the torsion part.



<latexit sha1_base64="L8hLlGtHAQcsb1qBIOiNI6eQVxE="></latexit>

satisfy at least two independent linear relations in Etn(Q).

<latexit sha1_base64="SJ6OB6sCBKzSXAMgLOObJ0iUBMw="></latexit>

Theorem. (D.-Mavraki) Fix nonisotrivial E ! B defined over a number field.
Let P1, . . . , Pm be m � 2 points in E(k) over k = Q(B).
Then P1, . . . , Pm are linearly dependent if and only if
there is a sequence tn 2 B and small-height perturbations P 0

i,tn of Pi,tn

so that <latexit sha1_base64="OOyqE3i0anD3okfPnMCde7P+mfs="></latexit>

{P 0
1,tn , . . . , P

0
m,tn} ⇢ Etn(Q)

<latexit sha1_base64="Qy++qB82aH22rKcqAKHe3MjxWbw="></latexit>

c1 R̂NT (P,Q)  LP · LQ  c2 R̂NT (P,Q)
<latexit sha1_base64="4h8QvaelhKFfLoL9T92mltqtQXM=">AAACE3icbVA7T8MwGHTKq5RXgJHFokEqDFVSCcFYCZAYW4k+pLaqHMdprTp2ZDtIVdT/wMJfYWEAIVYWNv4NTpsBCjed7r7n+TGjSrvul1VYWV1b3yhulra2d3b37P2DthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/ucr8zj2Rigp+p6cxGURoxGlIMdJGGtpnfS4oDwjXpVBIiBiDTsOBiAfQaTqQcujcVCanThXCoV12q+4c8C/xclIGORpD+7MfCJxEZjhmSKme58Z6kCKpKWZkVuonisQIT9CI9AzlKCJqkM5/msETowQwuykUXMO5+rMjRZFS08g3lRHSY7XsZeJ/Xi/R4eUgpTxONOF4sShMGNQCZgHBgEqCNZsagrCk5laIx0girE2MJROCt/zyX9KuVb3zqtuslevXeRxFcASOQQV44ALUwS1ogBbA4AE8gRfwaj1az9ab9b4oLVh5zyH4BevjG9lpmko=</latexit>

for all P and Q in E(k).

<latexit sha1_base64="4eqzcr1ef2b1cLB4O5mJV/hpZpA="></latexit>

Main Theorem. (D.-Mavraki) Fix E ! B defined over a number field.
There are constants c1, c2 > 0 so that

This proves a case of Shouwu Zhang's

Conjecture (1998)

Compare:  Pink Zilber Conjectures,

Bombieri-Masser-Zannier,

Raynaud (Manin-Mumford Conj.), 

Habegger, Rémond-Viada, 

Habegger-Pila, ...

Zhang, Ullmo (Bogomolov Conj.)

<latexit sha1_base64="GgDS4Kq2oGWYUkd8vlB09jlrkic="></latexit>

For isotrivial E, proved by Viada (2009), Galateau (2010).
<latexit sha1_base64="klVqMdLvMNKBTDYNY1m4FVnukKA="></latexit>

For nonisotrivial E with ✏ = 0, proved by Barroero-Capuano (2016).
m = 2 case with ✏ = 0: Masser-Zannier (2012)

<latexit sha1_base64="rFG3oVBxvBnWgibTA5tpo6bkqR4=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAIrobMWNu6sqALlxXsBdqhZNJMG5rJDElGKENfwY0Ltbj1Ydy6823MtAoq+kPg5/vPIeccP+ZMaYTerdzS8srqWn69sLG5tb1T3N1rqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX2R5+5ZKxSJxoycx9UI8FCxgBOsM9VgQ9IslZJ/VKm65ApGNUNVxncy41fJJGTqGZCqdvz5lmjX6xbfeICJJSIUmHCvVdVCsvRRLzQin00IvUTTGZIyHtGuswCFVXjqfdQqPDBnAIJLmCQ3n9HtHikOlJqFvKkOsR+p3lsG/sm6ig5qXMhEnmgqy+ChIONQRzBaHAyYp0XxiDCaSmVkhGWGJiTbnKZgjfG0K/zct13ZObXSNSvVLsFAeHIBDcAwcUAV1cAUaoAkIGIE78AAerdC6t2bW86I0Z3327IMfsl4+AJmOkxY=</latexit>

