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Cardinal characteristics associated with an ideal

Let Z be an ideal of subsets of X.

Additivity of Z. add(Z) = min{|F|: F C I, JF ¢ Z}.

Covering of Z. cov(Z) = min{|F|: F CZ, JF = X}.

Uniformity of Z. non(Z) = min{|Z|: Z C X, Z ¢ 1}.

Cofinality of Z. cof(Z) = min{|F| : F CZ, (VAeI)(3B < F)ACB.

M: the ideal of first category subsets of R.

N: the ideal of Lebesgue measure zero subsets of R.
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Some cardinal characteristics

For f, g € w* denote
f <* g (f is dominated by g) iff (3m)(¥Yn > m) f(n) < g(n).
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Some cardinal characteristics

For f, g € w* denote
f <* g (f is dominated by g) iff (3m)(¥Yn > m) f(n) < g(n).

Consider
b=min{|F|: F Cw"” and —(3g € w”)(Vf € F) f<*g}
0 =min{|D|: D Cw" and (Vf € w”)(3g € D) f<*g}

¢ = 2o
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Cichon's diagram

Inequalities: Bartoszynski, Fremlin, Miller, Rothberger, Truss.
Completeness: Bartoszynski, Judah, Miller, Shelah.

cov(N) non(M) cof(M) cof(N)

add(N) add(M) cov(M) non(N)

Also add(M) = min{b, cov(M)} and cof(M) = max{d, non(M)}.
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Objective

Techniques to obtain models where many cardinal characteristics assume
pairwise different values.
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Techniques to obtain models where many cardinal characteristics assume
pairwise different values.

Finite support iteration of ccc posets (non(M) < cf(length) < cov(M)).
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Techniques to obtain models where many cardinal characteristics assume
pairwise different values.

Finite support iteration of ccc posets (non(M) < cf(length) < cov(M)).

Playground

Cichon's diagram (just the left side).
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General framework

Relational system
A relational system is a triplet R = (X, Y, R) where RC X x Y.
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General framework

Relational system
A relational system is a triplet R = (X, Y, R) where RC X x Y.

© B C X is R-bounded if (Jy € Y)(Vx € B) xRy.
@ D C Y is R-dominating if (Vx € X)(3y € D) xRy.
@ b(R) :=min{|F|: F C X is R-unbounded}.
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General framework

Relational system
A relational system is a triplet R = (X, Y, R) where RC X x Y.

© B C X is R-bounded if (Jy € Y)(Vx € B) xRy.
@ D C Y is R-dominating if (Vx € X)(3y € D) xRy.
@ b(R) :=min{|F|: F C X is R-unbounded}.

Q o(R) :=min{|D|: D C Y is R-dominating}.
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Examples

Q Let (S, <) be a directed set.
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t (S, <) be a directed set. As a relational system,

QO Let e
5=1(5.5,2), cp(5) :=b(S), cf(S5) =2(95).
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O Let (S, <) be a directed set. As a relational system,
5=1(5,5,<), cp(S) :=b(S), cf(S) =2(S5).
Recall: If S has no maximum then cp(S) is regular and
cp(S) < cf(S).
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O Let (S, <) be a directed set. As a relational system,
5=1(5,5,<), cp(S) :=b(S), cf(S) =2(S5).

Recall: If S has no maximum then cp(S) is regular and
cp(S) < cf(S).

@ If Lis a linear order without maximum then cp(L) = cf(L).
Q@ (w¥,<*) is directed, b = b(w®), 0 = o(w¥).
Q Id = (w¥, w¥, =), b(ld) =2, o(Id) = ¢.
Fix an ideal Z on a set X.
@ (Z,C) is directed, b(Z) = add(Z), 2(Z) = cof(Z).
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O Let (S, <) be a directed set. As a relational system,
5=1(5,5,<), cp(S) :=b(S), cf(S) =2(S5).

Recall: If S has no maximum then cp(S) is regular and
cp(S) < cf(S).

@ If Lis a linear order without maximum then cp(L) = cf(L).
Q@ (w¥,<*) is directed, b = b(w®), 0 = o(w¥).
Q Id = (w¥, w¥, =), b(ld) =2, o(Id) = ¢.
Fix an ideal Z on a set X.
@ (Z,C) is directed, b(Z) = add(Z), 2(Z) = cof(Z).
Q@ C;:=(X,Z,€), b(Cz) =non(Z), 9(Cz) = cov(Z).

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 7 /45



Dual and Tukey connections

If R=(X,Y,R), denote R = (Y, X, RJ‘) where

yRLx iff =(xRy).
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Dual and Tukey connections
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Dual and Tukey connections

If R = (X, Y,R), denote Rt = (Y, X, R*) where
yRLx iff =(xRy).

Note that b(R') = d(R) and 9(R*) = b(R).
Let R = (X', Y/, R"). A pair (F,G): R — R is a Tukey connection if

F: X=X, G:Y =Y, (WxeX)(Vy eY)F(x)Ry = xRG(y).
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Dual and Tukey connections

If R = (X, Y,R), denote Rt = (Y, X, R*) where
yRLx iff =(xRy).
Note that b(R') = d(R) and 9(R*) = b(R).
Let R = (X', Y/, R"). A pair (F,G): R — R is a Tukey connection if
F: X=X, G:Y =Y, (WxeX)(Vy eY)F(x)Ry = xRG(y).

Denote
R=tR if3(F,G):R—> R
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Denote
R=rR if 3(F,G) :R > R’
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Dual and Tukey connections

If R = (X, Y,R), denote Rt = (Y, X, R*) where

yRLx iff =(xRy).
Note that b(R') = d(R) and 9(R*) = b(R).
Let R = (X', Y/, R"). A pair (F,G): R — R is a Tukey connection if
F: X=X, G:Y =Y, (WxeX)(Vy eY)F(x)Ry = xRG(y).
Denote

R=<tR’'if 3(F,G) : R = R’
gTR/ if R jT R’ and R’ jT R.

© R =1 R implies b(R’) < b(R) and 2(R) < d(R/).
@ R 2=y R implies b(R) = b(R’) and 2(R) = d(R/)
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For h € w* let Le(h) = (w*, ([w]<M)”, €}) where

xepp iff (Vi) |p(i)|< h(i), and
(Im)(Vi > m) x(i) € ¢(i).
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For h € w* let Le(h) = (w*, ([w]<M)”, €}) where

xepp iff (Vi) |p(i)|< h(i), and
(Im)(Vi > m) x(i) € ¢(i).

Bartoszynski (1984)

If h — oo then N =1 Lc(h). Hence b(Lc(h)) = add(N) and
o(Lc(h)) = cof(N).

