Gykomolow of stacks of shtukas L

§ 1 : Infroo&lc tion

let X be a smovtk frvjecﬁue 3eometwcaﬂ} aonnecfeo( curve

over I , char () =p .
let F be the funct{m ﬁe(o( 0f X .

let G be a (sfl,it) connected  reductive grosp  over IFy .

For sim‘pb'citj , weé assume 't}mt G Is Semz'sim/fZe /:mo(

we cansia[ar —t}te case withaut leve[ Structure

Let J#F let & be +the anglmw/s Ausd grotp af
Q} &G = (Z.vt, 'GLn

over &,
G:S)—") C’i :PGLVL

C:' :SOZMI ’ é\ :—S
Autama'r,?}n‘c sfa/e : 1= 2Pz2n

let A be the ving of adéles of F
O be +the 'VMJ af p‘ntejmo/ adléles

We have the vector s/?ace of aautomorfldic forms:

Funct, ( GENGPY 60> , & )
T

( continuous functians witl' &arryact saffnt) @



I't IS a @_ vector Sface , mwg )mue fnf‘m'i‘e oé‘men.h‘avl .

It s e7w‘/>eo{ Wi‘f)’l an  Aaction (Jf f)ze ‘c}[obw( Heck e

a/ljeb‘f()t HG L — FIMCfc (G[@)\GM)/&(@)/ Z( ) bg am./a[aum .

Let Buné be -t}te Classifjinj stack af C}-bww[/es

for S affine scheme  over IFZ

all the /mméxcfs are
Bung (S) = { G-burolles over XxS }

ovex /FZ

It is an  Artin sfac/( over /FZ‘ XXS?:)(,"FZS

Exem/fle: G=Sln |, B”‘"SL:.(S) s { yomk n vector bundles over

X%S , with o +1iw‘w&‘zati0ﬂ Of determinant }

m I;mfn'owlmf) ,f Xe /P‘/ G = Sla

Bunsh(lf;) = { O(n) @ Un) ’ néZ»o}

Fact: we }mwe an /‘somoff}u‘sm

ar¥P/aw) = Bg ()



Thus  the space of owtamar/?}%'c furms IS

Fanct, (Bun(, (/ff ), ﬂ: )

$2 . Stacks of shiukas

let I =1{1,2,~,n} be a fnite set.

We a/ef;ne the Hecke stack @:

j’w S affine scheme  over //27 )
Hecke, ; (S) : = {(x,,--u An ) | ﬁ,ﬁej, f’-‘; -?‘ﬁ)gn }

where A, o, An € X(S)
gﬂ: 5', ) 5’1 € Buné (g> r,)fu 3 37@?1‘ Of X, n XXS
4, —f'—» 4. is an fsomn,?]'h‘sm over XxS-[%

5._?_1_) ) ¢ om iSomn'TLu'sm over X"‘S"r’x;

ﬁﬂ‘l '_‘-) n l\s Ml Rm"fl‘dsm om XXS - l}n



Sht e iy H“kfé,z ( ), 4o ’5 "’ ﬁﬁ)

l{(ﬂbfﬂn) I
(Iol, Frob )

Bung —  Burg x Bung (4, 4§ )

Recaﬂ -t}lat Buné s & over IF?  We have the Frobenius

Frob

mervifm Bung, — Bumg
For S affne  scheme over Uy S — Bung
F’"’j’ l ’a l F'rol)
F%b 5 —_ BLWIG

Bung (s) —— Bung(S)

ﬁ over Xx$ iy [Io{x X Fofobs )*g . Tﬁ

We o(efine the stack af shtukas Wiflt I paws to be

the fbef Fwo&lct Sht;
abave

we call a shtuka a  S-prant of Sht;




xi € X(5)

Shtl (‘S) - { (%, An ), 50 f’")gu =2 Y i f""’ gn - fg‘o }

o { (%1, 0 Xn ), ﬁo f"’ 5, =e=d e o ’ 501-' ’?l) Tg" }

Fact. Sht; is an indpetive Limit ”f Del.'gne_/viumfaw( stacks |

£xgm,’)l€: when 1= ¢ errbl’ty set ’ H€Ckeé,l = BN"&
-t)le above aéotg?'am i

B“"&('FZ) —>  Bung

I
J |2
(Lol, Frob )

Buné" B Bu"ﬁ X Buﬂé'

skty = Bung ()

§ 3 Geometric Satake efuivalence

let Gr, be the affine grassmanion , i-€. Grg :LG/UG )

where . Lovp group LG (GucR ) = G (Rt ) |

®

positive wa group 114 (%mK) = G( K[[ﬂ])




—

Fact - 614 s an )‘)’lﬂ/— fﬁ}teme over ”; .