(
)

<latexit sha1_base64="F1eOHXgxk8aHlLoxh7jeyDQK4QA="></latexit>

Our previous result covered C \ T (Em,m, ✏), the torsion part.



t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors

<latexit sha1_base64="bni2obHgc9FU6MqRPRAYA8Y2oPg="></latexit>

h2(tn) �!
D1 ·D2

degD1

<latexit sha1_base64="77tHH3UB1LbMn9QA1HwlOy08ldw="></latexit>

The proof of Theorem 2 follows the methods of
Yuan, Chambert-Loir, Thuillier (2008) with the
extra input of Moriwaki (2016)

<latexit sha1_base64="iiFealtDCW+2kV1Cc5F78Mi6GLg="></latexit>

Theorem 1. Every element X 2 E(k)⌦ R
gives rise to an R-divisor DX on B over K,
equipped with an adelic, continuous, semipositive
metrization satisfying DX ·DX = 0.

<latexit sha1_base64="NxaAEAgXqer7SC3usF3jjb6K0ds="></latexit>

Our approach follows ideas of

Szpiro-Ullmo-Zhang (1995) and

Zhang, Ullmo (1998) in their proof of

Bogomolov Conjecture.

<latexit sha1_base64="f7Vr+3Dy8nmDuDrWpPn32lpPVFU="></latexit>

Theorem 2 (Equidistribution). Given any
two adelic, continuous, metrizations D1 and D2

of R-divisors on smooth projective B over K,
with D1 semipositive and D1 ·D1 = 0,
if h1(tn) ! 0, then



t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt

<latexit sha1_base64="nOEPi/x/h5BdlpQvbuS5SOvZARQ="></latexit>

Elliptic surfaces and R-divisors

<latexit sha1_base64="KaAZT8bD+dimnjidrM9HjEk1wIg=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2DxAkqZEUQ3QkEXurKCvUBbxkwm04YmmSHJCGXoG7jxVdx0oYhbt+58AZc+g+lloa0/BH6+cw4n5/djRpV2nE8rMzM7N7+QXcwtLa+srtnrGxUVJRKTMo5YJGs+UoRRQcqaakZqsSSI+4xU/c75oF69J1LRSNzqbkyaHLUEDSlG2iDP3kVe6h6KHix5LjyADRxEWhljMB9hDs/gtWfnnYIzFJw27tjki3tXX9/9zF3Jsz8aQYQTToTGDClVd51YN1MkNcWM9HKNRJEY4Q5qkbqxAnGimunwnh7cMSSAYSTNExoO6e+JFHGlutw3nRzptpqsDeB/tXqiw9NmSkWcaCLwaFGYMKgjOAgHBlQSrFnXGIQlNX+FuI0kwtpEmDMhuJMnT5vKUcE9Ljg3Jo0LMFIWbIFtsA9ccAKK4BKUQBlg8ACewDN4sR6tvvVqvY1aM9Z4ZhP8kfX+A1HEnV8=</latexit>

a1,nP1 + · · ·+ am,nPm = O
<latexit sha1_base64="0hwnjOkhheKh0FWpW/EWw+n+DrQ=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2DxAkqZEUQ3QkEXurKCvUA7jJk0bUOTzJBkhDL0Ddz4Km66UMStW3e+gEufwbTThbb+EPj5zjmcnD+IGFXacT6tzMzs3PxCdjG3tLyyumavb1RUGEtMyjhkoawFSBFGBSlrqhmpRZIgHjBSDbrnw3r1nkhFQ3GrexHxOGoL2qIYaYN8ezfwE/dQ9GHJd+EBbOBmqJUxBvMUc3gGr3077xSckeC0cccmX9y7+voeZO5Kvv3RaIY45kRozJBSddeJtJcgqSlmpJ9rxIpECHdRm9SNFYgT5SWje/pwx5AmbIXSPKHhiP6eSBBXqscD08mR7qjJ2hD+V6vHunXqJVREsSYCp4taMYM6hMNwYJNKgjXrGYOwpOavEHeQRFibCHMmBHfy5GlTOSq4xwXnxqRxAVJlwRbYBvvABSegCC5BCZQBBg/gCTyDF+vRGliv1lvamrHGM5vgj6z3H1T/nWE=</latexit>

b1,nP1 + · · ·+ bm,nPm = O
<latexit sha1_base64="iHk6BUHISmzI6cNfDje/V5l+9n4="></latexit>

at infinitely many points tn 2 B(Q).