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 9 /45



Example of 3 values

Theorem (Brendle 1991)
If k > N1 is regular and X = \<", then it is consistent with ZFC that

cov(N) non(M) cof(M) cof(N)

|
Nie & — — | _
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Localization forcing

Define the poset LOC:

Conditions. ¢ : w — [w]<N0 such that (Vi) (/)< i, and
@m)(¥i > m) [o(7)|< m.
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Localization forcing

Define the poset LOC:

Conditions. ¢ : w — [w]<N0 such that (Vi) (/)< i, and
@m)(¥i > m) [o(7)|< m.

Order. ¢ < 4 iff (Vi) (i) C ¥(i).
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Localization forcing

Define the poset LOC:

Conditions. ¢ : w — [w]<N0 such that (Vi) (/)< i, and
@m)(¥i > m) [o(7)|< m.

Order. ¢ < 4 iff (Vi) (i) C ¥(i).
Q@ LOC is o-linked (thus ccc).

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019



Localization forcing

Define the poset LOC:

Conditions. ¢ : w — [w]<N0 such that (Vi) (/)< i, and
@m)(¥i > m) [o(7)|< m.

Order. ¢ < 4 iff (Vi) (i) C ¥(i).
Q@ LOC is o-linked (thus ccc).

@ It adds a slalom ¢* such that (Vx € w¥ N V) xel 9" (so it increases
add(N)).
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Localization forcing

Define the poset LOC:

Conditions. ¢ : w — [w]<N0 such that (Vi) (/)< i, and
@m)(¥i > m) [o(7)|< m.

Order. ¢ < 4 iff (Vi) (i) C ¥(i).
Q@ LOC is o-linked (thus ccc).

@ It adds a slalom ¢* such that (Vx € w¥ N V) xel 9" (so it increases
add(N)).

@ If N C V is a transitive model (of ZFC) then LOCN is still o-linked.
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Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

LOCYe  LOCYerr  LOCNe+2
Ve Vet Veto Vets Vi Vi
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Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

Vv LocYs  LocVer  LogNer
— Ve ——— - R
Ve Vea Veta Vets Va

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).
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Ve Vet Veto Vets Vi Vi

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).

In V), for any £ < X let ¢ be the slalom added by LOC"e.
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Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

V= Vee LOCYs  LOCYe+  LOCMer2
S
Ve Vet Veto Vets Vi Vi

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).

In V), for any £ < X let ¢ be the slalom added by LOC"e.

Q (Vx cw’NNe)x €l e.
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Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

LOCYe  LOCYe+t  LOCVer2
Ve Vet Veto Vets Vi Vi

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).

In V), for any £ < X let ¢ be the slalom added by LOC"e.

Q (Vx cw’NNe)x €l e.
@ For any Z C w" of size <k, there is some £ < A such that
(Vx € Z)x €} pe.
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Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

LOCYe  LOCYe+t  LOCVer2
Ve Vet Veto Vets Vi Vi

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).

In V), for any £ < X let ¢ be the slalom added by LOC"e.

Q (Vx cw’NNe)x €l e.
@ For any Z C w" of size <k, there is some £ < A such that
(Vx € Z)x €} pe.

Hence x < add(N).

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 12 / 45



Proof 1 (half)

Perform a FS iteration of length A using

LOC": for some transitive model N of size <k.

LOCYe  LOCYe+t  LOCVer2
Ve Vet Veto Vets Vi Vi

Book-keeping argument: Any P-name Z C w*, |Z| < & is contained in
some N¢ (£ < A) (OK because A<" = \).

In V), for any £ < X let ¢ be the slalom added by LOC"e.

Q (Vx cw’NNe)x €l e.
@ For any Z C w" of size <k, there is some £ < A such that
(Vx € Z)x €} pe.

Hence k < add(N). On the other hand, ¢ < \.
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Special dominating families 1

It remains non(M) < x and X < cov(M)...
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Special dominating families 1

It remains non(M) < k and A < cov(M)... Later

Let R = (X, Y,R). Say that D C Y is #-R-DOM if, for any B C X of size
<0 there is some y € D such that (Vx € B) xRy.
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It remains non(M) < k and A < cov(M)... Later

Let R = (X, Y,R). Say that D C Y is #-R-DOM if, for any B C X of size
<0 there is some y € D such that (Vx € B) xRy.

For example, {¢¢ : £ < A} is k-Le(id)-DOM.

If 3D C Y 6-R-DOM, then 6 < b(R) and d(R) < |D.
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Special dominating families 1

It remains non(M) < k and A < cov(M)... Later

Let R = (X, Y,R). Say that D C Y is #-R-DOM if, for any B C X of size
<0 there is some y € D such that (Vx € B) xRy.

For example, {¢¢ : £ < A} is k-Le(id)-DOM.

If 3D C Y 6-R-DOM, then 6 < b(R) and d(R) < |D.

Also useful for -R--DOM.
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Special dominating families 2

Fix a directed order S = (S, <).

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 14 / 45



Special dominating families 2

Fix a directed order S = (S, <).

Definition (cf. Goldstern & Kellner & Shelah, 2017arxiv-2019pub)

Say that {y; : i € S} C Y is S-R-COB if

(Vx € X)3ix € S)(Vi > ix) xRy;.
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Special dominating families 2

Fix a directed order S = (S, <).
Definition (cf. Goldstern & Kellner & Shelah, 2017arxiv-2019pub)

Say that {y; : i € S} C Y is S-R-COB if

(Vx € X)3ix € S)(Vi > ix) xRy;.

X +— Ix and i — y; is a Tukey connection for R <1 S.
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Special dominating families 2

Fix a directed order S = (S, <).
Definition (cf. Goldstern & Kellner & Shelah, 2017arxiv-2019pub)

Say that {y; : i € S} C Y is S-R-COB if

(Vx € X)(Jix € S)(Vi > i) xRy;.

X +— Ix and i — y; is a Tukey connection for R <1 S.

(3 S-R-COB set) iff R <1 S, and each implies cp(S) < b(R) and
o(R) < cf(S).
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 15 / 45



Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Definition (Goldstern & Kellner & Shelah, 2017-2019)

COBR(P, S) means that there is some {y; : i € S} C Y s.t.

(\V/X € X)(HIX € S)(VI > ix) IFp xRy;.
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Definition (Goldstern & Kellner & Shelah, 2017-2019)

COBR(P, S) means that there is some {y; : i € S} C Y s.t.

(\V/X € X)(HIX € S)(VI > ix) IFp xRy;.

@ COBR(P,S) implies IFp R <7 S.
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Definition (Goldstern & Kellner & Shelah, 2017-2019)

COBR(P, S) means that there is some {y; : i € S} C Y s.t.

(\V/X € X)(HIX € S)(VI > ix) IFp xRy;.

@ COBR(P,S) implies IFp R <7 S.
@ COBRg(P, S) implies IFp “cp(S)Y < b(R) and ?(R) < cf(S)V".
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Definition (Goldstern & Kellner & Shelah, 2017-2019)

COBR(P, S) means that there is some {y; : i € S} C Y s.t.

