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Chapter 1

Mathematical Programming in Data
Mining and Machine Learning
(07w5078)

Jan 14 - Jan 19, 2007

Organizer(s): Michael Jordan (UC Berkeley, Department of Computer S@gndéiming
Peng (University of lllinois at Urbana-Champaign), Tom&sggio (MIT), Katya Schein-
berg (IBM TJ Watson Research Center), Dale Schuurmans €sity of Alberta), Tamas
Terlaky (McMaster University)

Overview of the Field

The field of Machine Learning (ML) and Data Mining (DM) is faged around the following problem: Given
a data domaiD we want to approximate an unknown functigfx) on the given data set C D (for which
the values ofj(x) may or may not be known) by a functighfrom a given class so that the approximation
generalizes in the best possible way on all of the (unsedgajda D. The approximating functiosi might
take real values, as in the case of regression; binary vesen the case of classification; or integer values,
as in some cases of ranking; or this function might be a mappétween ordered subsets of data points and
ordered subsets of real, integer or binary values, as indke of structured object prediction. The quality
of approximation byf can be measured by various objective functions. For instamthe case of support
vector machine (SVM)[4] classification the quality of thepagximating function is estimated by a weighted
sum of a regularization teri f) and the hinge loss terpn_ _ , max{1—y(z)f(x), 0}. Hence, many of the
machine learning problems can be posed as an optimizatidodgan where optimization is performed over a
given classF for a chosen objective.

The connection between optimization and machine learraligqugh always present) became especially
evident with the popularity of the SVMs [4], [24], and the keF methods in general [75]. SVM classification
problem is formulated as a convex quadratic program.

1 r -
max —50 Qa—c2§i

(P) s.t. —Qa+by+s—&=—e,
0<a<e s>0, >0,

wherea € R" is the vector of dual variables,is the bias (scalar) andand¢ are then-dimensional vectors
of slack and surplus variables, respectivelyis a vector of labelsg is the vector of alll’s of lengthn and
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c is the penalty parameter of the loss function in the objecti® is the label encoded kernel matrix, i.e.
Qij = yiy; K (x;, x;), whereK (-, -) the the kernel matrix (or function) which implicitely defsthe classF.

The problem is always feasible and, in theory, finding théglsolution for this problem is easy, that
is it can be done in polynomial time. However, many largdesgaactical cases proved to be difficult to
handle by standard optimization software. This led to a nemalb special purpose implementations. First
implementations were developed by researchers from the dhnaunity [15], [10] and some of the later
implementations were proposed by the mathematical pragiagh(MP) community [7], [6], [5], [17].

Success of the convex optimization for SVMs led to the extengse of convex optimization models
and methods for other machine learning problems in the pdstears, such as learning the kernel [12], [3],
where optimization is done over the matrid€$x;, z;); and computation of the entire regularization path
[8], [16], where soltion is found for all possible values betpenalty parameter Beyond classification,
optimization model have been used in dimensionality redad®], [26]; low rank matrix factorization [20],
[11], metric learning [29], [25], structured objects pretihn [23], [22] and many others. It became apparent
that the connection between the two fields can benefit gréatiy the collaboration of the researches from
both sides. However, the MP community and the ML/DM commwait quite disjoint. They do not typically
share conferences or publication venues. To remedy thiatgh in the past several years there have been
several occasions when researches from both fields wergréagether in a workshop or a conference.
There were two workshop organized specifically on optinndrain machine learning and data mining. Both
were held in 2005, one held in Trunau,Germany and one at MEvialiversity in Canada. A special topic
on machine learning and large scale optimization was puddisn the Journal of Machine Learning Research
in 2006. The potential for collaboration between the fielagebeen steadily increasing in the last few years.

The purpose of the Banff workshop was to continue and impupan the effort of bringing together
outstanding researches from the fields of mathematicalranogning, data mining and statistical machine
learning to ignite new collaborations and expose each sidbe possibilities available in each field. The
purpose is to identify the new problems and to match them potiential solution approaches.

Recent Developments and Open Problems

The amount of literature in the Machine Learning and DataiiMjrcommunities that involves optimization
models is very extensive. We do not attempt to present a ceimepisive survey of existing and possible topics
here. We focus, instead, on the work immediately relevatitéaesults presented at workshop. This work, in
fact, is a representative selection of recent developnart®pen problems in the field, but it is by no means
axhaustive.

Nonlinear Classification

Nonlinear classification via kernels is the essence of suppotor machines. There are still many unresolved
guestions, perhaps main of them being, how to find a good keéFhis question has been addressed in recent
years with limited success by means of convex optimizati@j, [[3].