<latexit sha1_base64="Y2qgnMbSdC9UViW2JemKir9UqyI=">AAACHHicbVC7SgNBFJ31GeMramkzGAQLCbsR0TKghWUU84AkhLuzN5shs7PLzGwkhHyIjb9iY6GIjYXg3zh5FJp4YOBwzn3MPX4iuDau++0sLa+srq1nNrKbW9s7u7m9/aqOU8WwwmIRq7oPGgWXWDHcCKwnCiHyBdb83tXYr/VRaR7LezNIsBVBKHmHMzBWaufOmjLmMkBpsncISoEMuQypQRVpCjKgCjUDOz08pQ9Iu9BH2s7l3YI7AV0k3ozkyQzldu6zGcQsjewWJkDrhucmpjUEZTgTOMo2U40JsB6E2LBUQoS6NZwcN6LHVgloJ1b2SUMn6u+OIURaDyLfVkZgunreG4v/eY3UdC5bQy6T1KBk00WdVFAT03FSNOAKmREDS4Apbv9KWRcUMBuOztoQvPmTF0m1WPDOC+5tMV+6nsWRIYfkiJwQj1yQErkhZVIhjDySZ/JK3pwn58V5dz6mpUvOrOeA/IHz9QMuh6Fk</latexit>

Rearranging terms and rescaling, we have
<latexit sha1_base64="Nnd+HWilvLcWU2nGIf/9wZWATd0="></latexit>

ai,n/An ! xi and bi,n/Bn ! yi

<latexit sha1_base64="xcXR7/v85cCAcp8TRfcoSQCsRkk=">AAACHnicbVDLSsNAFJ34rPUVdelmsAp1UxKh6LKgC5cV7EOaECaTSTt0MokzE7GEfokbf8WNC0UEV/o3TpMuauuBgcM553LnHj9hVCrL+jGWlldW19ZLG+XNre2dXXNvvy3jVGDSwjGLRddHkjDKSUtRxUg3EQRFPiMdf3g58TsPREga81s1SogboT6nIcVIackz6wOvW1UeP4WOiqEFnfsUBU7kx48ZRDyA40KBA+9uJuaZFatm5YCLxJ6SSuM4zNH0zC8niHEaEa4wQ1L2bCtRboaEopiRcdlJJUkQHqI+6WnKUUSkm+XnjeGJVgIYxkI/rmCuzk5kKJJyFPk6GSE1kPPeRPzP66UqvHAzypNUEY6LRWHKoD5x0hUMqCBYsZEmCAuq/wrxAAmElW60rEuw509eJO2zml2vWTe6jStQoAQOwRGoAhucgwa4Bk3QAhg8gRfwBt6NZ+PV+DA+i+iSMZ05AH9gfP8Cj/6jMw==</latexit>

hX(tn) ! 0 and hY (tn) ! 0
<latexit sha1_base64="kucYgH6ldnSLPRX00G6SFO73X84="></latexit>

Equidistribution then implies that DX ·DY = 0.
Main Theorem implies X and Y must be dependent.

<latexit sha1_base64="C3LmPoX+7Sulq5QlEudquSPDNDE="></latexit>

Fix points P1, . . . , Pm in E(k)
Suppose they satisfy 2 independent linear relations

<latexit sha1_base64="e0yQ3+ZkAgqwXYEuJMG2s1WFYPQ="></latexit>

and we get points X =
P

i xiPi and Y =
P

i yiPi

in E(k)⌦ R with independent coe�cients ~x, ~y 2 Rm.