(\V/X € X)(HIX € S)(VI > ix) IFp xRy;.

@ COBR(P,S) implies IFp R <7 S.
@ COBRg(P, S) implies IFp “cp(S)Y < b(R) and ?(R) < cf(S)V".
© If P is cp(S)Y-cc then IFp cp(S) = cp(S)V.
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Special dominating families 2 (cont.)

Say that R = (X, Y, R) is Borel if X, Y are Polish spaces and R is Borel.

Fix a poset IP and a Borel R.

Definition (Goldstern & Kellner & Shelah, 2017-2019)

COBR(P, S) means that there is some {y; : i € S} C Y s.t.

(\V/X € X)(HIX € S)(VI > ix) IFp xRy;.

@ COBR(P,S) implies IFp R <7 S.

@ COBRg(P, S) implies IFp “cp(S)Y < b(R) and ?(R) < cf(S)V".
© If P is cp(S)Y-cc then IFp cp(S) = cp(S)V.

Q If P is cp(S)Y-cc then COBR(P, S) iff I-p R <1 S.
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Proof 2 (half)

LOCYe  LOCYe+r  LOCNe+2
Ve Vet Veya Vets Vy Vi

Modified book-keeping. For o < kK, AC Ain V and a Py-name x € w¥, if
|A] < & then, for some 1) < \, x € N, and (V€ € A) ¢ <, Ne C N,
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Proof 2 (half)

V=Vie————- LoCN¢ LOCNe+r  LOCNer
0 Ve Ve Veto Vers v .

Modified book-keeping. For o < kK, AC Ain V and a Py-name x € w¥, if
|A] < & then, for some 1) < \, x € N, and (V€ € A) ¢ <, Ne C N,

S := X ordered by £ <s 7 iff ¢ <nand IF Ng C N,.
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Modified book-keeping. For o < kK, AC Ain V and a Py-name x € w¥, if
|A] < & then, for some 1) < \, x € N, and (V€ € A) ¢ <, Ne C N,

S := X ordered by £ <s 7 iff ¢ <nand IF Ng C N,.
Q r <cp(S) <cf(S) <|S| = A
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LOCYe  LOCYe+r  LOCNe+2
Ve Vet Veya Vets Vy Vi

Modified book-keeping. For o < kK, AC Ain V and a Py-name x € w¥, if
|A] < & then, for some 1) < \, x € N, and (V€ € A) ¢ <, Ne C N,

S := X ordered by £ <s 7 iff ¢ <nand IF Ng C N,.
Q r <cp(S) <cf(S) <|S| = A
@ {p:: &< A}is S-Lc(id)-COB.
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Proof 2 (half)

LOCYe  LOCYe+r  LOCNe+2
Ve Vet Veya Vets Vy Vi

Modified book-keeping. For o < kK, AC Ain V and a Py-name x € w¥, if
|A| < k then, for some 1 < A, XEN and (V€ € A)¢ <, NgCN
S := X ordered by £ <s 7 iff ¢ <nand IF Ng C N,.

Q r <cp(S) <cf(S) <|S| = A

@ {p:: &< A}is S-Lc(id)-COB.

@ COB\(iq)(IP, S) holds. So PP forces x < add(N) and cof(N) < A.
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Cohen reals

There is an F, relation Ry C 2¥ such that Ry := (2¥,2¥ Ry) =1 C .
Hence b(R4) = non(M) and d9(R) = cov(M) J
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If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.
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Hence b(R4) = non(M) and d9(R) = cov(M) J

If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.

Let 8 > Ry be regular, IP resulting from a FS it. of ccc posets of length 6.
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There is an F, relation Ry C 2¥ such that Ry := (2¥,2¥ Ry) =1 C .
Hence b(R4) = non(M) and d9(R) = cov(M) J

If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.

Let 8 > Ry be regular, IP resulting from a FS it. of ccc posets of length 6.
@ It adds a set of Cohen reals C := {¢ : £ < 0}.

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 17 / 45
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There is an F, relation Ry C 2¥ such that Ry := (2¥,2¥ Ry) =1 C .
Hence b(R4) = non(M) and d9(R) = cov(M) J

If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.

Let 8 > Ry be regular, IP resulting from a FS it. of ccc posets of length 6.

@ It adds a set of Cohen reals C := {¢ : £ < 0}.
@ (Vy € 2N Vp)(3o < 0)(VE > &) ~(ceRay).
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Hence b(R4) = non(M) and d9(R) = cov(M) J

If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.

Let 8 > Ry be regular, IP resulting from a FS it. of ccc posets of length 6.
@ It adds a set of Cohen reals C := {¢ : £ < 0}.
Q (Vy €2¥ N Vp)(3& < 0)(VE > &) ~(ceRay).
© P forces that C is -R;-COB.
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Cohen reals

There is an F, relation Ry C 2¥ such that Ry := (2¥,2¥ Ry) =1 C .
Hence b(R4) = non(M) and d9(R) = cov(M) J

If ¢ € 2 is Cohen over V then —(cRyy) for any y € 2 N V.

Let 8 > Ry be regular, IP resulting from a FS it. of ccc posets of length 6.
@ It adds a set of Cohen reals C := {¢ : £ < 0}.
@ (Vy €29N Vp)(3o < 0)(VE > &o) ~(ceRay).
© P forces that C is -R;-COB.
Q P forces b(Rs) < cf(f) = 6 < d(R4).
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Special unbounded families

Fix a Borel R = (X, Y, R).

Definition

Let L be a linear order.
@ FC Xis L-R-LCU if it is L-R+-COB.
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Special unbounded families

Fix a Borel R = (X, Y, R).

Definition

Let L be a linear order.
@ FC Xis [-R-LCU if it is L-R+-COB.
@ LCUR(PP,L) means COBg.(P,L).

@ LCUR(P, L) implies IFp R+ =< L.
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Let L be a linear order.
@ FC Xis [-R-LCU if it is L-R+-COB.
@ LCUR(PP,L) means COBg.(P,L).

@ LCUR(P, L) implies IFp R+ =< L.
@ LCUR(P, L) implies IFp “b(R) < cf(L)Y < o(R)".
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Let L be a linear order.
@ FC Xis [-R-LCU if it is L-R+-COB.
@ LCUR(PP,L) means COBg.(P,L).

@ LCUR(P, L) implies IFp R+ =< L.
@ LCUR(P, L) implies IFp “b(R) < cf(L)Y < o(R)".
Q If P is cf(L)Y-cc then IFp cf(L) = cf(L)V.
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Special unbounded families

Fix a Borel R = (X, Y, R).

Definition

Let L be a linear order.
@ FC Xis [-R-LCU if it is L-R+-COB.
@ LCUR(PP,L) means COBg.(P,L).

