
Oaxaca September 2019

An SDDP-like algorithm for infinite horizon
multistage stochastic programmes

Regan Baucke

CERMICS, Ecole des Ponts
regan.baucke@enpc.fr



We are familiar with the deterministic control problem

min
u

T∑
t=0

Ct(xt, ut) + VT (xT )

s.t. ut ∈ Ut(xt), ∀t,
xt ∈ Xt, ∀t,
xt+1 = ft+1(xt, ut), ∀t.
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We are familiar with the deterministic control problem

min
u

T∑
t=0

C (xt, ut) + VT (xT )

s.t. ut ∈ U (xt), ∀t,
xt ∈ X , ∀t,
xt+1 = f (xt, ut), ∀t.



We are familiar with the deterministic control problem

min
u

∞∑
t=0

γtC (xt, ut), γ ∈ [0, 1),

s.t. ut ∈ U (xt), ∀t,
xt ∈ X , ∀t,
xt+1 = f (xt, ut), ∀t.



1. The naïve approach

2. Lipschitz considerations

3. Our algorithm

4. To the stochastic case



We can approximate our infinite horizon problem with:

min
u

T∑
t=0

γtC(xt, ut), γ ∈ [0, 1),

s.t. ut ∈ U(xt), ∀t,
xt ∈ X , ∀t,
xt+1 = f(xt, ut), ∀t.
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We define the following Bellman operator

Bt[V ](x) := min
u∈U(x),
f(x,u)∈X

γtC(x, u) + V (f(x, u)),

and “future-state” operator

Ft[V ](x) := f(x, u#(x)).

We can now write out our optimisation problem in terms of these
Bellman operators. {

VT = 0,

Vt = Bt[Vt+1], ∀t < T.

We wish to compute V0 for an initial state x0.
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We define the following Bellman operator

Bt[V ](x) := min
u∈U(x),
f(x,u)∈X

γtC(x, u) + V (f(x, u)),

and “future-state” operator

Ft[V ](x) := f(x, u#(x)).

We can now write out our optimisation problem in terms of these
Bellman operators. {

VT = 0,

Vt = Bt[Vt+1], ∀t < T.

We wish to compute V0 for an initial state x0.
The naïve approach | Truncation 2 / 22



We define the following Bellman operator

Bt[V ](x) := min
u∈U(x),
f(x,u)∈X

γtC(x, u) + V (f(x, u)),

and “future-state” operator

Ft[V ](x) := f(x, u#(x)).

We can now write out our optimisation problem in terms of these
Bellman operators. {

VT = 0,

Vt = Bt[Vt+1], ∀t < T.

We wish to compute V0 for an initial state x0.
The naïve approach | Truncation 2 / 22



Negatives:
I Can be difficult to control the trunctation error
I Failure to exploit self-similarity of the formulation

Positives:
I Direct compatibility with existing SDDP algorithms
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x

V (x)

¯
V (x) = min

µ∈R
µ

s.t. µ ≥ V (x̂) + 〈dx̂, x− x̂〉, ∀x̂,
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x

V (x)

V̄ (x) = min
µ∈R

µ+ 〈λ, x〉

s.t. µ+ 〈λ, x̂〉 ≥ V (x̂), ∀x̂.
||λ||∗ ≤ α.
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x

V (x)

V̄ (x) = min
µ∈R,λ∈Rx

µ+ 〈λ, x〉

s.t. µ+ 〈λ, x̂〉 ≥ V (x̂), ∀x̂.
||λ||∗ ≤ α.
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Outline of DDP, which refines bounding functions
¯
V k
t ≤ Vt ≤ V̄ k

t

For a given iteration k:

1. generate state trajectory from t = 0 to t = T using
xkt+1 ∈ Ft[

¯
V k−1
t+1 ](xkt )

2. update
¯
V k
t using value of Bt[

¯
V k
t+1](x

k
t ) and

∂Bt[
¯
V k
t+1]

∂x

∣∣∣∣
xk
t

, ∀t

3. update V̄ k
t using value of Bt[V̄

k
t+1](x

k
t ), ∀t

4. set k → k + 1
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Theorem

lim
k→∞

V̄ k
t (x

k
t )− ¯

V k
t (x

k
t ) = 0, ∀t ≤ T

Proof.
1. Value functions are Lipschitz-continuous (relies on a finiteness

of T )
2. Bounding functions have nice properties
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We define the following Bellman operator

B[V ](x) := min
u∈U(x),
f(x,u)∈X

C(x, u) + γ × V (f(x, u)),

and “future-state” operator

F[V ](x) := f(x, u#(x)).

We can now write out our optimisation problem in terms of these
Bellman operators.

V = B[V ].

We wish to compute V for an initial state x0.

Lipschitz considerations | Bellman operators 6 / 22
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If we hope to use a cutting plane algorithm to solve this
optimisation problem, we need to ensure that V is Lipschitz
continuous!

B[V ](x) := min
u∈U(x),
f(x,u)∈X

C(x, u) + γ × V (f(x, u)),

It is reasonable to assume that if all the components of the
Bellman operator are Lipschitz in some sense, that V ought to be
Lipschitz also.
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Lipschitz continuity of a multifunction U : Rx ⇒ Ru, R. Wets 2002.

