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V-spaces

Definition
Let A be an almost disjoint family of subsets of N.
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V-spaces

Definition
Let A be an almost disjoint family of subsets of N.We consider
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with the following topology:
o elements of N are isolated
o for every A € A all neighbourhoods of x, are of the form
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Mrowka’s W-spaces

Theorem (Mréwka, 1977)

There is an infinite almost disjoint family A C p(N) such B(V.4) = a(V 4).
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0—=c > B—cfc)=0
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Main theorem

Theorem (S. Ghasemi, P. K.)

There is a C*-algebra A C B(¢») satisfying the following short exact sequence

0— K(t2) & A — K(la(c)) — 0,
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Matrix units and almost matrix units

Fact
A C*-algebra A is isomorphic to the algebra IC(¢2(k)) if and only if
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Fact

A C*-algebra A is isomorphic to the algebra K (¢2(x)) if and only ifit is
generated by “matrix units”, that is nonzero elements (ag o : o, 8 € k)
satisfying for each o, 3,£,n < Kk !
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Matrix units and almost matrix units

Fact

A C*-algebra A is isomorphic to the algebra KC(¢2(x)) if and only ifit is
generated by “matrix units”, that is nonzero elements (ag,. : o, B € k)
satisfying for each o, 3,£,n < Kk !

0 (as,a)* = @n,p;
O a,¢a3,0 = 0¢,p8n,a-

Definition
A sequence (as,. : @, 8 € k) of noncompact elements of B(¢2) is called a
“system of almost matrix units” if it satisfies for each o, 5, £, 1 < k:
° (8,a)" =" @,
O apedga =" 0¢,pan,as
where a=* bmeans a — b € K(¢).
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Example 1
For each ¢ € 2N we can associate a set Ac = {s € 2<N : s C ¢}.

Fact

Let X C N. Then for each \ € {0,1} the sets {¢ € 2 : A: N X =* A} are
Borel.
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Let X C N. Then for each \ € {0,1} the sets {¢ € 2V : Ac N X =* \A¢} are
Borel.

For each pair (¢,7) € 2 x 2 we associate an operator on /»(2<V)

T, e(s) = eyk if = e forsome k € N
7T 0 otherwise
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Example 1
For each ¢ € 2N we can associate a set Ac = {s € 2<N : s C ¢}.
Fact

Let X C N. Then for each \ € {0,1} the sets {¢ € 2V : Ac N X =* \A¢} are
Borel.

For each pair (¢,7) € 2 x 2 we associate an operator on /»(2<V)

T

s

(s) = e,k if s= e forsome k € N
7 %0 otherwise

Lemma
Let R € B(#H) and U be a Borel subset of C, then the set
Bf ={(n,¢) €2 x2Y: T, ,RTe ¢ =* AT, ¢, A€ U}

is Borel in2Y x 2. In particular, if B} is either countable or of size of the
continuum.
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Example 2

Fact
Let A be MAD and X C N infinite. Then
{AnX:Ae A}
is MAD in p(X).
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Example 2

Fact
Let A be MAD and X C N infinite. Then

{AnX:Ae A}
is MAD in p(X).

If P, Q are projections, then PQ is not a projection unless P and Q commute.
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