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Main results from arXiv:1605.01932

"Eisenhart lifts and symmetries of time-dependent systems"

In collaboration with
Christian Duval, Marseille

Gary Gibbons, Cambridge & Tours
Peter Horvéthy, Tours & Lanzhou

@ Quantization of time-dependent systems

9 Special case of damped harmonic oscillator
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Damped oscillator and Black Holes

e Damped harmonic oscillator has an extensive literature - both classical and quantum.
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Damped oscillator and Black Holes

Damped harmonic oscillator has an extensive literature - both classical and quantum.
Quantize geometrically using the Eisenhart lift.

Arnold map + Eisenhart — *freely falling’ coordinates. Schrodinger symmetry.
Damped oscillator appears naturally for black holes’ quasinormal modes.

Two interacting copies of Schrodinger algebras. What is their physical interpretation?

Marco Cariglia (UFOP & UNICAM) Bateman BH New Horizons Oaxaca 17 May 2016 2/27



Summary

@ Invitation/Possible application: Black holes’ quasinormal modes
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Ringing frequencies of black holes

Quasinormal modes:
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Ringing frequencies of black holes

Quasinormal modes:
0 Study linear perturbations of BHs around a solution with fields of spin s

o Eigenvalue problem for a complex frequency w = wg + iwy, wy > 0, for given
physical boundary conditions in the tortoise coordinate r:

@ T~ U r 5 00, only ingoing modes at the horizon;
s » only ingoing
@ T~ U . — 400, only outgoing modes at asymptotic infinity.
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Ringing frequencies of black holes

Quasinormal modes:
0 Study linear perturbations of BHs around a solution with fields of spin s
o Eigenvalue problem for a complex frequency w = wg + iwy, wy > 0, for given
physical boundary conditions in the tortoise coordinate r:
@ U~ ¥0F) 5 —00, only ingoing modes at the horizon;
@ T~ U . — 400, only outgoing modes at asymptotic infinity.
0 r, dependency determined from regularity, r dependency by asking solution does
not diverge in time.
o Find countable spectrum of frequencies w,. For example Schwarzschild: the
n — 400 modes for given spin j are independent of angular momentum and
satisfy 8™ = —(1 + 2 cos mj). (Mot 2002]
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Ringing frequencies of black holes 2

@ Recall ¥ ~ ¢«(=") for r, — 400: then ¥ ~ ¢“"" blows up exponentially. —
not a complete set of wavefunctions.
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@ For large r, contribution of quasinormal modes to U (¢, r) is
Re [Zn Cpe'ntt *’*)] : these modes are transient and important for intermediate
times [Leaver 1986].
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Ringing frequencies of black holes 2

@ Recall ¥ ~ ¢«(=") for r, — 400: then ¥ ~ ¢“"" blows up exponentially. —
not a complete set of wavefunctions.

@ For large r, contribution of quasinormal modes to U (¢, r) is
Re [Zn Cpe'ntt *’*)] : these modes are transient and important for intermediate
times [Leaver 1986].

0 Quasinormal modes appear as poles in the Green function. They depend only on
the BH’s parameters.

0 Conjectured relation with area quantization [Hod 1998, Maggiore 2008. ...].

o Application to gravitational wave data analysis.
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Beginning of quantization of quasinormal modes

In [kim 2006] the following was done:
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Beginning of quantization of quasinormal modes

In [kim 2006] the following was done:
o Consider scalar field ¥ with norm (¥, Uy) = —i [ /g (¥39,¥ ) d°x.
@ Quantum field \i/ canonical Hamiltonian H = é (@, 5‘,@)

@ Choose the set

Q v, = e'.“’.*:g/u(r*)7 Im(wy) >0,
@ U5 = NYR(re),  Im(wa) <0,

and assume completeness U = 2o (\I/A&A + \Iff\&i + Usas + \I/}‘\&J/L\)
@ Modes (1) above decay in time, modes (2) diverge in time.