<latexit sha1_base64="1GTM25WLkkDLwAetAoMO8mnK6ik=">AAACGnicbVDLSgNBEJz1bXxFPXoZDEIEDbsBH8egHjxGSFRIQuid9CZDZmeWmVkhLPkOL/6KFw+KeBMv/o2TmINGCxqKqm66u8JEcGN9/9ObmZ2bX1hcWs6trK6tb+Q3t66NSjXDOlNC6dsQDAousW65FXibaIQ4FHgT9s9H/s0dasOVrNlBgq0YupJHnIF1UjsfNKXisoPS5rJmGNFaD5XGuDSkxTPQWqFWh+eQpCDVAS37wfF+O1/wS/4Y9C8JJqRAJqi28+/NjmJp7HYwAcY0Aj+xrQy05UzgMNdMDSbA+tDFhqMSYjStbPzakO45pUMjpV1JS8fqz4kMYmMGceg6Y7A9M+2NxP+8Rmqj01bGZZJalOx7UZQKahUd5UQ7XCOzYuAIMM3drZT1QAOzLs2cCyGYfvkvuS6XgqOSf1UuVC4mcSyRHbJLiiQgJ6RCLkmV1Akj9+SRPJMX78F78l69t+/WGW8ys01+wfv4Aqi8n1I=</latexit>

Theorem. (Barroero-Capuano, 2016)

<latexit sha1_base64="P1R8IQG58YiDHfJe2E1CiSCmeWc="></latexit>

Then P1, . . . , Pm are dependent in E(k).

<latexit sha1_base64="+R4Zdoex9nb9q30FYwMP88rSyxc=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgKiQF0WVBF+6sYB/QhDKZTNqhk5kwMxFK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM69M/eeKGNUac/7tipr6xubW9Vte2d3b//AOTzqKJFLTNpYMCF7EVKEUU7ammpGepkkKI0Y6Ubjq5nffSBSUcHv9SQjYYqGnCYUI22kgVMLuKA8JlzbRRAl8DaXMJNCJO4UDpy653pzwFXil6QOSrQGzlcQC5yn5jXMkFJ938t0WCCpKWZkage5IhnCYzQkfUM5SokKi/kRU3hqlBgmQpriGs7V3xMFSpWapJHpTJEeqWVvJv7n9XOdXIYF5VmuCceLj5KcQS3gLBEYU0mwZhNDEJbU7ArxCEmEtcnNNiH4yyevkk7D9c9d765Rb16XcVRBDZyAM+CDC9AEN6AF2gCDR/AMXsGb9WS9WO/Wx6K1YpUzx+APrM8fyYOXiA==</latexit>

Our proof.

<latexit sha1_base64="qiKapn0gQHKGfW0kFSCR+uHbbVE=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCMFRVgoRgrAQDbEWiF9FEwXHdYtVxIttBqqKMLLwKCwOoYuUR2HgBRp4Bp+kALb9k6dN/zpHP+f2IUaks69MozM0vLC4Vl0srq2vrG+bmVlOGscCkgUMWiraPJGGUk4aiipF2JAgKfEZa/uAsq7fuiZA05NdqGBE3QH1OexQjpS3P3EVeQis8rUA/B+hQDp0AqTvfT25SzyxbVWssOAv2BMq1g8uv71Hhtu6ZH043xHFAuMIMSdmxrUi5CRKKYkbSkhNLEiE8QH3S0chRQKSbjA9J4b52urAXCv24gmP390SCAimHga87sw3ldC0z/6t1YtU7dRPKo1gRjvOPejGDKoRZKrBLBcGKDTUgLKjeFeI7JBBWOruSDsGePnkWmkdV+7hqXek0zkGuItgBe+AQ2OAE1MAFqIMGwOABPIEX8Go8Gs/GyHjLWwvGZGYb/JHx/gOrbJzS</latexit>

ai,n, bi,n 2 Z

<latexit sha1_base64="bni2obHgc9FU6MqRPRAYA8Y2oPg="></latexit>

h2(tn) �!
D1 ·D2

degD1

<latexit sha1_base64="f7Vr+3Dy8nmDuDrWpPn32lpPVFU="></latexit>

Theorem 2 (Equidistribution). Given any
two adelic, continuous, metrizations D1 and D2

of R-divisors on smooth projective B over K,
with D1 semipositive and D1 ·D1 = 0,
if h1(tn) ! 0, then