U(x1) ⊆ U(x2) + κ||x1 − x2||Ball||·||, ∀x1, x2 ∈ X

x

U(x)
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B[V ](x) := min
u∈U(x),
f(x,u)∈X

C(x, u) + γ × V (f(x, u)),

Lemma (K. Hinderer 2005)
Suppose U , C and f have Lipschitz constants LU , LC , Lf ,
respectively. Then

Lip
(
B(H)

)
≤ LC(1 + LU) + γLf (1 + LU)Lip(H)
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C(x, u) + γ × V (f(x, u)),

Corollary
Suppose U , C and f have Lipschitz constants LU , LC , Lf ,
respectively. If γLf (1 + LU) < 1 then

lim
n→∞

Lip
(
Bn(0)

)
≤ LC(1 + LU)

1− γLf (1 + LU)
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B[V ](x) := min
u∈U(x),
f(x,u)∈X

C(x, u) + γ × V (f(x, u)),

Lemma (K. Hinderer 2005)
Suppose U , C and f have Lipschitz constants LU , LC , Lf ,
respectively. If γLf (1 + LU) < 1, then V is Lipschitz-continuous
on X with Lipschitz constant bounded above by

LV ≤ LC(1 + LU)

1− γLf (1 + LU)
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Similar to DDP, we are going to generate a sequence of
functions

¯
V k ≤ V ≤ V̄ k.

Question: Where should we compute cuts?

Our algorithm | Infinite horizon 11 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

Our algorithm | Infinite horizon 12 / 22



The ‘Sticky’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate new point using xk ∈ F[
¯
V k−1](xk−1)

2. update
¯
V k using value of B[

¯
V k−1](xk) and ∂Bt[

¯
V k−1]

∂x

∣∣∣∣
xk

3. update V̄ k using value of B[V̄ k−1](xk),

4. set k ← k + 1

. . .
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Problem: if xk converges, then our algorithm will get stuck.

X

This begs the question, what type of convergence are we looking
for?
It would be nice to have convergence on points generated by the
policy:

lim
k→∞

V̄ k(xk
t )− ¯

V k(xk
t ) = 0,∀t ∈ N.
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X
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The key to this type of convergence is to start from x0 at each
iteration and generate longer and longer state trajectories as
k →∞. Let Tk be how ‘far’ we look out at iteration k.

Our algorithm | Infinite horizon 14 / 22



The ‘Yo-yo’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate state trajectory from t = 0 to t = Tk using
xkt+1 ∈ F[

¯
V k−1](xkt )

2. update
¯
V k using value of B[

¯
V k](xkt ) and ∂Bt[

¯
V k]

∂x

∣∣∣∣
xk
t

, ∀t

3. update V̄ k using value of B[V̄ k](xkt ), ∀t

4. set k ← k + 1
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Theorem

lim sup
k→∞

Tk =∞ =⇒ lim
k→∞

V̄ k(xk
t )− ¯

V k(xk
t ), ∀t ∈ N.

Proof.
1. We are always looking further and further ahead and

γ ∈ [0, 1).
2. Value functions are Lipschitz-continuous
3. Bounding functions have nice properties
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Now we have a discrete, independent noise in the dynamics, ω ∈ Ω
We define a new Bellman operator

B[V ](x) := min
u∈U(x),

fω(x,u)∈X

Cn(x, u) + γ
∑
ω∈Ω

P (ω)V (fω(x, u)),

With a new ‘future-state’ operator

F[V ](x, ω) := fω(x, u
#(x))

We seek a function
V = B[V ]

and to compute it at V (x0).

To the stochastic case | Bellman formulation 18 / 22
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The ‘Yo-yo’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate state trajectory from t = 0 to t = Tk using
xkt+1 ∈ F[

¯
V k−1](xkt , ω)

2. update
¯
V k using value of B[

¯
V k](xkt ) and ∂Bt[

¯
V k]

∂x

∣∣∣∣
xk
t

, ∀t

3. update V̄ k using value of B[V̄ k](xkt ), ∀t

4. set k ← k + 1

To the stochastic case | Algorithm 19 / 22
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The ‘Yo-yo’ algorithm, refining bounding functions
¯
V k ≤ V ≤ V̄ k

For a given iteration k:

1. generate state trajectory from t = 0 to t = Tk using
xkt+1 ∈ F[

¯
V k−1](xkt , ω

∗)

2. where ω∗ = argmax
ω

V̄ k(F[
¯
V k−1](xkt , ω))− ¯

V k(F[
¯
V k−1](xkt , ω))

3. update
¯
V k using value of B[

¯
V k](xkt ) and ∂Bt[

¯
V k]

∂x

∣∣∣∣
xk
t

, ∀t

4. update V̄ k using value of B[V̄ k](xkt ), ∀t

5. set k ← k + 1

To the stochastic case | Algorithm 21 / 22
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Theorem
lim sup
k→∞

Tk =∞ =⇒

lim
k→∞

V̄ k(xk
t (ω))− ¯

V k(xk
t (ω)), ∀t ∈ N,∀ω ∈ {Ω}t.

Proof.
1. Previous theorem
2. Always focusing on the ‘scenario’ with the largest gap.

To the stochastic case | Result 22 / 22
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Conclusions

I Verify the conditions of Lipschitz continuity of V
I Adapting SDDP to the infinite horizon case
I Proof of convergence
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