@ LCUR(P, L) implies IFp R+ =< L.

@ LCUR(P, L) implies IFp “b(R) < cf(L)Y < o(R)".
Q If P is cf(L)Y-cc then IFp cf(L) = cf(L)V.

Q If P is cf(L)Y-cc then LCUR(P, L) iff IFp RY < L.
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Proof 1 & 2 (cont.)

LOCYe  LOCYe+r  LOCNe+2
Ve Vet Veya Veta Vy 1%\

For any regular k < 6 < A, the 6-R4-LCU set of Cohen reals added by Py
is preserved in V). lLe.,, LCU(IP, ) holds.
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Proof 1 & 2 (cont.)

LOCYe  LOCYe+r  LOCNe+2
Ve Vet Veya Veta Vy 1%\

For any regular k < 6 < A, the 6-R4-LCU set of Cohen reals added by Py
is preserved in V). lLe.,, LCU(IP, ) holds.

For such 6, R =<1 6, so non(M) < 6 < cov(M).
Hence non(M) < k and A < cov(M).
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Preservation theory 1

Fix a Borel R and 6 > N regular.
Definition (Judah & Shelah 1990, and Brendle 1991)

A poset PP is 0-R-good if (Vy € Y)(3H C Y):

0 < |H| < 6 and (Vx € X) [((VZ € H)~(xRz)) = Irp ﬁ(ny')]
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Preservation theory 1

Fix a Borel R and 6 > N regular.
Definition (Judah & Shelah 1990, and Brendle 1991)

A poset PP is 0-R-good if (Vy € Y)(3H C Y):

0 < |H| < 6 and (Vx € X) [((VZ € H)~(xRz)) = Irp ﬁ(ny-)]

If P is 6-cc and A-R-good then it preserves
(i) 6-R--DOM sets,

(i) S-R*+-COB sets whenever cp(S) > 0,

(iii) L-R-LCU sets whenever cf(L) > 6.
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Preservation theory 1

Fix a Borel R and 6 > N regular.
Definition (Judah & Shelah 1990, and Brendle 1991)

A poset PP is 0-R-good if (Vy € Y)(3H C Y):

0 < |H| < 6 and (Vx € X) [((VZ € H)~(xRz)) = Irp ﬁ(ny-)]

If P is 6-cc and A-R-good then it preserves
(i) 6-R--DOM sets,

(i) S-R*+-COB sets whenever cp(S) > 0,

(iii) L-R-LCU sets whenever cf(L) > 6.

O If P is #-R-good and 0 < 0’ then P is #’-R-good.
@ If P is A-R-good and Po<IP then Py is.
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Preservation theory 1 (cont.)

Definition

Say that R = (X, Y, R) is Polish if
@ X is perfect Polish, Y is Polish,
@ R =, Ri where each R; is closed,
Q@ (VyeY){xe X: xRy} is nwd.
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Preservation theory 1 (cont.)

Definition

Say that R = (X, Y, R) is Polish if
@ X is perfect Polish, Y is Polish,
@ R =, Ri where each R; is closed,
Q@ (VyeY){xe X: xRy} is nwd.

This implies Cy¢ <1 R, so b(R) < non(M) and cov(M) < d(R).
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Preservation theory 1 (cont.)

Definition

Say that R = (X, Y, R) is Polish if
@ X is perfect Polish, Y is Polish,
@ R =, Ri where each R; is closed,
Q@ (VyeY){xe X: xRy} is nwd.

This implies Cy¢ <1 R, so b(R) < non(M) and cov(M) < d(R).

Fix a Polish R and an uncountable regular &.

Any FS iteration of k-cc k-R-good posets is again x-R-good.
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Preservation theory 1 (cont.)

Definition

Say that R = (X, Y, R) is Polish if
@ X is perfect Polish, Y is Polish,
@ R =, Ri where each R; is closed,
Q@ (VyeY){xe X: xRy} is nwd.

This implies Cy¢ <1 R, so b(R) < non(M) and cov(M) < d(R).

Fix a Polish R and an uncountable regular &.

Any FS iteration of k-cc k-R-good posets is again x-R-good.

If P is a FS iteration of k-cc k-R-good posets then LCUg(IP, #) holds for
any regular k < 6 < length.
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For any Polish R and 6 > N; regular, if |IP| < ¢ then PP is #-R-good.
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For any Polish R and 6 > N; regular, if |IP| < ¢ then PP is #-R-good.

Since Ry is Polish,

LOCNe LOCYerr  LOCNe+z
Ve Ve Veta Vets Vi %\

is k-R4-good. This proves the Main Claim before.
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Examples

Q@ R;3:= w¥ is Polish.
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Q@ R;3:= w¥ is Polish.
@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
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Q@ R;3:= w¥ is Polish.
@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
(Brendle 1991) Any f-centered poset is §7-R>-good.

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 23 / 45



Q@ R;3:= w¥ is Polish.

@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
(Brendle 1991) Any f-centered poset is §7-R>-good.

@ Ry := (w¥, ([w]™)”, €},) where H = {id*" : k < w} and

xepp iff (3h € H)(Vi)|e(i)|< h(i), and
(3m)(Vi > m) x(i) € ¢(i).
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Q@ R;3:= w¥ is Polish.

@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
(Brendle 1991) Any f-centered poset is §7-R>-good.

@ Ry := (w¥, ([w]™)”, €},) where H = {id*" : k < w} and

xepp iff (3h € H)(Vi)|e(i)|< h(i), and
(3m)(Vi > m) x(i) € ¢(i).

Indeed b(R;) = add(N') and 9(R1) = cof(N). (In fact
(Vh € H) Le(H) <t Le(h))
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Q@ R;3:= w¥ is Polish.

@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
(Brendle 1991) Any f-centered poset is §7-R>-good.

@ Ry := (w¥, ([w]™)”, €},) where H = {id*" : k < w} and

xepp iff (3h € H)(Vi)|e(i)|< h(i), and
(3m)(Vi > m) x(i) € ¢(i).

Indeed b(R;) = add(N') and 9(R1) = cof(N). (In fact
(Vh € H)Le(H) =1 Lc(h))
(Judah & Shelah 1990) Any 6-centered poset is §7-R;-good.
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Q@ R;3:= w¥ is Polish.

@ There is a Polish Ry 21 C; (b(R2) = cov(N), 3(R2) = non(N)).
(Brendle 1991) Any f-centered poset is §7-R>-good.

@ Ry := (w¥, ([w]™)”, €},) where H = {id*" : k < w} and

xepp iff (3h € H)(Vi)|e(i)|< h(i), and
(3m)(Vi > m) x(i) € ¢(i).