0 Modes (1) are ingoing at the horizon and outgoing at infinity, modes (2)
viceversa.
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Beginning of quantization of quasinormal modes

2 o

® 40
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Beginning of quantization of quasinormal modes 2
o Express the Hamiltonian as

H =" lwm (alar - alas ) + iwn (afas - alas) |

AN
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Beginning of quantization of quasinormal modes 2

o Express the Hamiltonian as

H =" lwm (alar - alas ) + iwn (afas - alas) |

AN

o Superselection rule: only A <> .
@ A linear transformation changes each (\, \) Hamiltonian into
I:IB :ﬁxﬁy + wy (yﬁy _)Acﬁx) + wl%fcj)

Bateman-Feshbach-Tikochinksy oscillator.
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Beginning of quantization of quasinormal modes 2
o Express the Hamiltonian as

H =" lwm (alar - alas ) + iwn (afas - alas) |

AN

o Superselection rule: only A <> .
@ A linear transformation changes each (\, \) Hamiltonian into

Hy = pupy + wr (5py — ipx) + wipi¥.
Bateman-Feshbach-Tikochinksy oscillator.

9 Describes an oscillator with damping 2w; and angular frequency wg,
X+ 2wix + (wl% + w,z) x = 0 plus a “doppelgédnger” with anti-damping
v — 2wy + (w,%erIz)y:O.
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Beginning of quantization of quasinormal modes 2

o Express the Hamiltonian as

H= Z [WRA (&;&A ; ) + iwry ( JI\LAlj\ - &;&5\)] .

AN

o Superselection rule: only A <> .

@ A linear transformation changes each (\, \) Hamiltonian into

HB —le?y + wy (ypy _pr) +w )AC)A}

Bateman-Feshbach-Tikochinksy oscillator.

9 Describes an oscillator with damping 2w; and angular frequency wg,
X+ 2wix + (wl% + w,z) x = 0 plus a “doppelgédnger” with anti-damping
v — 2wy + (w,%erIz)y:O.

0 A time dependent canonical transformation transforms it into a double
Caldirola-Kanai oscillator

p 2 1 p/2
Hcx = efwf + 5mw2x’zew — ewzi - Emwzylzefw.
m m
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Beginning of quantization of quasinormal modes 3

Some open questions [Pal et Al 2015]:
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Beginning of quantization of quasinormal modes 3
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0 Quasinormal modes do not for a complete set. However: 1) subsector of the
complete Cauchy data, can restrict to it in a linear theory. 2) In some cases they
are a complete set, e.g. near horizon Kerr [Cvetic and Gibbons 2014]
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Beginning of quantization of quasinormal modes 3

Some open questions [Pal et Al 2015]:

0 Quasinormal modes do not for a complete set. However: 1) subsector of the
complete Cauchy data, can restrict to it in a linear theory. 2) In some cases they
are a complete set, e.g. near horizon Kerr [Cvetic and Gibbons 2014]

© What is the role of the amplifying modes? Not clear. Pal et Al. suggest an
antiparticle. Related to the quantization of unstable *quantons’.
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Summary

@ Quantizing time dependent systems with the Eisenhart lift
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Generalised Caldirola-Kanai systems

Time-dependent Lagrangian and Hamiltonian
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Generalised Caldirola-Kanai systems

Time-dependent Lagrangian and Hamiltonian

m

L= g8l B0V,
H = szqtq)g”(x")pipj+6(t)V(xi”)’

m is mass, g,-j(x" ) curved metric on configuration space Q with local coordinates X,
i=1,...,n V(x' t) potential.
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Generalised Caldirola-Kanai systems

Time-dependent Lagrangian and Hamiltonian

m

L= g8l B0V,
H = %gij(xk)piijrﬂ(I)v(xi’t)’

m is mass, g,-j(x" ) curved metric on configuration space Q with local coordinates X,
i=1,...,n V(x' t) potential.

Equations of motion

d*x Cdd dyt adx _ @

1

- L - i9.v
ar *dr dt o dt m& I

I‘;k Christoffel symbols of metric connection. When explicitly time-dependent —
energy is not conserved.
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Generalised Caldirola-Kanai systems 2

Velocity dependent term can be eliminated by introducing a new time-parameter
7 = 7(¢) defined by d7 = adt.

d*x - dxk B .
X Ly,
dr? *dr dr mag J
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Generalised Caldirola-Kanai systems 2

Velocity dependent term can be eliminated by introducing a new time-parameter
7 = 7(¢) defined by d7 = adt.

