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measure on 9BY.

The classical Hardy space H?(BY) is defined as the space of
holomorphic functions f € O(BY) such that

I3 = sup [ IF(rO)Pdor(Q) < +ex.

O<r<1

Let also R® be the fractional differentiation operator

R Y caz?)= ¥ (lal+ 1)°caz”.

aeNd aeNd
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Ks(z,w) =

W,s<d/2; K%(Z’W):z-wlog
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For operator theorists Drury - Arveson’s space is of fundamental
importance, essentially because of Drury’s inequality;

Theorem (Drury’s von Neumann type inequality)

Let A1,...Aq a commuting row of operators on a Hilbert space H
such that

d
Z A?A,' <id.
i=1
Then for any complex polynomial p of d variables we have

Ip(Az, - Ad) I Ba) < ”sTp Ipf].

Where the norm | - || is a norm equivalent to | - || a-1.
2
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Theorem (Arazy & Fisher (1985) d = 1, Peloso (1992) d > 2)

The Dirichlet space (s = %) is the “unique” Hilbert space of
analytic functions in the unit ball which contains constants and is
invariant under composition with biholomorphisms of the unit ball.

In fact there exists seminorms for Hﬁ such that

2
If o] = ||f]|, Vo € Aut(B?). For d =1 this seminorm is exactly the
square root of the area of f(B!).

Surprisingly enough we are lacking a simple geometric
interpretation of the same quantity for d > 1.
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The Drury Arveson case via a T (1)-Theorem

Let M(H?) be the space of functions f in the unit ball such that
f-geH? VgeH?

This is an Banach algebra equipped with the norm of the
multiplication operator, i.e.;

[£lpqrzy = sup [f-glre.

lgll 21
(Recall Drury's inequality) It can be proven that

Il atcHzy = 1l Hee + [Flem s
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Multiplier space
The quantity [f]

Geometric ch erizations of Carleson meast

Carleson measures and multipliers

The Drury Al n case via a T (1)-Theorem

To understand the quantity [f]cu, s we need to introduce
Carleson measures. Let 1 a positive Borel measure on BY.

We say that i is a Carleson measure for H2 if H2 ¢ [?(B?, dpu).

The Carleson constant of p is the norm of the identity operator
id: H2 - [2(BY, dp).

Then [f]cm s is the Carleson constant of the positive Borel
measure,
(1= 20 F(2)*(1 - [2))* *dAa(2).

Where m > s is an integer and the quantity is comparable for all
m>s.
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Let also for r<1,( € oBY,

Qr(C) = {ZEIB_d;“_—Z-ZlSI’}, /r(C) = aBder(C)

Theorem (Stegenga 1980, Ahern & Cohn 1989)

Let % >s5> %, then a (positive Borel) measure 1 is Carleson for
Hs2 if and only if for all (1,...Cx € 8Bd, r,...rn <1 we have

k k
#(U @ (@) < & U ()):
For s < 9=1 this condition is sufficient but not necessary.
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(1) The kernel defining the s-potential is the reciprocal of a
quasidistance, i.e.
1 1 1
< ( +
Ks(z, w) [Ks(z, )| [Ks(y, w)

), Z,y,WE OB,

(2) This implies (Adams & Hedberg) that the potential satisfies
the so called boundedness principle, i.e.

1Zas (1) | L= (omay < M| Zas (1) | Lo (supp )

(3) In turn this implies a strong capacitary inequality,

_/0 Co(Zs(p) > \)dA? < MH:U’”i?(dcf,]Ed)
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This proves sufficiency.
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2
The Drury Arveson case via a T (1)-Theorem

So what goes wrong for s < 9>1. Nothing... only that considering a
potential associated to the absolute value of the kernel K is too
crude in most cases.

It is only the reaI part of the kernel that only matters. It just
happens that for S2s>9%= d L we have

ReKs(z,w) ~ |Ks(z,w)|, z,weB9.
For the Drury Arveson space s = % the real part of the kernel is

still positive, while for s < % the real part of the kernel is signed
(things are even worse in some sense).
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Op(z) = (O, KZDA)Hg = (0, K2 120y = f 17w

By testing ©*0 : [%(du) — L2(;1) on characteristic functions of
sets of the form Q,(¢) we have the following necessary condition
for the Carleson measure y;

1 2
/c»(c) ( [o,«) Req —z-wd“(w)) dp(z) < M'M(Qr(g))-.
(T(1)-Testing)

Theorem (Arcozzi Rochberg Sawyer 2007, Tchoundja 2008)

A measure p is Carleson for DA if and only if satisfies the T (1)
condition and pu(Q,(¢)) SM-r
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admissible space which in some set of points assumes preassigned
values.
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Interpolation

The general idea of interpolation problems is that one is asked to
construct (or prove the existence) of a function in some
admissible space which in some set of points assumes preassigned
values.

