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T
muin Z Ci(wt, ug) + Vp(ar)
t=0
st uy € Up(y), Vi,
Tt € Xta Vta

Tip1 = frp1(zg, up), VL



We are familiar with the deterministic control problem

T
min Z C (¢, u) + Vr(zr)
=0
st. up €U (xy), Vi,
ry € X, Vi,

i1 = (mg,u), VL



We are familiar with the deterministic control problem

min Z”th (z¢,u), v €[0,1),
t=0

u

st. up €U (xy), Vi,
ry € X, Vi,
i1 = (mg,u), VL
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4. To the stochastic case



We can approximate our infinite horizon problem with:

min Z'y (x,u), v €][0,1),

s.t. wu € L{(a:t), Vt,
x € X, Vi,
T = f(2,ue), VE
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We define the following Bellman operator

B [V](x) := ugi(g) Y CO(z,u) + V(f(z,u)),
Flou) X
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We define the following Bellman operator

B [V](x) := ugi(g) Y CO(z,u) + V(f(z,u)),
Flou) X

and “future-state” operator
Fo[V)(z) := f(z, v (2)).

We can now write out our optimisation problem in terms of these
Bellman operators.

VT - 07
Vi = By[Viga], Vt <T.

We wish to compute Vj for an initial state x.
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Negatives:
» Can be difficult to control the trunctation error

» Failure to exploit self-similarity of the formulation
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Negatives:
» Can be difficult to control the trunctation error

» Failure to exploit self-similarity of the formulation

Positives:

» Direct compatibility with existing SDDP algorithms

The naive approach | Truncation 3/22



The naive approach | Convex bounding functions

4/22



The naive approach | Convex bounding functions

4/22



The naive approach | Convex bounding functions

4/22



V(z) =min p
peR

st. pu>V(2)+ (dz,x — ), VI,
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Xz
o R
V(z) oo ft (A x)
st. p+(\z) >V(2), Vi

Al < .
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lim VF(aF) - VF@ah) =0, vt < T

k—o0
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lim V(7)) — Vif(ap) =0, Vt < T

k—o0

1. Value functions are Lipschitz-continuous (relies on a finiteness
of T')

2. Bounding functions have nice properties
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We define the following Bellman operator

BIVI(@) = min () +7 % V(f(z,0)
f(a:,u)EQ;(

and “future-state” operator
FV](z) := f(z,u”(z)).

We can now write out our optimisation problem in terms of these

Bellman operators.
V =B[V].

We wish to compute V' for an initial state z.
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continuous!



If we hope to use a cutting plane algorithm to solve this
optimisation problem, we need to ensure that V' is Lipschitz
continuous!

B[V](z) := oo, Cla,u) +v x V(f(z,u)),
f(z,u)e)yc'

It is reasonable to assume that if all the components of the
Bellman operator are Lipschitz in some sense, that V' ought to be
Lipschitz also.



Lipschitz continuity of a multifunction I/ : R* = R", R. Wets 2002.

U(zr) CU(22) + K|z — xo||Ballyy, Vo, 20 € X

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + K|z — 29||Ballyy), Vi, 20 € X

T

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + K|z — 29||Ballyy), Vi, 20 € X

T

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(22) + K|zt — 29||Bally)), Vo, 20 € X

T

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + K|z — 29||Ballyy), Vi, 20 € X

T

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + Kl|lz1 — 29||Bally)), Vo, 20 € X

T

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + K|z — 29||Ballyy), Vi, 20 € X

e, 0
», o
e, !
N x

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.

U(zy) CU(T2) + K|z — 29||Ballyy), Vi, 20 € X

e, 0
», o
e, !
N x

Lipschitz considerations | Lipschitz multifunction 7/22



Lipschitz continuity of a multifunction &/ : R* = R", R. Wets 2002.
U(x1) CU(x2) + K|z — a2||Ball)y), Vo, 20 € X
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.
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. »
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BIVI) = min (w0 +7 % V(fz.0)
f(z,u)ez%

Lemma (K. Hinderer 2005)

Suppose U, C and f have Lipschitz constants LY, LY, L7,
respectively. Then

Lip(B(H)) < LE(1 + L*) +~vL/ (1 + L¥)Lip(H)
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BIVI) = min (w0 +7 % V(fz.0)
f(z,u)ez%

Corollary

Suppose U, C" and f have Lipschitz constants LY, L¢ L/,
respectively. If L (14 L¥) < 1 then

LO(1 + LX)
lim Lip(B"(0)) <
Jim Lip(B"(0)) < = yLI(1 + I¥)
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BIVI) = min (w0 +7 % V(fz.0)
f(z,u)ezyl’

Lemma (K. Hinderer 2005)

Suppose U, C and f have Lipschitz constants LY, LY, L7,
respectively. If yLY(1 + L%) < 1, then V is Lipschitz-continuous
on X with Lipschitz constant bounded above by

= 1— yLI(1+ LH)
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Similar to DDP, we are going to generate a sequence of
functions V¥ <V < V¥,

Question: Where should we compute cuts?
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Problem: if 2* converges, then our algorithm will get stuck.
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Problem: if 2* converges, then our algorithm will get stuck.

8

X

This begs the question, what type of convergence are we looking
for?

It would be nice to have convergence on points generated by the
policy: B
lim V*(zF) — V*(2F) = 0,vt € N.

k—o0
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The key to this type of convergence is to start from xz, at each
iteration and generate longer and longer state trajectories as
k — oo. Let T}, be how ‘far’ we look out at iteration k.
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1. We are always looking further and further ahead and
7 €10,1).
2. Value functions are Lipschitz-continuous

3. Bounding functions have nice properties
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Theorem
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limsup Ty = 00 =
k—o0

lim V*(2¥(w)) — V*(zF(w)), Vt € N,Yw € {Q}.

k—o0

1. Previous theorem

2. Always focusing on the ‘scenario’ with the largest gap.
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