2 i J Jyk
dx  pddd B gy
dar? ' Xdr dr ma®
For V = 1mw?x?, o = 87! = e, get damped harmonic oscillator
2
= 2> -
m dx|? vy d-x dx ’
L:—ew(‘— —w)?) +y— = —w'X
2 dr ’ dr? dt
[Bateman 1931, Caldirola 1941, Kanai 1948, Dekker 1981, Um Yeon George 2002, Aldaya Cossio Guerrero Lépez-Ruiz

2011-2012]
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Eisenhart lift
Luther Pfahler Eisenhart (1876-1965)
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Eisenhart lift
Luther Pfahler Eisenhart (1876-1965)

Solutions 7 — x(¢) of H = %g"jpipj + B(7)V(x, 1) in correspondence with null
geodesics of the Lorentzian metric in (n + 2)-dimensions
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Eisenhart lift
Luther Pfahler Eisenhart (1876-1965)

Solutions 7 — x(¢) of H = “([) g"pipj + B(t)V(x, ) in correspondence with null
geodesics of the Lorentzian metrlc in (n + 2)-dimensions

2v

m

1 o
gapdx"dx’ = —gydx'd + 2dtds — dar.
«

where (x) = (x', 1, 5).
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Eisenhart lift
Luther Pfahler Eisenhart (1876-1965)

Solutions 7 — x(¢) of H = “(’) g"pipj + B(t)V(x, ) in correspondence with null

geodesics of the Lorentzian metrlc in (n + 2)-dimensions

1 . 28V

gapdx"dx’ = —gydx'd + 2dtds — ﬂdﬁ.

o m

where (x*) = (x', ¢, 5). Geodesic Hamiltonian
ab [0 ii \% 2 ps=m
M= "-papp = 58°pipj +pips + py = m(H +pi) .
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Eisenhart lift
Luther Pfahler Eisenhart (1876-1965)

Solutions 7 — x(¢) of H = “(’) g"pipj + B(t)V(x, ) in correspondence with null

geodesics of the Lorentzian metrlc in (n + 2)-dimensions
1 - 28V
gapdx"dx’ = —gydx'd + 2dtds — ﬂdﬁ.
et m
where (x*) = (x', ¢, 5). Geodesic Hamiltonian
ab
a \%4 3
H= %papb = 58"+ pips+ —pt F= m(H +p) -

Time reparameterization associated to a conformal rescaling

g =a(t)g = g;(X")ax'd¥ + 2drds — —BVde .
mao
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Modern point of view

o Christian Duval rediscovers the lift and applies it to non-relativistic mechanics
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Modern point of view

o Christian Duval rediscovers the lift and applies it to non-relativistic mechanics

o Today: Schrodinger equation, non-relativistic electrodynamics [Duval, Gibbons,
Horvithy 1991], pp-waves, non-relativistic holography [Balasubramanian, McGreevy 2008; Son
2008: Duval, Hassaine, Horvéthy 2009: Bekaert, Morand 2013], Lorentzian distance and least
action [Minguzzi 20071, . ..
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Quantization using Eisenhart. Step 1: Schridinger equation

Massless minimally coupled scalar wave equation in Eisenhart spacetime
1

3 aa (\/jggubab¢> =0.

ﬁ
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Quantization using Eisenhart. Step 1: Schridinger equation

Massless minimally coupled scalar wave equation in Eisenhart spacetime
1
v—8

Set ¢ = eim‘va% (l)\I’(xj, [) and obtain

aa (\/jggubab¢> =0.

OV =HY, H=-2V2ipV.
2m
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Quantization using Eisenhart. Step 1: Schridinger equation

Massless minimally coupled scalar wave equation in Eisenhart spacetime
1
v—8

Set ¢ = eim‘va% (l)\I’(xj, [) and obtain

aa (\/jggubab¢> =0.

OV =HY, H=-2V2ipV.
2m

Find 9,(VW) = i V/ (09, ¥ — WH;V), where V' is the Levi-Civita covariant
derivative of the metric g;;. Then the conserved probability is

(U| W) = / |U|*\/detg;d"x .
t=const.
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Quantization using Eisenhart. Step 1: Schridinger equation

Massless minimally coupled scalar wave equation in Eisenhart spacetime
1
v—8

Set ¢ = eim‘va% (l)\I’(xj, [) and obtain

aa (\/jggubab¢> =0.