<latexit sha1_base64="1EgGR9ezpP3HAHeVeubaWjZU93w=">AAACEXicbVDLSgMxFM34rPU11o3gJrQIXZUZQXQjFOzC5Qj2AZ1SMmmmDU0mQ5IRy9BfcOM/+AVuXFTEra7c+Tem0y609UDgcM493NwTxIwq7Tjf1srq2vrGZm4rv72zu7dvHxQaSiQSkzoWTMhWgBRhNCJ1TTUjrVgSxANGmsHwauo374hUVES3ehSTDkf9iIYUI22krl32BSd91PXgJXQg9GkYQg/6PBD3KaQKapFl4bhrl5yKkwEuE3dOStWjz0mh9lT0uvaX3xM44STSmCGl2q4T606KpKaYkXHeTxSJER6iPmkbGiFOVCfNLhrDE6P0YCikeZGGmfo7kSKu1IgHZpIjPVCL3lT8z2snOrzopDSKE00iPFsUJszcCaf1wB6VBGs2MgRhSc1fIR4gibA2JeZNCe7iycukcVpxzyrOjWmjBmbIgWNQBGXggnNQBdfAA3WAwQN4BhPwaj1aL9ab9T4bXbHmmUPwB9bHD7u3nrI=</latexit>

!P = 0 () P is torsion

<latexit sha1_base64="s/CQMWTxACVvnEz+8A6b0LqdPTg="></latexit>

Theorem. (D.-Mavraki, 2020)
Assume P is non-torsion. The torsion
points TP = {t : nPt = Ot for some n}
are equidistributed w.r.t. !P .

<latexit sha1_base64="Gyr3F6CTEoRojX7WeXChwX9hmgc=">AAACE3icbVDLSgMxFM3UV62vUZdugkUUkTIjiG6Egi50V8G2U9qhZtJMG5rMDEmmUIb+gxt/RRcuFHHrxp0/4NJvMNNW0NYDgXPPuZebe7yIUaks68PIzMzOzS9kF3NLyyura+b6RkWGscCkjEMWCsdDkjAakLKiihEnEgRxj5Gq1z1L/WqPCEnD4Fr1I+Jy1A6oTzFSWmqa+42QkzZqJs5BbwBP4U9ZS8sG9X3opGrEYa1p5q2CNQScJvaY5Iu7l59fD5mbUtN8b7RCHHMSKMyQlHXbipSbIKEoZmSQa8SSRAh3UZvUNQ0QJ9JNhjcN4I5WWtAPhX6BgkP190SCuJR97ulOjlRHTnqp+J9Xj5V/4iY0iGJFAjxa5McMqhCmAcEWFQQr1tcEYUH1XyHuIIGw0jHmdAj25MnTpHJYsI8K1pVO4xyMkAVbYBvsARscgyK4ACVQBhjcgnvwBJ6NO+PReDFeR60ZYzyzCf7AePsGSOugMA==</latexit>

!X,v = !Y,v () X = ±Y

Final step to prove our Main Theorem:
<latexit sha1_base64="NVqIpfhQNzx7NH8MBREoWQDLnpM="></latexit>

Theorem. Fix an archimedean place v of K.
For points X,Y 2 E(k)⌦ R, we have

We use the holomorphic-antiholomorphic "trick"  
of André-Corvaja-Zannier (2020) and a

transcendence result of Bertrand (1989) 

<latexit sha1_base64="DcMcxHZUkOhYTziWpZXT5dXRk4Q="></latexit>

Theorem. (Corvaja-Demeio-Masser-Zannier,
preprint) Then !P = d�1 ^ d�2

in the Betti coordinates (�1(t),�2(t)) 2 T2 of Pt

t
<latexit sha1_base64="bp6ZBdIhnbobhay8nyw21eAdhH4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuukVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2Lsme57paq1zBXHk7gFM7Bg0uowh3UoAEMEJ7gBV6dB+fZeXPe56U5Z9FzDH/kfPwAG4KOmA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="n2pj9XY1MhBBczRSfmslCgLZApA=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2MpuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXKrsVNxdZBm8O5ZvPi1y1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDsWFY248bN80Ak5tU6fhLG2TyHJ3d8dGY2MGUeBrYwoDs1iNjX/yzophld+JlSSIlds9lGYSoIxmW5N+kJzhnJsgTIt7KyEDammDO1tivYI3uLKy9A8r3iW6265eg0zFeAYTuAMPLiEKtxBDRrAgMMTvMCr8+A8O2/O+6x0xZn3HMEfOR8/1nCPJA==</latexit><latexit sha1_base64="ZvmJPZnx07PKuSDD5C2726cG9Zw=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7G60kYGOZgPmA5Ah7m7lkzd4Hu3NCCPkFNhaK2PqT7Pw3bpIrNPGFhYd3ZtiZN0iVNOS6305hY3Nre6e4W9rbPzg8Kh+ftEySaYFNkahEdwJuUMkYmyRJYSfVyKNAYTsY383r7SfURibxA01S9CM+jGUoBSdrNahfrrhVdyG2Dl4OFchV75e/eoNEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xC+sMWJho+2JiC/f3xJRHxkyiwHZGnEZmtTY3/6t1Mwpv/KmM04wwFsuPwkwxStj8ajaQGgWpiQUutLS7MjHimguy2ZRsCN7qyevQuqp6lhtupXabx1GEMziHS/DgGmpwD3VoggCEZ3iFN+fReXHenY9la8HJZ07hj5zPH923jPA=</latexit>