For S=S/w4/1 ﬂﬁfme scheme  over /—}; )

G (5) = | E‘,K»a . é;xs};rzzzw}
Eomv

where 5, g are Gbundles over SpeeRIET]
¢ is an isomw]’hfsm over SFMR((t))

¢ 15 a *tﬂmbo[i zotion  over S’/u_, RCtIT

16 C Grg
Geometmc Safake eiw'uw[%n e
Ref@ (G ) L= Fewm ( Grg )
w —> S Suﬂawteo/ ort Some clogeo{'
s’uJDScheme Uf :fiwite aé‘n@ns.‘m
o[ucf fuxm Gr
{enSDY ( G, W
FW rwo&/tfff
Functuﬂﬂr( :
Sufrl’ff on
W, & Wa — S @ Sws Graw U Gtows

W — W —> L — @




intersection wm,fl&x
g

W)le-n woois j‘rYea./acine , Sw 5 isarﬂa}’/))m'c to lcéfa,w )

//{’/2’--"’1)‘
Now Zet T be o ffm‘te set

Le’c GYC 1 be {/ze Bei(/{nsm- Dﬂhfe[f{ oof{n,e gfragsmm'm‘m’(_
1)

over )(1

wheve  Xi,o A € X(S)
o, b, En e G—bmufﬁc over *fg&;ﬁ

Eo---a E' Js  ant 1senL over U/qao)(.; - FX.
1€l

‘iI’L}E i am isom over W o = T,
i el

G is a -f,ﬂ-.,{al«‘wﬁm over ig [T x:
let (UG )l be 'ﬁ]’le J[am,.[y( gf f)os}ﬁve Lco/: 3»1:1,.175 over XI.

Tt actts o Grgp . @



We }’ICWE A functo—/ Uf mon/m‘o[a/( [‘afegcfﬂ'e/f 2

Rff&(é\l ) > ferv (G?’GII )

(v6),
SMﬂJUY‘feO(’ o Some. cfawj
Subsc}w OJD fcwi'a oém

w J—> L8

W

/Lri.u‘lctcnﬂt( GYG,I,W

Factorisation structure

S4 " &a}wwbg? "]0 stacks '70 shtukas

We have o mmy)]aﬂkm )7(7 restrictiol .

/’/eckeé’ 1 sy [ (g );_\ Grgz |

n ¢l n
((X:,"‘))(n) 5 50?6'-’»5‘ - -f*§n> = ((X»w-,xn), ga] sy '5‘19 én} )

Ulox; Uleoxs

Sht; — HcckeGJ_ — [(L*G)I\G@,I]




F'n')’)oslt-un (l/. laffwgue ) : ¢ B fwmaﬂatl S'quf/”( i

For w ¢ Rel)ée (C;'\I) i we "éf’h’e ﬁ,w T E*SI'W ’

Fiw s a perverse s}zeaf on Shtl ) Suﬁnﬂfeﬁ/ o some fwte dim

C[O;w( SLL))S'%MIIQ 5}11‘1 oF

W}um woois 1‘*rreaéw.'lw[e . 7_01,1,,/ IS r\somur/?)«n‘c ‘o 1C

Shtrw

Sht, ;2
F
X7 Hiw = Rp Frw

Def—- Vjé Z, we aéf/w 'é}u/k&o)wrrwldg;{ sheaf
a(oﬁ're J
HIJW t= }@F' fl,w

It s an inodtctive L‘rm‘t af ocmsfszﬂHE EQ{—S)‘-%V% over XI.

@
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