OV =HY, H=-2V2ipV.
2m

Find 9,(VW) = i V/ (09, ¥ — WH;V), where V' is the Levi-Civita covariant
derivative of the metric g;;. Then the conserved probability is

(U| W) :/ |U|*\/detg;d"x .
t=const.
Notice that

U(t+1) # e (Y.
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Quantization using Eisenhart. Step 2: second quantised QFT

o Crucially one can define positive frequency states because the Eisenhart metric
has a globally defined null vector 0.
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Quantization using Eisenhart. Step 2: second quantised QFT

o Crucially one can define positive frequency states because the Eisenhart metric
has a globally defined null vector 0.

0 As before inner product
(d)/a ¢) = / Jadzaa Ja[(yb/» ¢] = i(le a(yb - ¢8a¢_§/) )
pX

where ¥ is a Cauchy surface.
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Quantization using Eisenhart. Step 2: second quantised QFT

o Crucially one can define positive frequency states because the Eisenhart metric
has a globally defined null vector 0.

0 As before inner product
(¢/a¢) = / Jadzaa Ja[¢/7¢] = ((,2_5/ a(yb - ¢8a¢_§/) )
pX

where ¥ is a Cauchy surface.

o Define positive frequency by

(85)d Oy = —im¢ m>0, o= e—imxx(x, l) .
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Quantization using Eisenhart. Step 2: second quantised QFT

o Crucially one can define positive frequency states because the Eisenhart metric
has a globally defined null vector 0.

0 As before inner product
(¢/a¢) = / Jadzaa Ja[¢/7¢] = (Q_sl a(yb - ¢8a¢_§/) )
pX

where ¥ is a Cauchy surface.

o Define positive frequency by

(85)4 Oy = —im¢ m>0, o= e—imxx(x, l) .

0 Choose Cauchy surface as t = fyp —
(0,00 =2 [ as [ V=ax(§0.0 - 00.5)
This generates the superselection rule m = m'.
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Summary

@ Symmetries of the damped oscillator
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Reminder of main formulas

Hamiltonian of the Caldirola-Kanai oscillator

1 1
H= z—e_“”p2 + Eewmwzxz.
m
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Reminder of main formulas

Hamiltonian of the Caldirola-Kanai oscillator

1 1
H= z—e_“”p2 + Eewmwzxz.
m

Equations of motion give
%4 yx + w?x = 0.
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Reminder of main formulas

Hamiltonian of the Caldirola-Kanai oscillator
H= Le‘”’p2 + le"*’m(,uzx2
2m 2 ’

Equations of motion give
%4 yx + w?x = 0.

Eisenhart lift
GapdXdx’ = eV'dx® + 2dtds — eV wxdt* .
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Arnold Transformation
o The most general linear second-order differential equation in one dimension
X+ f(0)x +w?(t)x = F(1),

can be transformed locally into that of a free particle [Amold 1978]. Can be extended
to a quantum Arnold transformation. [Aldaya Cossio Guerrero Lopez-Ruiz 2011-2012]
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Arnold Transformation
o The most general linear second-order differential equation in one dimension
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can be transformed locally into that of a free particle [Amold 1978]. Can be extended
to a quantum Arnold transformation. [Aldaya Cossio Guerrero Lopez-Ruiz 2011-2012]

O uy, up two independent solutions of the homogeneous equation, u, particular
solution of the full equation. Convenient initial conditions

Ml(l‘o) = l:tg(l‘()) = Mp(lo) = I;tp(l‘o) =0, I;tl(l‘()) = uz(to) =1.

Wronskian is itjuy — ity = e 7.
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Arnold Transformation
o The most general linear second-order differential equation in one dimension
X+ f(0)x +w?(t)x = F(1),

can be transformed locally into that of a free particle [Amold 1978]. Can be extended
to a quantum Arnold transformation. [Aldaya Cossio Guerrero Lopez-Ruiz 2011-2012]

O uy, up two independent solutions of the homogeneous equation, u, particular
solution of the full equation. Convenient initial conditions

Ml(l‘o) = l:tg(l‘()) = Mp(lo) = I;tp(l‘o) =0, I;tl(l‘()) = uz(to) =1.