Pt
<latexit sha1_base64="97x4WP6vxJQAHaEy/KUbLVJp/Hc=">AAAB6nicbZC7SgNBFIbPxluMtxhLm8EgWIVdG1NJwMYyorlAsoTZyWwyZHZ2mTkrhCXgA2hjoQRbn8jOt3FyKTTxh4GP/5zDnPMHiRQGXffbyW1sbm3v5HcLe/sHh0fF41LTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6mdVbj1wbEasHHCfcj+hAiVAwita6r/ewVyy7FXcusg7eEsq10vT5CQDqveJXtx+zNOIKmaTGdDw3QT+jGgWTfFLopoYnlI3ogHcsKhpx42fzVSfk3Dp9EsbaPoVk7v6eyGhkzDgKbGdEcWhWazPzv1onxbDqZ0IlKXLFFh+FqSQYk9ndpC80ZyjHFijTwu5K2JBqytCmU7AheKsnr0PzsuJZvrNpXMNCeTiFM7gAD66gBrdQhwYwGMALvMG7I51XZ+p8LFpzznLmBP7I+fwB2NSPqg==</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="lzzzZix6wLgl15tGztSzWxmD/iI=">AAAB6nicbZC7SgNBFIbPxltMvMRY2gxGIVXYtdFKAjaWEc0FkiXMTibJkNnZZeasEJb4BNpYKMHWJ7LzbZxcCk38YeDjP+cw5/xBLIVB1/12MhubW9s72d1cfm//4LBwVGyYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEY3s3rzkWsjIvWA45j7IR0o0ReMorXua13sFkpuxZ2LrIO3hFK1OH1+Kp/la93CV6cXsSTkCpmkxrQ9N0Y/pRoFk3yS6ySGx5SN6IC3LSoacuOn81Un5Nw6PdKPtH0Kydz9PZHS0JhxGNjOkOLQrNZm5n+1doL9Kz8VKk6QK7b4qJ9IghGZ3U16QnOGcmyBMi3sroQNqaYMbTo5G4K3evI6NC4qnuU7m8Y1LJSFEziFMnhwCVW4hRrUgcEAXuAN3h3pvDpT52PRmnGWM8fwR87nD0qKj/8=</latexit><latexit sha1_base64="GIx88+a28hTjbBEiTEdZJuJY8xQ=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7XvQkBS8eK9paaJeSTbNtaDa7JLNCWfoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvGGqpEXP+yaltfWNza3ydmVnd2//oHp41LZJZrho8UQlphMyK5TUooUSleikRrA4VOIxHN/M6o9PwliZ6AecpCKI2VDLSHKGzrpv9rFfrXl1by66Cn4BNSjU7Fe/eoOEZ7HQyBWztut7KQY5Myi5EtNKL7MiZXzMhqLrULNY2CCfrzqlZ84Z0Cgx7mmkc/f3RM5iaydx6DpjhiO7XJuZ/9W6GUZXQS51mqHQfPFRlCmKCZ3dTQfSCI5q4oBxI92ulI+YYRxdOhUXgr988iq0L+q+4zuv1rgu4ijDCZzCOfhwCQ24hSa0gMMQnuEV3ogiL+SdfCxaS6SYOYY/Ip8/MdqNsw==</latexit>

