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The Euler equation for an incompressible inviscid fluid in R?
in Vorticity-stream formulation. is the problem of finding (w, 1))

that solves the vorticity-stream system
wi + V- Vw =0 in R? x (0, T)
Y= (-A)"w in R2 x (0, 7) (V)
w(-,0) =wo  inR?

where ) )
(-8)7 ) = - [ log - Fy) .
YIS R2

x =yl
1 [ (y—x)"
7L,
u(th.)—V w_2ﬂ_/R2 \x—y!2 (,u'(y,t)dy

is the velocity field of the fluid (The Biot-Savart law). w is its
vorticity, w =V X u =

e Global existence and uniqueness in L°°(R2) of the initial value
problem (V) is known: Wolibner (1933), Yudovich (1963).
Solutions are regular if wq is.



We are interested in describing the evolution of solutions to system
(V) whose vorticities w(x, t) are very concentrated around a
finite number of points.




Analysis of solutions with highly concentrated vorticities:

A mathematical subject with a long history: it traces back to
Helmholtz (1858), Kirchhoff (1876), Routh (1881), Lagally (1921)
C.C. Lin (1941).

Formal N-vortex singular solutions (w®, V*) of (V):

N
w(x, t) = Z 8mr; 6(x — &(1)),

where §(x) is the Dirac mass at 0, x; € R, & : [0, T] — Q.
Since W° = (—A)"1w®, we must have

1

N
Ve (x,t) = Z;{jr(x —¢&i(t)), T(x)=4log i
j=1

Formally we compute



wi + VIS Vet = —Z87r/<cJV5 )&,

+Z87Th ik VT (x = &) - Vé(x =)

ij=1
N
=8r Z[—/ﬁjéj + Vi‘ <87TZ/<L,'/<LJF(X — f,))] . V(S(X -
Jj=1 i#j

We use I(x), d(x) are “radial”: VAT(x — &) - Vd(x — &) = 0.
Thus (w*.V?) is a “solution” of Problem (V) if and only if
(&1, .., &n) solves the planar N-body problem

. _c. 1
&(t) = Z4nfM j=1,...,N. (K)




A Natural question: Do solutions whose initial vorticity is highly
concentrated around a finite set of points have “vorticity packets”
evolving by a dynamics approximated by (K)?

We define wg. and Wq. explicit e-regularizations of the singular
solution

N
= Brdlx— (1), W, 6) = Z%")g =T
j=1 J
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Woe(x t)—ZQFLJ Iog;| (O 1 22
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woe(x, t) = —=U < , U(y) =
0=(, 1) ;62 0 5 o) (1+y[?)?




We have (—A) two. = Wo. and [p, Up = 8. We get

N
1
0e — Z Ko (x—&i( VAo 2 =) " 32mk7o(x—&i(1)).

|log £ =

We prove that for a given colisionless solution of the system

1
Zm&t §(1) j=1,...,N. (K)

t) = &)

there is a solution of system (V) that differs little from (Wo., woc).



Theorem (Davila, del Pino, Musso, Wei, ARMA 2020)

Let £(t) be a colisionless solution of (K) in [0, T]. There exists a
solution (we, V¢) of Problem (V) of the form
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(,UE(X; t) :Z %UO (X;EJ> + (b(X? t)

Jj=1
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where for some 0 < o < 1 and all (x,t) € R? x (0, T) we have

ko1 x =&
<R

j=1
[(x, 8)] + e[ Db, )] < &2,




In particular:

k
oS - g) an—fj
j=1

\logﬁ\

A prior result along these lines, Marchioro and Pulvirenti (1993).
Ingredients in the construction:

e Improvement of the approximation in powers of ¢ using elliptic
and transport equations.

e Setting up the problem as a coupled system of inner problems
near the singularities and and an outer problem more regular (the
inner-outer gluing scheme)

e A priori estimates to solve by a continuation (degree) argument.