Wronskian is itjuy — ity = e 7.
o
x(t) = uy(t) + auy (1) + buy (1) .
Dividing times u; (¢) when allowed:

X —
&(r)=ar+b, §=7Mp, r="4
U U
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Arnold Transformation 2
9 One finds the Eisenhart metric is conformally flat:

1
gapdx®dx’ = & dx® + 2dtds — 2¢ <w2x2 —F (t)x) dr*
~~~ 2

a1

Sl
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Arnold Transformation 2
9 One finds the Eisenhart metric is conformally flat:

1
gapdx®dx’ = & dx® + 2dtds — 2¢ <w2x2 —F (t)x) dr*
~~~ 2

a1

Sl

= uj (d&* + 2drdo) |
where

1 . 1
o=s+eu <2u2 o + i, U) +h(t), h(t) = Ee’ (ulz, - wzulz, + 2Fuy) .
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Arnold Transformation 2
9 One finds the Eisenhart metric is conformally flat:

1
gapdx®dx’ = & dx® + 2dtds — 2¢ <w2x2 —F (t)x) dr*
~~~ 2

a1

Sl

= uj (d&* + 2drdo) |
where

1 . 1
o=s+eu <2u2 o + i, U) +h(t), h(t) = Ee’ (ulz, - wzulz, + 2Fuy) .

@ For the damped harmonic oscillator ¢/ = ¢, F(t) = 0,

— /2 Sin
=e —_—

up , ”21677’/2(coth+%Sith), 02 = w? —42/4.
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Arnold Transformation 2
9 One finds the Eisenhart metric is conformally flat:

1
gapdx®dx’ = & dx® + 2dtds — 2¢ <w2x2 —F (t)x) dr*
~~~ 2

a1

Sl

= uj (d&* + 2drdo) |
where

1 . 1
o=s+eu <21}t2 o + i, U) +h(t), h(t) = Ee’ (ulz, - wzulz, + 2Fuy) .

@ For the damped harmonic oscillator ¢/ = ¢, F(t) = 0,

— /2 Sin
=e —_—

up , ”21677’/2(coth+%Sith), 02 = w? —42/4.

@ For v = 0 reduces to ’Niederer’s trick’ [Nicderer 1973] lifted to higher dimension.
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Symmetries of the damped oscillator

Conformally related Hamiltonians share identical symmetries
generated by conformal Killing vectors: import symmetries from those
of flat space!
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Symmetries of the damped oscillator 2

Extended Schrodinger algebra

O m o wN
|

Pe

—po& + peT
—DPr

Do

—27p, — &pe

1
sz‘r + Tfpﬁ - Egzps
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Symmetries of the damped oscillator 2

Extended Schrodinger algebra

T = pe=wp,—e"inxps,
B = —po&+pet =upx — e iap;,
. 1 .
E = —pr=—e"winxp.—use p,+ Eez'y’ (u% - wzug) xX°ps,
m = pg=PDs-
D = —27p; —&pe
i
= =2e"ujuop, — (1 + 2" uyiy) xpy + e [1’42 — ey (w2u§ — u%)] xps,
u
1
K = szr + Tgp& - Efzps

u
= uip + ;1 (14 €"uyiny) xpy
2

1

+ﬁ [—1 = 2" uyity + ¥"'ut (w3 — i3)] x°py .
2
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Symmetries of the Bateman oscillator

0 Recall the Bateman-Feshbach-Tikochinksy oscillator:

- v
HB=pxpy+§(ypy—xpx)+m92xy, Q=1jw?— .
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Symmetries of the Bateman oscillator

0 Recall the Bateman-Feshbach-Tikochinksy oscillator:

2
- v / v
Hy = ppy + 5 (py = 3p2) + mQPxy, Q=1 w?- T

0 Describes a damped particle and an anti-damped double, or doppelgénger:
P+ +wx=0, ¥y—y+w’y=0.

Total energy is conserved, although indefinite.
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Symmetries of the Bateman oscillator

0 Recall the Bateman-Feshbach-Tikochinksy oscillator:

2
- v / v
Hy = ppy + 5 (py = 3p2) + mQPxy, Q=1 w?- T

0 Describes a damped particle and an anti-damped double, or doppelgénger:
P+ +wx=0, ¥y—y+w’y=0.

Total energy is conserved, although indefinite.