For example the elementary fact that for any complex numbers
21,22, ...2Zn, W1, ... W, there exists a polynomial p of degree less
than n such that p(z) = w;, is a an interpolation result.

We would like to study interpolation problems that the space of

admissible functions consists of holomorphic functions and
carries some Hilbert space structure.
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Let # a rkHs in the unit disc and Z := {z;} ¢ BY a sequence, the
associated weighted restriction operator are defined as follows.

Tz:H -0

(@)
Satral

The dashed arrow means that a priori Tz is not defined
everywhere. If Tz is surjective we say that it is simply
interpolating (SI) (also onto interpolating exists in the literature).
Explicitly

V{a;} € 2 3f € H such that f(z) = a;||K,,|.

Finally if Tz is surjective and bounded, Z is called universally
interpolating (Ul).
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The interpolation problem
Some consequences of the definition

The characterization of interpolating sequences
Random Interpolation

Interpolation

© The boundedness of Tz is equivalent to say that the measure

0z
W= LR

zeZ
is Carleson for H, i.e. H < L?(B?,duz).

@ A geometric condition which is implied by simple interpolation
is the so called weak separation (WS). This can be expressed
in terms of the Gleason metric

(K2, Kuw)P?

de(z,w) =\|1-———
| Kz 12| K [12

=|sin <« (K, Kw)|-
inf do (21,2) > 0 (ws)
i#]
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The interpolation problem
Some consequences of the definition
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@ For Hardy Sobolev spaces H52,s < d/2 weak separation is
equivalent to separation with respect to the Bergman metric
in the unit ball. For s = %’ the weak separation condition is
more complicated.
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Let % <s< %. Then a sequence Z € BY is universally
interpolating for H? if and only if it is weakly separated and djz is
a Carleson measure.

@ For d =1,s =0 Carleson 1958, Shapiro & Shields 1961

@ Ford=1,0<s< % Bishop 1994 (preprint), Marshall and
Sundberg 1994 (preprint)

o Forall d and 2 <s< ¢, Boe 2005

@ All d and s in the theorem, Aleman, Hartz, McCarthy &
Richter 2017, Hartz 2020 (In fact their result holds for all
complete Nevanlinna Pick spaces).
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In some way random sequences give us a sense of which situations
are "generic’. One possible way to consider random sequences are
the so called Steinhaus sequences. Let (, an independent random
sequence of points in 9B? distributed according to the Lebesgue
measure do and a (deterministic) sequence of radii {r,} < [0,1).
Then the sequence A = {A,} of random variables

An = raCp

is called Steinhaus sequence. Notice that being interpolating (in
any sense) is a tail event. Therefore Kolmogorov 0-1 theorem
applies.

Hence there exists a condition on r, which determines whether A,
is interpolating with probability 0 or 1. Same applies for weak
separation, and the Carleson condition on dyuz.
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We introduce a counting function in order to fomulate our results;

Ny :=#{r:n<3(0,r;)<n+1}

Theorem (C., Hartman, Kellay, Wick, 2021)

Letd=1, 0<s<1/4, then

Y12 N2 < o0

1,
P(A is Ul for H?) = iff o .
0 Y12 "N = oo,
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Ny :=#{r:n<3(0,r;)<n+1}

Theorem (C., Hartman, Kellay, Wick, 2021)

Letd=1, 0<s<1/4, then

Y12 N2 < o0

1,
P(A is Ul for H?) = iff o :
0 Y12 "N = oo,

Theorem (CHKW)
Letd=1, 1/4<s< 3, then

anl 2—n(1—2s) Nn < 65

1
. 2\ _ ) H
B(Ais Ul forHs>—{O if {Z 22 = oo
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(CHKW)

1’ n M < o0
P(Ais Ul forH) =1 " if Y21
2

N,
anl Tn = €9,
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N,
anlTn < oo

N,
anl Tn = .

1,
P(Ais Ul forH?) = 0 if
2

For Hardy Sobolev spaces in higher dimensions similar results have
been investigated by Dayan Wick and Wu.

22/23



Interpolation

Theorem (CHKW)
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N,
anlTn < oo

Np _
n2l —, = °°.

For Hardy Sobolev spaces in higher dimensions similar results have
been investigated by Dayan Wick and Wu.

Theorem (Dayan, Wick & Wu, 2018)

d

Let d >2 and%£s<§;

1,
P(Ais Ul for H?) = {0 if

anl 2—n(d72s) Nn < 00

anl 2—n(d72s) Nn = @9
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Thank you for your attention !
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