<latexit sha1_base64="d6BtWnCzfOsYAw4W9ZxTQbbUAZQ=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdQbQRgzZ2JmAukCxhdnI2GTN7YWZWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/ERwpR3ny8otLC4tr+RX7bX1jc2twvZOXcWpZFhjsYhl06cKBY+wprkW2Ewk0tAX2PAHl+O8cYdS8Ti60cMEvZD2Ih5wRrWxqtedQtEpOROReXB/oHj+bp8lb592pVP4aHdjloYYaSaoUi3XSbSXUak5Eziy26nChLIB7WHLYERDVF42GXREDozTJUEszYs0mbi/OzIaKjUMfVMZUt1Xs9nY/C9rpTo49TIeJanGiE0/ClJBdEzGW5Mul8i0GBqgTHIzK2F9KinT5ja2OYI7u/I81I9K7nHJqTrF8gVMlYc92IdDcOEEynAFFagBA4R7eIQn69Z6sJ6tl2lpzvrp2YU/sl6/AQj9kBQ=</latexit>

O

<latexit sha1_base64="kLYTasDTMGKm/cKzwlb6IPKv9Do=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXED2GePFmguYByRJmJ7PJkNnZZaZXCCGf4MWDIl69+hd+gTcvfouTx0ETCxqKqm66u4JECoOu++UsLa+srq1nNrKbW9s7u7m9/ZqJU814lcUy1o2AGi6F4lUUKHkj0ZxGgeT1oH819uv3XBsRqzscJNyPaFeJUDCKVrq9aWM7l3cL7gRkkXgzki8eVr7Fe+mj3M59tjoxSyOukElqTNNzE/SHVKNgko+yrdTwhLI+7fKmpYpG3PjDyakjcmKVDgljbUshmai/J4Y0MmYQBbYzotgz895Y/M9rphhe+kOhkhS5YtNFYSoJxmT8N+kIzRnKgSWUaWFvJaxHNWVo08naELz5lxdJ7azgnRfcik2jBFNk4AiO4RQ8uIAiXEMZqsCgCw/wBM+OdB6dF+d12rrkzGYO4A+ctx8SwJFb</latexit>

Ot

<latexit sha1_base64="xQeN8YG6gcXtlij8rge0fLMj5iM=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhnQISUCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrU+QpLOx8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqtedfMEpOlPZf8GdQ+HyfVz9uj8cVzr5j3Y3okmIQlNOlGq5Tqy9lEjNKMdRrp0ojAkdkB62DAoSovLS6aAj+9g4XTuIpHlC21P3Z0dKQqWGoW8qQ6L7ajGbmP9lrUQHF17KRJxoFHT2UZBwW0f2ZGu7yyRSzYcGCJXMzGrTPpGEanObnDmCu7jyX6ifFt2zolN1CqUyzJSFAziCE3DhHEpQhgrUgALCAzzBs3VrPVov1uusNGPNe/bhl6y3b3kFkSs=</latexit>

E

<latexit sha1_base64="iJAnKjiXlJkFs+wfvloEE1BATQA=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7gmhn0CZlAuYCyRJmJ2eTMbOzy8ysEJaUVjYWitj6FHkKCzufwZdwcik0+sPAx/+fw5xz/JgzpR3n08osLa+srmXXcxubW9s7+d29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAH15O8cYdSsUjc6GGMXkh6ggWMEm2s6lUnX3CKzlT2X3DnULh8H1e/7g/HlU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0OujIPjZO1w4iaZ7Q9tT92ZGSUKlh6JvKkOi+Wswm5n9ZK9HBhZcyEScaBZ19FCTc1pE92druMolU86EBQiUzs9q0TySh2twmZ47gLq78F+qnRfes6FSdQqkMM2XhAI7gBFw4hxKUoQI1oIDwAE/wbN1aj9aL9TorzVjznn34JevtG3R5kSg=</latexit>

B

<latexit sha1_base64="FaocOsTrmjzggViUj9fXPTV+Ilc=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CruC6DEgQo4RzQOSJcxOZpMhs7PLTK8Ql3yCFw+KePVL/ARvnvwVJ4+DJhY0FFXddHcFiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgauw37rk2IlZ3OEy4H9GeEqFgFK10e93BTqHoltwJyCLxZqRYPvp4YEZ+VzuFz3Y3ZmnEFTJJjWl5boJ+RjUKJvko304NTygb0B5vWapoxI2fTU4dkROrdEkYa1sKyUT9PZHRyJhhFNjOiGLfzHtj8T+vlWJ46WdCJSlyxaaLwlQSjMn4b9IVmjOUQ0so08LeSlifasrQppO3IXjzLy+S+lnJOy+5NzaNCkyRg0M4hlPw4ALKUIEq1IBBDx7hGV4c6Tw5r87btHXJmc0cwB847z8nEpFw</latexit>