o A time dependent canonical transformation transforms it into a double
Caldirola-Kanai oscillator

p/2 1 p/2
Hcx = efwzi + Emwzxﬂew — ewzi - imwzylzefw.
m m

using
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Symmetries of the Bateman oscillator

0 Recall the Bateman-Feshbach-Tikochinksy oscillator:

2
- v / v
Hy = ppy + 5 (py = 3p2) + mQPxy, Q=1 w?- T

0 Describes a damped particle and an anti-damped double, or doppelgénger:
P+ +wx=0, ¥y—y+w’y=0.

Total energy is conserved, although indefinite.
o A time dependent canonical transformation transforms it into a double
Caldirola-Kanai oscillator

p/2 1 plyz
Hcyx = efwﬁ + Emwzxﬂew — ewﬁ — imwzylzefw.
using
OF, OF, OF, OF, OF,
/ = 5 ! = s X = y = = H - H + A,
Px ! p y ay / 8[7); y ap} B CK ot

F, =
2 V2 4m§)?

Sl -
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Symmetries of the Bateman oscillator

@ Eisenhart lift of the double Caldirola-Kanai

H = mHck + pips .
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Symmetries of the Bateman oscillator

@ Eisenhart lift of the double Caldirola-Kanai

H = mHck + pips .

o Two interacting copies of the Schrodinger algebras. Define 7y = T, B; = B and

= E for the first copy. Then v, »(¢) obtained from u; »(¢) using v — —,
Ty =vapy —e "iny py,
By =vipy —e "y py

_ . _ 1 _ .
Ey=—e " viny pl—vie Wl’tJrEe 2 (03 — wh3) ¥ s
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Symmetries of the Bateman oscillator

@ Eisenhart lift of the double Caldirola-Kanai

H = mHck + pips .

o Two interacting copies of the Schrodinger algebras. Define 7y = T, B; = B and

= E for the first copy. Then v, »(¢) obtained from u; »(¢) using v — —,
Ty =vapy —e "iny py,
By =vipy —e "y py

—2t (v% 2.2

_ . _ 1
E, =—e ’ﬂvzvz)’/%—"%e sz‘*‘ie w Vz)y Ds -

0 Heisenberg subalgebras are mutually commuting:

{T\,T,} =0={T),By},
{B1,T,} =0={By,B,}.
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Symmetries of the Bateman oscillator 2

However there exist two independent definitions of *conformally flat time’, and each
Heisenberg subalgebra is time dependent with respect to the other time: infinite
copies of mutually commuting Heisenberg subalgebras. Fori # j, i,j = 1,2

{Eia T}} = Tj(l) {Eia Tj(n)} = 7}(”+l) )

{E:,B;} == 8" {Ei,5?">} = g
{m", 8"} = oy

)
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Symmetries of the Bateman oscillator 2

However there exist two independent definitions of *conformally flat time’, and each
Heisenberg subalgebra is time dependent with respect to the other time: infinite
copies of mutually commuting Heisenberg subalgebras. Fori # j, i,j = 1,2

Ery=r” (B} =

Jj 5
{E;, B} =" {Ei,5?">};zﬁjﬁ"+'>

(7", 8"} = o™

For concreteness, specialising to the first n = 1 level we find the following generators:

(1) 2. 2.2 /
T, =y py +wiuy vay py,
(1)

N . 2.2
T =e "viipp, +w vius X py,
(1) r2 2.2 /
By’ = el uyvipy +wiuzviy py,

2 - . 2 2
Bl():e Y30 pl 4w vau X py,
(1) 2’yt 2 4

2 W U5 Ps
ng) e 228 4 s

(there are also cross commutators)
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Summary and Conclusions

0 The Caldirola-Kanai damped harmonic oscillator can be described and quantized
using the Eisenhart lift technique.
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Summary and Conclusions

0 The Caldirola-Kanai damped harmonic oscillator can be described and quantized
using the Eisenhart lift technique.

O Geometrical meaning of the Arnold transform is that the Eisenhart lift metric is
locally conformally flat.

o Flat space Schrodinger algebra can be imported.

o The Bateman system has two interacting copies of the Schrodinger algebras, plus
all their ’time derivatives’. Physical meaning in case of black holes??

Future perspectives:

o Study in detail a concrete example of quasinormal modes to get insight.
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