Indeed b(R;) = add(N') and 9(R1) = cof(N). (In fact

(Vh € H)Le(H) =1 Lc(h))

(Judah & Shelah 1990) Any 6-centered poset is §7-R;-good.
(Kamburelis 1989) Any subalgebra of random forcing is N;-Rj-good.
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Let Ryp = ([w]™0, [w]™, Ryp) where

XRpy iff x D% y or w~ x O* y (x does not split y)
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Let Ryp = ([w]™0, [w]™, Ryp) where
XRpy iff x D% y or w~ x O* y (x does not split y)

R;p is Polish, b(R;,) = s and 3(R,p) =t.
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Let Ryp = ([w]™0, [w]™, Ryp) where
XRpy iff x D% y or w~ x O* y (x does not split y)
R;p is Polish, b(R;,) = s and 3(R,p) =t.

Baumgartner & Dordal 1985
Hechler forcing is N;-R;,-good.
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Let Ryp = ([w]™0, [w]™, Ryp) where
XRpy iff x D% y or w~ x O* y (x does not split y)
R;p is Polish, b(R;,) = s and 3(R,p) =t.

Baumgartner & Dordal 1985
Hechler forcing is N;-R;,-good.

Dow & Shelah 2018
If F is a filter on w generated by <6 many sets then Lr is 6-R,,-good.
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Left side (6 values)

Theorem (Goldstern & M. & Shelah 2016)

Let 1 < pp < pz = u§° < g = ,uffo be uncountable regular cardinals,
pa < pi5 = pug"* < 243, Then, there is a ccc poset forcing

b(R2) | bRy | d(R1) ..
M2 fa T Hs
(Rs) o(Ra3)
M1 B3
Nie Sboodles
b(R1) (Ry) ’(R2)
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Left side (6 values)

Theorem (Goldstern & M. & Shelah 2016)

Let 1 < pp < pz = u§° < g = ,uffo be uncountable regular cardinals,
pa < pi5 = pug"* < 243, Then, there is a ccc poset forcing

b(R2) | bRy | d(R1) ..
M2 fa T Hs
(Rs) o(Ra3)
M1 B3
Nie Sboodles
b(R1) (Ry) ’(R2)

(Goldstern & Kellner & Shelah 2017-2019) Can obtain such a ccc poset
under GCH.
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Natural attempt

Construct a FS it. of length s alternating:
@ LOCN with |N| <y,
@ (random)N with |N| <y,
© (Hechler)V with |N| < pu3,
Q@ N with |N| < p4 (o-centered poset to increase b(Ry))
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Natural attempt

Construct a FS it. of length s alternating:
@ LOCN with |N| <y,
@ (random)N with |N| <y,
© (Hechler)V with |N| < pu3,
Q@ N with |N| < p4 (o-centered poset to increase b(Ry))
via book-keeping to get, for i =1,2,3,4,
COBgR, (PP, S;) with pj < cp(S;) < cf(S;) < |Si| = ps.
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Natural attempt

Construct a FS it. of length s alternating:

@ LOCN with |N| <y,

@ (random)N with |N| <y,

© (Hechler)V with |N| < pu3,

Q@ N with |N| < p4 (o-centered poset to increase b(Ry))
via book-keeping to get, for i =1,2,3,4,

COBgR, (PP, S;) with pj < cp(S;) < cf(S;) < |Si| = ps.

Hence u; < b(R;) and 9(R;) < us (actually ¢ < us).
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Natural attempt (cont.)

Construct a FS it. of length s alternating:
@ LOCN with |N| < py,
@ (random)N with |N| < po,
© (Hechler)V with |N| < pu3,
© N with |N| < 4 (o-centered poset to increase b(Ry))
The iterands are, for i = 1,2,4,
pi-Rj-good, so LCUR, (I, #) for any regular pj < 0 < ps.
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Natural attempt (cont.)

Construct a FS it. of length s alternating:

@ LOCN with |N| < py,

@ (random)N with |N| < po,

© (Hechler)V with |N| < pu3,

© N with |N| < 4 (o-centered poset to increase b(Ry))
The iterands are, for i = 1,2,4,

pi-Rj-good, so LCUR, (I, #) for any regular pj < 0 < ps.

Hence b(R;) < p; and us < d(R;).
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Natural attempt (cont.)

Iterands except EN are p3-R3-good.
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Natural attempt (cont.)

Iterands except EN are p3-R3-good.

Theorem (Miller 1981)

IE is N1-R3-good.
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Natural attempt (cont.)

Iterands except EN are p3-R3-good.

Theorem (Miller 1981)
IE is N1-R3-good.

However

Theorem (Pawlikowski 1992)
There is a proper w*”-bounding poset forcing that EY adds a dominating

real.
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Filter-linkedness

Definition (M. 2018arxiv—2019pub)

Let IP be a poset and F a (free) filter on w.
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Filter-linkedness

Definition (M. 2018arxiv—2019pub)

Let IP be a poset and F a (free) filter on w.

(1) Aset Q@ C P is F-linked if, for any sequence p = (p, : n <w) in Q,
there is some g € P forcing that {n <w : p, € G} € F™.
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Filter-linkedness

Definition (M. 2018arxiv—2019pub)

Let IP be a poset and F a (free) filter on w.
(1) Aset Q@ C P is F-linked if, for any sequence p = (p, : n <w) in Q,
there is some g € PP forcing that {n < w : p, € G} € F™.

(2) A set Q C P is ultrafilter-linked (uf-linked) if it is F-linked for any
(ultra)filter F.
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Filter-linkedness

Definition (M. 2018arxiv—2019pub)

Let IP be a poset and F a (free) filter on w.

(1) Aset Q@ C P is F-linked if, for any sequence p = (p, : n <w) in Q,
there is some q € P forcing that {n < w : p, € G} € F™.

(2) A set Q C P is ultrafilter-linked (uf-linked) if it is F-linked for any
(ultra)filter F.

(3) Pis pu-F-linked if P = Ua<u Qn with Q, F-linked in IP.
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Filter-linkedness

Definition (M. 2018arxiv—2019pub)

Let IP be a poset and F a (free) filter on w.
(1) Aset Q@ C P is F-linked if, for any sequence p = (p, : n <w) in Q,
there is some q € P forcing that {n < w : p, € G} € F™.

(2) A set Q C P is ultrafilter-linked (uf-linked) if it is F-linked for any
(ultra)filter F.

(3) P is p-F-linked if P = Uy, Qa with Qu F-linked in P.
(4) P is 0-F-Knaster if (VA € [P]?)(3Q € [A]?) Q is F-linked in P.
(5) The notions p-uf-linked and O-uf-Knaster are defined similarly.

Fr:={x Cw:|w~ x| <Ng} denotes the Frechet filter.

Lemma (M. 2018-2019)

If P is ccc then @ C P is uf-linked iff it is Fr-linked.
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Filter-linkedness (cont.)

For x,y € w® denote x <, y iff (Vi > n) x(i) < y(i).