Improving the approximation. Let [o(y) := log W,

« X—gj(t) Kj 5
\UOE(X, t) = Zfijro f — 8771’ log 8¢

We want to solve the equation E(w, V) = 0, where

E(w, V) i =w: + ViV .V, —-AV=uw.

%f(t). We look for a solution of the form

Near §(t) write y =

W= Woex, 1) + 10(y, 1), w = ZU(y) + 50y, 1) |




In terms of the y-variable we get the expression

eE(w, W) =e%¢¢ + (—e€ + Vy Voo + £;V59) -V, (Vo + 8),
*Ayw :Qb

We have

Voo (x, t) = x;To(y) + ¢(x) + O(e?) + constant, = X%gj,

o(x) = Z kil (x = &).
i#]
By assumption éj = Vip(&), hence we get
—Eflj + V)J,'\Uog(fj +ey) = vaj‘(ro +R)
with R = O(2|y?).



*E(w, V) =%, + /ﬂ:jVj(Fo(y) +R+1)-Vy(Uo+ 9),,
_Ayw =¢
R =0(’|y[?)

Let f(u) = e". Since Uy = f(Ip) we find

e*E(w, V) =%¢; — 1V To - V(Ay + F/(To)y)
+ mjVLR - VU + EJVLRV¢ + Ve,

The 0-error term:
e*E(woe, Vo:) = VIR - VU = O(?|y| ™).
We obtain a reduction in the error by solving the elliptic equation

—V,To- V(AP + f'(To)p) + VIR - VU =0



After sufficiently improving the approximation we solve the
problem by a continuation (degree) argument, which near each §;
reads approximately as

e2¢r — VAoV (A + f'(To)Y) + E(y, t) =0
—AY=¢ inR?x[0,T]

with E = O(£°p73).

A basic ingredient' A priori estimates under initial datum zero
and [ yo(y,t)dy =0, fpa é(y,t)dy =0

~1 ~1
6, )Uq *[[72 S e loge] Sup]HEUo iz
t ’

This allows a fixed point scheme to work when E = O(s5p73).



The generalized surface quasigeostrophic equation (SQG)
Let % <s< 1.

wi+ Vi -Vw=0 inR2x(0,7T)
Y= (-A)"w inR?x(0,T),

1

(—A)SF(y) = cs / )

R [X —




Z d|£l %()&)25, j=1,...,N. (Ks)

Theorem ( M. D., Antonio Fernandez )

For a colisionless solution £(t) of the N-body problem (Ks) there
exists a solution of (SQG) such that

N

N 1 (x=§ R
w(x,t)Nij€2Uo( 5 >7 UO(Y)—(1+|X‘2)1+5

j=1

The proof is substantially harder.
Special case: A travelling wave solution for the case of a travelling
vortex pair: Ao, Davila, del Pino, Musso, Wei (TAMS, 2021).



Nearly singular solutions for Euler in R3?

Open question: Solutions with concentrated vorticities near
curves (filaments): the Vortex filament conjecture (Helmholtz, Da
Rios, Levi-Civita 1858-1906-1931).




We consider the Euler equation in R? in stream-vorticity
formulation

wr+(u-Vw—(w-V)u=0

1 7/ — A\
u=Vxy, w(x,t)zﬁ/wxx_yyzxw(y.,t)dy. (V)

(w =V x uin R?). We want to find solutions with vorticity
concentrated on a time evolving curve (filament) [(t) parametrized
by arclength as (s, t) in R3.



Vortex filament dynamics. (After Helmholtz and Kelvin) is a
solution w.(x, t) of (V) concentrated in a tube radius ¢ so that

we(-, t) ~ C(sr(t)tr(t) ase — 0,

tr(¢) tangent vector field, dr(;) the uniform curve Dirac measure.

1904, Da Rios formal law: Letting 7 = t|loge|, v(s, T)
parametrization by arclength of ['(7), k curvature, then
c c
Yr = E(’\/s X 7’55) = E"@br(r) )

br(;) binormal vector. This is the binormal flow of curves.




