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gauge gravity

Classical chaos

Integrability

[Bena, Polchinski, Roiban 2004]

[Basu, Pando Zayas, 2011]

N = 4 supersymmetric 

Yang-Mills theory
Classical string in 

Classical string in 

[Minahan, Zarembo 2003]

Quantum chaos ?



metric

Ansatz

Constant of motion

two pendula with the coupling

[Basu, Pando Zayas, 2011]

winding



Poincaré map & Lyapunov exponent 

chaotic



Non-linear dynamics of string in AdS BH background

Important but complicate

special configuration of string cohomogeneity-one string

geodesics in lower dimensions

mathematically simple



world sheet

Killing vector

orbit space
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[Frolov 1989, T. Koike 2005]

Nambu-Goto action

: Killing vector

projection

geodesic in the orbit space (              )



Killing vector

 5D Sch-AdS BH

winding numbers：

b：AdS radius

M s：mass parameter



5D Sch-AdS BHString motion

“Particle” motion

System with 2 degrees of freedom

2
4D orbit space

1

1 3# of K.V.

# of K.V.

integrable

[Igata , Ishihara 2010]



 Hamiltonian

 Equation of Motion



AdS radius
“Effective potential”

BH



Contour



Two ways to analyze chaos

 Poincare map

 Lyapunov exponent

Gram-Schmidt

process

Initial condition

Gram-Schmidt process

Lyapunov spectrum

The intersection of trajectories with a certain lower-dimensional subspace 

in the phase space

KAM tori
destroy

chaos

sensitive dependence on initial data 



Integrable case

Poincare map

Lyapunov exponent



Energy dependence





mass dependence





1 2 3 4 5 6 7 8 9

1 0 * * * * * * 0.49 0.33

2 - 0 * * * * 0.22 0.00 0.12

3 - - 0 * * 0.55 0.34 0.15 0.00

4 - - - 0 0.61 0.22 0.13 0.00 0.00

5 - - - - 0 0.00 0.00 0.00 0.00

6 - - - - - 0 0.00 0.00 0.00

7 - - - - - - 0 0.00 0.00

8 - - - - - - - 0 0.00

9 - - - - - - - - 0

m
n

 Lyapunov exponent

becomes 

positive if 

E increases



AdS spacetime (M=0)
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Integrable ?



Summary and Remarks

We analyze the dynamics of cohomogeneity one string in 5D Sch-AdS BH

Chaotic behavior appears when the winding numbers are different

Lyapunov exponent increases when M and E increase

Cohomogeneity one string may be integrable in AdS spacetime

even if the winding numbers are different



Kolmogorov-Sinai (KS) entropy vs BH entropy

Is there any relation between KS entropy and BH entropy ?



gauge gravity

Classical chaos

Quantization of string

Quantum chaos ?

Quantum chaos

Quantization 

Mini superspace

cohomogeneity one 



Quantum chaos

Integrable system

Lebel statistics

Poisson distributionIntegrable system

Wigner distributionCompletely chaotic

Wigner

Poisson

Wigner

Poisson



Wigner

Poisson
Poisson

Wigner

5D AdS

integrable Integrable ?

preliminary
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