If @ C P is Fr-linked and y € w* then

By ew?)(Vx ew®)(Vn<w)x£ny = (VpEQ)pK¥ x<py.
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By ew?)(Vx ew®)(Vn<w)x£ny = (VpEQ)pK¥ x<py.

(M. 2018-2019) Any p-Fr-linked poset is pt-R3-good.

(Brendle & Cardona & M. 2018arxiv) For 6 > X; regular, any
0-Fr-Knaster poset preserves 0-R3-LCU sets.
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Filter-linkedness (cont.)

For x,y € w® denote x <, y iff (Vi > n) x(i) < y(i).

If @ C P is Fr-linked and y € w* then

By ew?)(Vx ew®)(Vn<w)x£ny = (VpEQ)pK¥ x<py.

Theorem
(M. 2018-2019) Any p-Fr-linked poset is pt-R3-good.

(Brendle & Cardona & M. 2018arxiv) For 6 > X; regular, any
0-Fr-Knaster poset preserves 0-R3-LCU sets.

GMS and GKS posets for the left side of Cichon's diagram are
0-Fr-Knaster for any regular u3 < 6 < ps. In particular LCURg, (P, 0)
holds.
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Eventually different real forcing

The poset IE is defined as follows.
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Eventually different real forcing

The poset IE is defined as follows.

Conditions: (s, ) where s € w<* and ¢ : w — [w]<N0 such that
(Fm < w)(Vi < w) |p(i)] < m.

Order: (s',¢") < (s,¢) iff s C s, (Vi) (i) C (i) and s'(i) ¢ o(i)

for all i € |s'| . [s].
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Eventually different real forcing

Definition

The poset IE is defined as follows.

Conditions: (s, ) where s € w<* and ¢ : w — [w]<N0 such that
(Fm < w)(Vi < w) |p(i)] < m.

Order: (s',¢") < (s,¢) iff s C s, (Vi) (i) C ¢'(i) and s'(i) & (i)
for all i € |s'| < |s].

v

Clearly IE is o-centered and the generic real e :== |J{s : J¢((s,¢) € G)} is
eventually different over the ground model (so it increases non(M)).
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Examples of p-uf-linked posets

Lemma (ess. Miller 1981)

Eemy = 1{(s,p) € E:s=1t, (Vi)|p(i)] < m} is uf-linked.
Hence IE is o-uf-linked.
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Eemy = 1{(s,p) € E:s=1t, (Vi)|p(i)] < m} is uf-linked.
Hence IE is o-uf-linked.

Lemma

Any complete Boolean algebra with a strictly-positive countable-additive
measure is o-Fr-linked.
(b/c the set {b € B : meas(b) > 1} is Fr-linked)
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Examples of p-uf-linked posets

Lemma (ess. Miller 1981)

Eemy = 1{(s,p) € E:s=1t, (Vi)|p(i)] < m} is uf-linked.
Hence IE is o-uf-linked.

V.
Lemma

Any complete Boolean algebra with a strictly-positive countable-additive
measure is o-Fr-linked.
(b/c the set {b € B : meas(b) > 1} is Fr-linked)

A

Lemma
If |P| < p then P is p-uf-linked.
(b/c singletons are uf-linked)

\
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Left side (7 values)

Theorem (Brendle & Cardona & M. 2018)

Let Wy < g < pp < p3 < pg < us be regular and s < e = ,u6<“3. Then,
there is a ccc poset forcing
b(Ry) | b(R) . 2(Ry) .
-t c
M2 Ha I He
(Ra) (R3)
M1 M3 W,
M5
Nie & —— N
b(R,) o(Ry) (R2)
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Simple matrix iterations

A simple matrix iteration is

Vi, Vie Vg1 Vyr
composed by Qe =Gt
© a height v and a length T,
Viria V(;4'1.5 Va.\.l,ﬁ 1 Vc:: .
Qae=Qf
Vaa ‘::o—>.€_ V..s+1 YI-"W
Qu.c = {0}
Vi Ve  Vign Vis
Qe = {0}
, Voe Voe+1 Vor
Vou (LI ¢
Qo.e = {0}

v
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Simple matrix iterations

A simple matrix iteration is .,
composed by Qe

Vi Vye41 Vo
P

© a height v and a length T,
@ A:7w~ {0} - v\ Lim,
Vasti,e Vat1,e41 Vatim

>QA\L,‘,( = (.25:

Vae Vo1 Var
A

Que = {0} h

Vie Vier Vix
[ o

Que = {0}

Voe Voe1 Vo.r
LI -
QU.£ = {0}

Vo

v
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Simple matrix iterations

A simple matrix iteration is

V. Ve Vit Vi
composed by Qo=

© a height v and a length T,

@ A:7w~ {0} - v\ Lim,

Q fora<~yaFSit Vs Vasre  Vopen Vasia
(Pog, Que : € < ) such that: Bt

Vae Vo1 Var
Vot ) .
Qo= {0}
Vie Vigr Vix
Via % -
Que = {0}
, Voe Voe1 Vo.r
Vou e og .
Qo = {0}

v
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Simple matrix iterations

A simple matrix iteration is ., Ve s v
composed by Qe
© a height v and a length T,
@ A:7w~ {0} - v\ Lim,
e fOI’ (6% S ’y a FS |t Vasra V‘;‘,Lé VQ.‘.MH \/c:.u.ﬁ
i Qae=Qf
(Pae, Qae : & < ) such that: ¢
o IPa,l - Qa,o = Uqn (Oz—many Vis Ed; {VI}T.&H Var
oe = {0
Cohen reals),
Via Yo—»l’s Vl'f“ Yz"
. Que = {0}
Vor YO-i VD,.§+1 \)/(.,,,
) Qo¢ = {0}

v
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Simple matrix iterations

A simple matrix iteration is ., Ve s v
composed by Qe

© a height v and a length T,
@ A:7w~ {0} - v\ Lim,

@ fora<~vyaFSit s TR Vasie
[ s =@
(Pae, Qae : & < ) such that: ¢

Vae Vo1 Var
.

QO P,1=Quo= "4 (a-many Vi Ve Vo
Qo = {0}

Cohen reals),
Q f_or1§§<7rthereisa
Qz € Va(e)¢ such that

Vie Vier Vix
[ o

Que = {0}

- Qr ifa>A(®),
Qag = { {05} if a < A(E).

Voe Voe1 Vo.r
LI -
QU.£ = {0}

v
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Properties

Assume cf(y) > wy and P - is ccc.
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Assume cf(y) > wy and P - is ccc.

Blass & Shelah 1989, Brendle & Fischer 2011

Q@ a<Band { <nimplies P, ¢ < Pg,,.
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Assume cf(y) > wy and P - is ccc.

