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Discrepancy theory

» Set system S = {S1,...,9.}, 5 C [n]
» Coloring x : [n] — {—1,+1}
» Discrepancy

disc(S) = min )ZX ‘

x:[n]—{£1} SGS

Known results:

» n sets, n elements: disc(S) = O(y/n) [Spencer "85]

» Every element in < ¢ sets: disc(S) < 2t [Beck & Fiala ’81]
Main method: Find a partial coloring x : [n] — {0,£1}

» low discrepancy maxges |x(5)]

> [supp(x)| = Q(n)



Discrepancy theory (2)

Lemma (Spencer)

For m set on n < m elements there is a partial coloring of

discrepancy O(y/nlog 27""”)

» Run argument logn times

» Total discrepancy is

SV /n/2+ 2%+ .. +1=0(/n)
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Thm of Spencer-Gluskin-Giannopolous

Goal: For K := {sc ER™: | Y s, 75 < 100/ Vi € [n]}
find a point x € {—1,0,1}" N K with |supp(z)| > Q(n).

K

» K is intersection of n strips of width 100
» Gaussian measure
Yo (K) > (7, (width 100 strip))” > e /100

» Counting argument: any such K admits partial coloring
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Lemma (Sidak-Kathri ’67)

For K convex and symmetric and strip .S,

VH(K A S) > 'Yn<K) f)/n(5>
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Partial coloring approaches

» Spencer 85, Gluskin ’87, Giannopolous ’97:
» (4) very general

» (—) non-constructive
» Bansal ’10: SDP-based random walk for Spencer’s Thm
» (+) poly-time
» (—) custom-tailored to Spencers setting
» Lovett-Meka ’12:
» (+) poly-time
» (4) simple and elegant

>
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Lemma [Lovett-Meka "12]

Given x € [—1,1]™, unit vectors v; , parameters \; > 0 s.t.

[ZZ e~ /16 < %] Then one can find y € [—1, 1]™ with

» y; € A1} for at least half of the indices j
> [ (v, y @) | < A Vi

» Algorithm:
(1) Perfokm Brownian motion
with std. deviation 3 in each
directio

» Analysis:
» Prfhit (v;,
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Our main result

Theorem (R. 2014)

For a convex symmetric set K C R™ with ~, (K) > e ©®,
one can find a y € K N[—1,1)" with [{i : y; = £1}| > ©(n) in
poly-time.

Algorithm:

(1) take a random x* ~ 7,

(2) compute y* = argmin{|jz* —y|s | y € KN [-1,1]"}
-1

O\y*

LA
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» For set K, let Kp :={z:d(z,K) <A}
A

Lemma

Tn(K) > e — %(K&/ﬁ) >1—e "

» Isoperimetric inequality: worst case are half spaces!

1 —22/2
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Whp. 2 =yl > Ly
For any @ with ,(Q) > e™°):
Pr{d(a", Q) > L - ] < e
Def. I* :={i: |yf| =1}
Suppose |I*] < en
K(I'):=Kn{lz;| <1:1€I*}
Key observation:
ly" —2*[l2 = min{||ly —2*[]2 [ y € K and [y;| < 1V tight i}
K (I*) still large:

(B (1) > () - (a(strip of width 1)) > e

» W.hp. d(z*, K(I)) < V36 - /n < ty/n

» Union bound over all |I| < en:

[Uda:K <\/_<e” 0

|[I|<en



APPLICATION

AN ADDITIVE O(log OPT)-APX
FOR BIN PACKING

Joint work with Rebecca Hoberg
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Bin Packing

Input: Items with sizes s1,...,s, € [0, 1]

Goal: Pack items into minimum number of bins of size 1.
1 ——— i p— — — — — — —
0 “"bhinl bin2

1 A
input

» NP-hard to distinguish OPT < 2 or OPT > 3
[Garey & Johnson 79|

» First Fit Decreasing [Johnson '73]: APX < 4 OPT +4

» [de la Vega & Liicker 81] :
APX < (1+¢)OPT + O(1/£?) in time O(n) - f(e)
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The Gilmore Gomory LP relaxation

» b, = #items with size s;

» Feasible patterns:

P = {PEZgo | Zsipi < 1}
i=1

» Gilmore Gomory LP relaxation:
min 17z
Ax > b

x, > 0 VpeP

» Can find = with 172 < OPT} + 6 in time poly(|[b]|1, 3)
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Technique: Basic LP solutions

Theorem (Hoberg & R. '15)
There is an OPT 4 O(log OPT) algorithm for Bin Packing.

» Technique: Discrepancy theory
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Karmarkar-Karp’s Grouping

s €12,3]
new input:
3 X 4x 4%

» increases OPT by O(logn)
» row sum-s; > 2 <—  column sum (w.r.t s;) <1
» # constraints < %support(x)
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Karmarkar-Karp algo (2)

> After grouping: # constraints < £|supp(z)|
» Move to basic solution 2z’ with Az’ = Ax
> [supp(z’ — [2'])] < lsupp(2)]

» Repeat O(logn) times — O(log”n)
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Applying the Constr. Part. Col. Lem.

Comparison:
» Basic solutions: ©(m) constraints with A\; = 0

» Discrepancy: Any number of constraints with

» Complication: Need to rebuild incidence matrix for
improvement



OPEN PROBLEMS



Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K




Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K




Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K

» Where should zsvs + ... + 2,v, end up?



Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K—’Ul K—|—’Ul

» Where should zsvs + ... + 2,v, end up?



Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K—’Ul K—|—'U1

K/

» Where should zsvs + ... + 2,v, end up?
» Take convex K’ C (K +v) U (K —vy)



Open problems (1)

Theorem (Banaszczyk '98)

Given a convex body K with v, (K) > 3, vectors vy, ..., v,
with ||v;]la < 2. There is a coloring © € {+1}": Y !  zv; € K

K—’Ul K—|—'U1

K/

» Where should zsvs + ... + 2,v, end up?
» Take convex K’ C (K +v) U (K —vy)
» Prove v,(K') > 1 — Non-constructive
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Open problem (2)
Setting: Given a set system Si,..., S, C [n] where each
element is in at most ¢ sets.
Beck-Fiala Conjecture: disc < O(v/1)
Known bounds:
» 2t (constructive [Beck-Fiala '81])
» O(y/tlogn) (constructive)
» O(+/t -Togn) (non-constructive [Banaszczyk '98])

Thanks for your attention



