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It is well known that countably saturated models are universal for
models of cardinality N;. One way of stating the saturation
property for graphs is the following.

DEFINITION

A saturated graph on wi is a function G : [w1]?> — 2 such that if
the function G, : n — 2 is defined by G,(£) = G({n,&}) then

{Gyla|aenew } =2

for each o € ws.

It follows that the existence of a saturated graph is equivalent to
2% = V. These raises the question of whether it is possible to
have a universal graph of cardinality Xy in the absence of the

Continuum Hypothesis.
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This was answered positively by Shelah in 1984 in On universal
graphs without instances of CH, Ann. Pure Appl. Logic (26),
75—87. But one might also ask which of the following weak forms
of saturation yield universal graphs.

Given ideals Z,, on 2%, an L,-saturated graph on wj is a function
G : [w1]?> = 2 such that {G, | @ | a € n € w1} ¢ T, for each
o€ wi.

So one talk about meagre or null saturated graphs. For the
complete graph on wy coloured in countably many colours there is
now the notion of a bounded saturated colouring.
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A P-IDEAL FROM ADDING REALS

Let PT denote Miller’s perfect set forcing.

DEFINITION

If G C PT is generic over V define S(PT) to be the set of all
S € [wi1]® such that there is T € G and ) : T — [w1]<™° such
that
QyeV
Q Y(s)Ny(t) =0 unlesss =t
Q@ Tlpr S= Uf.io U(re [j)" where rg : w — w is the generic
real obtained from the generic set G.
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LEMMA

Let G C PT be generic over V and S C wy in V[G]. Then the
following are equivalent:

Q@ SeS(PT)

Q forall F:wxw — wi in V such that the mapping j — F(n,j)
is one-to-one for all n € w, there is g : w — w in V such that
for all n € w there is k < g(n) such that F(n, k) ¢ S

@ forall F:w X w — wy in V such that the mapping
Jj+ F(n,j) is one-to-one for all n € w, there is a one-to-one
function g : w X w — w in V such that F(n,g(n,m)) ¢ S for
all (n,m) € w X w.

So S(PT) is an ideal containing no infinite set from V.

LEMMA

| A\

If G is PT generic over V then S(PT) is a P-ideal in V[G]. Ld

JURIS STEPRANS PID AND UNIVERSAL STRUCTURES



A fusion argument and the disjointness property of S(PT) it is
possible to prove the following.

LEMMA

If G is PT generic over V and S € S(PT) andf:S —2isa
function in V/[G] then there is T € G and v defined on T with
disjoint range and f* such that

Q T lFprT “$=5¢"
Q : Uer v(t) = 2

© ifte T then T[t]lpr “f [ 4(t) = f* [ 4(t)” and, hence,
Tlher “f=fF*[S"
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If G is PT genericover V and S € S(PT), SCé€cwi, f:S—2
is a function in V[G] and Z C 2% is nowhere meagre, then there is
z € Z such that f C z.

Proof: Use the preceding lemma to get T and f*. Then the set of
h € 2¢ such that for all k € w and for all t € split,(T)

| {sesplit, 1 (T) [sDtand f* [ ¢(s) Ch}|=Ro

is a dense Gz above the restriction of f* to the root of T because
of the disjointness property of .

JURIS STEPRANS PID AND UNIVERSAL STRUCTURES



APPLYING THE P-IDEAL DICHOTOMY

If G is PT generic over V' then no uncountable subset of wy is
orthogonal to S(PT) in V[G]; and hence, not even the union of
countably many sets orthogonal to S(PT).

Proof: Suppose that Z is a PT-name such that
T IFpt “Z € [wi]™". It suffices to construct a sequence of
conditions T, € PT and ordinals (, such that:

e To=T,
o Thi1 <, T, for each n
o Ty(uj) lkpt “¢j € Z" foreach j € n

e the mapping j +— (; is one-to-one. YORKI '
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THEOREM (ABRAHAM & TODORCEVIC)

If T is a P-ideal on wy then there is a partial order Pz, that adds
no reals, even when iterated with countable support, such that Pz
adds a set Z C wy such that for any W C w1 which is not the
union of countably many sets orthogonal to T

1lkp, “ZOW #£0" (1)

1lkp, (Vn€w) ZNnel”. (2)

Proof: To get (1) is implicit in the proof of Abraham and
Todorcevic.
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Let V be a model of set theory and suppose that U : wf —2isa
symmetric, category saturated function in V' and that G C PT is
generic over V. In V[G] let H C Pg(pr) be generic over V[G].
Then in V[G][H] the function U is universal.

Proof: Using the previous theorem in V[G] there is R C w; such
that [R]* C S(PT) and RN Y # () for each uncountable

Y € V[G]. Given W : [w1]?> — 2, construct by induction
embeddings ¢, : n — R of W I n? into U such that e, C e if

n<¢.
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Since limit stages of the induction are trivial, it suffices to show
that given e, there is e, 1 as required. Let S be the range of ¢,
and suppose that S C &. Then S € [R]™ C S(PT). Let f: S — 2
be defined by (o) = W(en_l(a),n) and note that f € V[G] since
V[G] and V[G][H] have the same reals. Recall that PT preserves

non-meagre sets.

It therefore follows that, recalling the notation from the first slide,
{y€wi | f C U,} is an uncountable set in V[G]. By the
preceding theorem it is possible to find v € R\ & such that f C U,
and, hence, W(e, *(0),n) = f(o) = U(o,7) forall o € pu. Let
epr1 = ey U{(n,7)}-

COROLLARY

It is consistent with b = N1 and 0 = N, that there is a universal
graph on ws.
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The argument actually yields that if V is any model of set theory
in which there is a category saturated graph and if G is PT generic
over V and H is Pg(pr) generic over V[G] then already in the
model V[G][H] the category saturated graph is universal. So if
there were a model of 2% > X; with a category saturated graph
such that forcing with PT % PgpT) does not collapse the
continuum, then this would yield an even simpler method for
obtaining a universal graph with the failure of the continuum
hypothesis. But even the following question seems to be open.

QUESTION

Is there a model of set theory in which there is a non-meagre set of
cardinality less than 280 such that forcing with PT over this model
does not collapse the continuum?
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Applying similar arguments with Laver reals yields the following.

COROLLARY

Consistently with b = 0 = Ry there is a universal graph on ws.

Applying similar arguments with certain w*-bounding reals yields
the following.

COROLLARY

Consistently with b = 0 = N; there is a universal graph on wj .
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