Blass & Shelah 1989, Brendle & Fischer 2011

Q@ a<Band { <nimplies P, ¢ < Pg,,.
Q@ Ifxce RNV, ¢ then x € V,, ¢ for some a < 7.
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Preservation 2

Assume cf(y) > wy, P, 1 is ccc and R = (X, Y, R) is Polish.
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Let ¢, € X N Vi41,1 be the Cohen real over V,, 1 added by IPy11.
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Let ¢, € X N Vi41,1 be the Cohen real over V,, 1 added by IPy11.
Clearly (Vy € Y N V,41) —~(caRy).
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QO (Vy € YN Vor)(caRy).
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Preservation 2

Assume cf(y) > wy, P, 1 is ccc and R = (X, Y, R) is Polish.
Let ¢, € X N Vi41,1 be the Cohen real over V,, 1 added by IPy11.
Clearly (Vy € Y N V,41) —~(caRy).

Brendle & Fischer 2011

QO (Vy € YN Vor)(caRy).
Q {cy:a<v}isy-R-LCU.
(3] LCUR(P’y,ﬂav)-
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Proof of the theorem

First force with ', so LCUg,((, 8) for any regular ®; < 6 < pe.
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Proof of the theorem

First force with ', so LCUg,((, 8) for any regular ®; < 6 < pg. Afterwards

Vis op Viss pep+1
Vis1e > .

EVa e mer

N Vaon)ent1
bef i

EVatce .uee

,
Va(usp)~1usp Vaop tuortt
e T

{0}

Viuap Vi pgpt1
o .

{0}

p
Vouusr VO,H.G/HJ

{0}

(p < pspa)

Height us, length 7 := peuspué,

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 37 / 45



Proof of the theorem

First force with ', so LCUg,((, 8) for any regular ®; < 6 < pg. Afterwards

Vs iap Vits mop+1 Vis s £+1 Vius us(p+1)
Vi 1o 5 _ 8 et i
EVatrerar e
]
Vae.e Va@©.e+
e % . -
Vag-1.e S Vage)-1,6+1
» . -
; 0
N Vatuop) mspt1 {0y Vot Lus(p+1)
! _ . e . e . EA
EVawer) ner
(
VA(/Acn)f Lpep VA()AG/’)*ldlcﬂ*’l Vo.uc(nﬂ)
Sa—tr D] e e . e
{0}
. Vigiop Vipgptt Vig fLert V(o)
Via meel R N . (5
{0} {0}
N Vo, jsp Vo,ugpt1 Voe Voe+1 Vous(pt1)
Vo e U N ‘ . L
{0} {0}

(p < pspa) (16p < &€ < po(p+1))

Height us, length 7 := peuspué,
$1 = LOC, S, =random, S3 = Hechler, |N¢| < ;i (i=1,2,3)
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Proof of the theorem

First force with

Viss sp Viss oot 1 Vs
Vig.1e > - * >
EVatoruen
Vae.e
Vag-1.e
N Vatuop) mspt1
L _ . e
EVatce .uee
(
VA(/Acn)fl-mﬂ VA()‘G/’);1<llcﬂ+l .
{0}
Vi, Vipop Vw.mﬂ Ve
{0}
. Vo,iap Vougpt1 Voe
Vou s 3 N
{0}

(p < pspa)

Height us, length 7 := peuspué,

{0}

{0}

;
15,41
.

Va()e+1
.

Vage)—1,6+1
.

/Le+1
.

Voer1
s

(1ep < & < po(p +1))

Vs s (041)
b}

-

V.

Vo.uc(nﬂ)
[

Vi s (p1)
o

Vo, (p1)
e

$1 = LOC, S, =random, S3 = Hechler, |N¢| < ;i (i=1,2,3)
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a+1,u(pt1)
e

Oaxaca 2019

1usr 50 LCUR,(C, 0) for any regular ®; < 6 < pe. Afterwards

Vs
e

Vo
>



A and N are constructed so that:
@ For i =1,2,3, COBRg,(P,S;) where p; < cp(S;) < cf(Si) < |Si| = pe,
so pj < b(R;), 9(R;) < p.
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A(uep) < A(pep'), satisfies pg < cp(Sa) < cf(Sq) < |Sa| = ps.
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A and N are constructed so that:
@ For i =1,2,3, COBRg,(P,S;) where p; < cp(S;) < cf(Si) < |Si| = pe,
so pj < b(R;), 9(R;) < p.
@ Sy :={uep:0<p < pspa}, ordered by pep <s, pep’ iff p < p’ and
A(puep) < A(pep'), satisfies pa < cp(Sa) < cf(Sa) < [Sa| = pis.
© Forn € 54 let e, € w* be the generic ev. diff. real over V() -
M, ={xecw” x#* e} e M, {M,:nec S}is S4-Cx-COB,
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A and N are constructed so that:

@ For i =1,2,3, COBRg,(P,S;) where p; < cp(S;) < cf(Si) < |Si| = pe,
so ui < b(Rj), 9(R;) < pe.

@ Sy :={uep:0<p < pspa}, ordered by pep <s, pep’ iff p < p’ and
A(uep) < A(pep’), satisfies pg < cp(Ss) < cf(Sy) < |Sa| = ps.

© Forn € 54 let e, € w* be the generic ev. diff. real over V() -
M, ={xecw” x#* e} e M, {M,:nec S}is S4-Cx-COB,
so COBR, (P, S4) (b/c Car =1 R4), hence pg < b(R4) and
o(Rg) < 5.
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A and N are constructed so that:
@ For i =1,2,3, COBRg,(P,S;) where p; < cp(S;) < cf(Si) < |Si| = pe,
so ui < b(Rj), 9(R;) < pe.
@ Si:={uep:0<p<pspa}, ordered by uep <s, uep’ iff p < p’ and
A(uep) < A(pep’), satisfies pg < cp(Ss) < cf(Sy) < |Sa| = ps.
© Forn € 54 let e, € w* be the generic ev. diff. real over V() -
M, ={xecw” x#* e} e M, {M,:nec S}is S4-Cx-COB,
so COBR, (P, S4) (b/c Car =1 R4), hence pg < b(R4) and
o(Rg) < 5.
On the other hand

Q For i = 1,2 iterands are R;-good, so LCUR,(IP, ) holds for regular
pi <0< ue,
Hence b(R;) < u; and pug < 0(R;).
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A(uep) < A(pep’), satisfies pg < cp(Ss) < cf(Sy) < |Sa| = ps.
© Forn € 54 let e, € w* be the generic ev. diff. real over V() -
M, ={xecw” x#* e} e M, {M,:nec S}is S4-Cx-COB,
so COBR, (P, S4) (b/c Car =1 R4), hence pg < b(R4) and
o(Rg) < 5.
On the other hand

Q For i = 1,2 iterands are R;-good, so LCUR,(IP, ) holds for regular
pi <0< e,
Hence b(R;) < u; and pug < 0(R;).