Et

<latexit sha1_base64="/yyZ56RIBGMlzXDXs8yTFR4dk7Q=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCruCaGdAC8sEzAOSRWYnd5Mxs7PLzKwQQr7AxkKRWPo3tnb+jbNJCk08cOFwzrncR5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB4Drzm4+oNI/lnRkm6Ee0J3nIGTVWqlXviyW37E5Blok3J6Wrz0mGd5v/6nRjlkYoDRNU67bnJsYfUWU4EzgudFKNCWUD2sO2pZJGqP3RdNExObFKl4SxsiUNmaq/O0Y00noYBTYZUdPXi14m/ue1UxNe+iMuk9SgZLNBYSqIiUl2NelyhcyIoSWUKW53JaxPFWXG/qZgn+AtnrxMGmdl77zs1txS5QZmyMMRHMMpeHABFbiFKtSBAcITvMCr8+A8O2/OZBbNOfOeQ/gD5+MH4dCRdQ==</latexit>

P

<latexit sha1_base64="5AkhgjVdW/Fr/dv4C19EcrOjJCk=">AAAB6nicbVDLSgNBEOz1GeMrxovgZUgQPIVdQfQYMAePEc0DkiXMTibJkNnZZaZXCEs+wYsHRbyKf+EfePLm3zh5HDSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzvI102UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew6uJ37jn2ohI3eEo5n5I+0r0BKNopdtqBzu5oltypyDLxJuTYvno8yNfeS9UO7mvdjdiScgVMkmNaXlujH5KNQom+TjbTgyPKRvSPm9ZqmjIjZ9OTx2TE6t0SS/SthSSqfp7IqWhMaMwsJ0hxYFZ9Cbif14rwd6lnwoVJ8gVmy3qJZJgRCZ/k67QnKEcWUKZFvZWwgZUU4Y2nawNwVt8eZnUz0reecm9sWlUYIYMHEMBTsGDCyjDNVShBgz68ABP8OxI59F5cV5nrSvOfOYQ/sB5+wE9g5C8</latexit>

Pt

<latexit sha1_base64="iDn4tGAgKkeV1ZYcIPDA+/aJoWw=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSBYhd2IKFYBLWyECHlBEsLs5G4yZB7LzKwQlnyIjb9iY6GIjYXg3zh5FJp4mIHDOfdy7z1hzJmxvv/tZVZW19Y3spu5re2d3b38/kHdqERTqFHFlW6GxABnEmqWWQ7NWAMRIYdGOLye+I0H0IYpWbWjGDqC9CWLGCXWSd38WVsqJnsgba6qMFUi5mABx1qpCLuXtsMI3xEmcXUASoMYX+FuvuAX/SnwMgnmpIDmqHTzn+2eoolwUygnxrQCP7adlGjLKIdxrp0YiAkdkj60HJVEgOmk0+PG+MQpPRwp7b60eKr+7kiJMGYkQlcpiB2YRW8i/ue1EhtddlIm48SCpLNBUcKxVXiSFO4xDdTykSOEauZ2xXRANKHW5ZlzIQSLJy+TeqkYnBf9+1KhfDOPI4uO0DE6RQG6QGV0iyqohih6RM/oFb15T96L9+59zEoz3rznEP2B9/UDrxahGA==</latexit>

To complete proof of Main Theorem:
<latexit sha1_base64="OLaBCpCXxt2rnq6VhouPWRzzAE4="></latexit>

show that DX ·DY > 0 for all independent X,Y 2 E(k)⌦ R.

<latexit sha1_base64="CE3gFr8Ft/Qy281vsTf2Q42PFo4="></latexit>

!P := P ⇤! = curvature form on B(C)

<latexit sha1_base64="9tgYhvVepgEK4Ub+VcQxgQMHyHg="></latexit>

There is a (1, 1)-form ! on (smooth part of) E
with !t on fibers = Haar measure.