The vortex filament conjecture:

Let () be a solution curve of the binormal flow defined in [0, T]
for some ¢ >0, T > 0. For each € > 0 there exists a smooth
solution w.(x, t) to (V) satisfying in the distributional sense,

w::(', T

) = cOr(ntr(ry ase—0, forall 0<7<T.
log €|

Natural: To look for a solution of the form

1 z
we(x,7) = - Uo (g) triy+o(l), x=9(7,5)+z1br(r)+ z2nr(),

This statement is only known for special curves associated to
travelling wave solutions: the thin vortex ring first found by
Fraenkel, and recently a helicoidal filament.



Examples: a helix whose horizontal section rotates at a constant
angular speed or a vertically translating circle are solutions of the
bi-normal flow of curves.




Solutions W(x, y, z, t) of 3d-Euler with Helicoidal symmetry can be
obtained from a scalar function w(x + iy, t) in the form

S(x,y,2,t) = w(e Z(x + iy), ) ["(X Z iy)}

where

{| log e|we + V1 4 - Vw =0

-V - (KVY)=w
1 /@2—|—y2 —Xy
K(Xu)/): H2+X2+y2 < —xy k2 4+ x2

Rotating helicoidal solutions:

w(x + iy, t) = w(e(x +iy)), »((x+iy),t) = (e (x + iy)).

The problem reduces to the elliptic equation

—V - (KVY) = f(¢ — %\ loge|(x®* +y?))=w inR?




2e!. we prove:

Special case f(u) =¢

Theorem (D4vila, del Pino, Musso, Wei, Arxiv 2021)

There exists a solution 1. to the equation
—V - (KVY) = 26?7 jp R?

such that €2e¢—%| log e|(x*+y?) _ 87T5(X070), Xo > 0, for a suitable
choice of «.

« is precisely the number that makes the "rotating helix"

S

i( —at)
e 1/b2+><02 (XO 4 IyO)
FY(S’ t) = bs

a solution of the binormal flow



Another known solution of the binormal flow that does not change
its form in time is the vortex ring.
Axisymmetric Euler no-swirl: Cylindrical coordinates

w(r,z,t) = W(r,z, t)(—y,x).

After rescaling time, we get

|log e|rW; + V4 (r?y))VW =0
_(wrr + %djr + wzz) = —-Asp =W

¥r(0,z,t) = 0.
Fraenkel's exact traveling ring solutions (1970-1972):
W = W(r,z — at). It solves
—arl|loge|W, + VE(r?¢)V(W) =0
—Astp =W
Take W = F(r?(¢ — a|logel)).
D



Leapfrogging Vortex-Rings

Helmholtz 1858: We can now see generally how two ring-formed
vortex-filaments having the same axis would mutually affect each
other, since each, in addition to its proper motion, has that of its
elements of fluid as produced by the other. If they have the same
direction of rotation, they travel in the same direction; the
foremost widens and travels more slowly, the pursuer shrinks and
travels faster till finally, if their velocities are not too different, it
overtakes the first and penetrates it. Then the same game goes on
in the opposite order, so that the rings pass through each other
alternately.




Aim: Mathematically justify the leap-frogging dynamics for the 3d
axisymmetric Euler flow without swirl.

|log e|rW; + VH(r?y))VW =0
_(¢rr + %wr + 1;Z)zz) =W

Yr(0,2z,t) =0
2 1 X — a;
W(r,z,t)=> r(a) ' 5 U g
(r,z,) j:1r(aj) 612 0( £ )

where a; = aj(t),e; = ¢j(t), j=1,2 and \/r(aj)ej(t) = ¢,



Theorem [Davila, del Pino, Musso, Wei, 2021] Let

a(t) = (a1(t),...,an(t)) be a colisionless solution of the system
bi(t) = (bi=b)t _ r(b) (O
(&) =2z bl ~ 7 | 1
bj(0) = b7
b;(t t b;(t
I RN (10 R N C10),
|log €| n  4/|logel

in (0, T). Then there exists a solution W of 3D axisymmetric
Euler flow (without swirl) of the form
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