@ Since cf(7) = p1a, LCUR, (P, u14) holds, so b(R4) < pua.
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A and N are constructed so that:
@ For i =1,2,3, COBRg,(P,S;) where p; < cp(S;) < cf(Si) < |Si| = pe,
so ui < b(Rj), 9(R;) < pe.
@ Si:={uep:0<p<pspa}, ordered by uep <s, uep’ iff p < p’ and
A(uep) < A(pep’), satisfies pg < cp(Ss) < cf(Sy) < |Sa| = ps.
© Forn € 54 let e, € w* be the generic ev. diff. real over V() -
M, ={xecw” x#* e} e M, {M,:nec S}is S4-Cx-COB,
so COBR, (P, S4) (b/c Car =1 R4), hence pg < b(R4) and
o(Rg) < 5.
On the other hand

Q For i = 1,2 iterands are R;-good, so LCUR,(IP, ) holds for regular
pi <0< ue,
Hence b(R;) < u; and pug < 0(R;).

@ Since cf(7) = p1a, LCUR, (P, u14) holds, so b(R4) < pua.

Q@ LCURg,(P, us) (by Preservation 2), so 15 < 9(R4)
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Proof (cont.)

It remains to show b(R3) < u3 and ps < 0(R3).
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Proof (cont.)

It remains to show b(R3) < u3 and ps < 0(R3).
Enough to show LCUR, (P, #) for any regular p13 < 6 < pe.
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Proof (cont.)

It remains to show b(R3) < u3 and ps < 0(R3).
Enough to show LCUR, (P, #) for any regular p13 < 6 < pe.
Recall we have LCURg,(C 4, 0).
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Proof (cont.)

It remains to show b(R3) < u3 and ps < 0(R3).
Enough to show LCUR, (P, #) for any regular p13 < 6 < pe.
Recall we have LCURg,(C,;,6). Also

Forany 0 <& <, Va(e) ¢ F Qg is <ps-uf-linked".
(though it may not be true in V,, ¢)
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Proof (cont.)

It remains to show b(R3) < u3 and ps < 0(R3).
Enough to show LCUR, (P, #) for any regular p13 < 6 < pe.
Recall we have LCURg,(C,;,6). Also

Forany 0 <& <, Va(e) ¢ F Qg is <ps-uf-linked".
(though it may not be true in V,, ¢)

We are done if we show that the matrix is p3-uf-Knaster.
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k-uf-Knaster matrices

Theorem (Brendle & Cardona & M. 2018)

Let k > Ny be regular. If P is a simple matrix iteration such that
Vae)e F “QZ is <k-uf-linked” for any 0 < & < m, then P is k-uf-Knaster.
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k-uf-Knaster matrices

Theorem (Brendle & Cardona & M. 2018)

Let k > Ny be regular. If P is a simple matrix iteration such that
Vae)e F “QZ is <k-uf-linked” for any 0 < & < m, then P is k-uf-Knaster.

p-Fr-linked = p-Fin-cc (union of u-many Fin-cc subsets)
(Q@ C Qs Fin-cc if (VA C Q) (A antichainin P = |A] < Ng))
So V. ¢ F"Qg is < k-Fin-cc”, hence x-cc. Thus IP is k-cc.

For each 0 < £ < 7 there is some cardinal 0 < x and IPA(g) ¢-hames
(Qec i € < B) of uf-linked subsets of Q* s.t. Q£ Uc<e, Qe c- J
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Main Lemma

Wilog p € P iff (V¢ € suppp) p(§) € Qg is a IPa(¢),¢c-name, and there is
some fp S HfESuppp 95 s.t. H—A(g),g p(f) € Qg’fp(g).
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Main Lemma

Wilog p € P iff (V¢ € suppp) p(§) € Qg is a IPa(¢),¢c-name, and there is
some fp S HfESuppp 05 s.t. H—A(g),g p(f) € Q&fp(g).

Say that B C P is uniform if

Q {domp: p € B} forms a A-system with root r*.
@ (3r* € [Iee, 6)(Yp, P € B) fylr* = f*.

Main Lemma

| A

If D is a non-principal ultrafilter on w and (p, : n < w) C P is uniform,
then, in VP, there is some ultrafilter D* O D such that
{n<w:p,e Gp}eD*.

Diego A. Mejia (Shizuoka University) Preservation theorems Oaxaca 2019 41 / 45



Proof of the theorem

Fix A € [P]*.
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Fix an uf D and let p = (pp: n < w).
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Proof of the theorem

Fix A € [P]".
There is some uniform B € [A]® (by the A-system lemma).

B is uf-linked. \

Fix an uf D and let p = (p, : n < w). Since p is uniform,
IP forces that {n < w : p, € G} € D* for some uf D* D D,
so{n<w:p,eG}te Dt

Hence B is D-linked.
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Another application

Theorem (Brendle & Cardona & M. 2018)

Let Ny < g < po < pz < g be regular cardinals, g < pis = ,u,5<“2. Then,
there is a ccc poset forcing

cov(N) non(M) cof(M) cof(N) .
= T s
b 0
M1 M2 114
N e Seodlsayan 4
add(N) add(M) cov(M) non(N)
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The other left side

Theorem (Kellner & Té&nasie & Shelah 2018arxiv-2019pub)

Let Ny < iy < pp = u2<“2 < 3 < g be regular cardinals,

uﬁ“ < us = u5<“4, and (Vv < p3) V™0 < 3. Then, there is a ccc poset
forcing

cov(N) non(M) cof(M) cof(N)

. oc
M3 Ha T 15
b 0
H1 M2
Nie Loodles
add(N) add(M) cov(M) non(N\)
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Preservation of mad families

Fix A C [w]®.
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Fix A C [w]™0. Define Rynq(A) = ([w],w AT R 1) by

xRenah iff (In)(Vi > n)(VF € [A]<) [n, h(n, F)) | JF € x
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Fix A C [w]™0. Define Rynq(A) = ([w],w AT R 1) by

xRenah iff (In)(Vi > n)(VF € [A]<) [n, h(n, F)) | JF € x

Theorem (Brendle & Fischer 2011)
If Ais an Ry,q(A)-unbounded a.d. family, then A is mad.
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Preservation of mad families

Fix A C [w]™0. Define Rynq(A) = ([w],w AT R 1) by

xRenah iff (In)(Vi > n)(VF € [A]<) [n, h(n, F)) | JF € x

Theorem (Brendle & Fischer 2011)
If Ais an Ry,q(A)-unbounded a.d. family, then A is mad.

Theorem (Brendle & Cardona & M. 2018)

If kK > Ry is regular, P is k-Fr-Knaster and A is k-Ry,q(A)-LCU, then P
forces that A is still k-Rp,q(A)-LCU.
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