The two issues discussed at the workshop were of a diffeante, however. It is well known that the
use of kernels in SVM is made possible by the usé.ofegularization term on the model parameters. It
is unclear how to extend kernalization for theregularization, which otherwise may produce better (more
sparse) models. Saharon Rosset in his talk discussed #vesét of the/; regularization case to the infinite
dimensional case which allows the use of nonlingatlassification. Ted Wild addressed topic of exploiting
prior knowledge when using a kernel.

Structured objects prediction

Structured objects prediction is a generalization of taadard classification or regression problems. Instead
of predicting a label of an object the structured object mtézh aim to predict a set of labels of a collection of
objects. Structured output classification can be posedasimto a classification problem but with exponen-
tial number of constraints. Due to the very large number ofst@ints and a somewhat different motivation
for structured output prediction the extension of clasaifan approaches in not straightforward. A few talk
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of the workshop addressed this issue. We list ranking in #tegory of structured output prediction prob-
lems because these problems are related. In both casesrifienof constraints is too large to search over
exhaustively and in both cases the optimization functibe (bss function and the regularization) is more
complex to derive than for the classification and regrespiablems. Of the talks on the topic presented
at the conference one talk (by Yasemin Altun) addressedukstimpn of introducing regularization into the
structured output prediction problems. Another talk (byri€Burges) discussed the modeling approaches
specifically to the ranking problem and the third talk by T8ten Joachims addressed an SVM formulation
and a fast optimization method for predicting structuregots.

Dimensionality reduction and metric learning

Semidefinite programming (SDP)[28] was by far the most papobtimization topic of the workshop. There
is a large variety of machine learning problems that aredpposed as semidefinite programming problems.
The main application of semidefinite programming arisesnmethsionality reduction. If the data is given to
us as a set of points in a space of a large dimension it is irapbtd recognize if in actuality it lies on (or
near to) a low dimensional surface. Alternatively, the data be embedded in a low dimensional space by
using a proper distance metric. If the data is representeal fowatrix, it may be desirable to extract a low
rank matrix factorization, or a low rank matrix completidxll of these setting can be addressed via an SDP
formulation. In some case the SDP is a relaxation of the maighonconvex problem. Several talks at the
workshop presented SDP models for ML problems.

A fundamental difficulty with the SDP approach is that theuttisg SDPs are expensive to solve in
practice with conventional methods. Recently new methodsdlving large scale SDPs were proposed in the
optimization community. These method have inferior parfance guarantees, compared to the interior point
methods, but they can be much faster in practice for certagses of SDPs, expecially if an accurate solution
is not needed [29],[14]. Fast approximate methods whichoéxiine structure of the specific formulations
were discussed in the talk of d’Aspermont and Weinbergempécil case of solving SDPs - the problem of
finding minimum volume enclosing ellipsoid was presentedagd [2].

Clustering

Robust clustering that deals with the uncertainty, noisthendata set, which a major concern in cluster
analysis. Dr. Ghosh’s talk consider a special case of ratlustering where the target is to find interesting
patterns in the data set by ignoring a certain number oferstliNew optimization-based approaches have
been proposed. This is different from the traditional apptowhere the outliers were removed first based on
statistical measurements.

In many scenarios such as in biological discovery and disighave need to find not only the patterns
in the data set, but also the features that characterize gaterns. This leads to the so-called bi-clustering
problem, which has recently become a very hot research topifee clustering community. Pardalos’ talk
proposed an fractional program model to attack this problelamalso showed that the problem is NP-hard
and suggested some heuristics to solve the new optimizattatel applied to biological applications.

Meila’s talk considered the robustness of the data setuingler what distribution, a ‘good’ clustering can
converge to the best clustering.

Ben-David’s talk addressed the complexity issues of ctirgge

Complexity

The issues of empirical and theoretical complexity of mafhthe machine learning problems are still unre-
solved. The theoretical complexity bounds for the undagybptimization models are usually known, but
they are typically based on the worst case analysis and asthahthe goal is to find a fairly accurate so-
lution. It is not always relevant for the ultimate goal of achme learning problem - good generalization
error bounds. Some of these issued were addressed at thshoprkA talk by John Langford (Yahoo! Inc.)
focused on reductions of ML problems. The goal is to find retethip between machine learning problems,
and construct algorithms which work via reduction. Anottagk, by Nathan Srebro addressed the issue of
how complexity of a ML problem should depend on the size ofavelable data set.
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Presentation Highlights

We will now list some of the presentations arranged by thetgiscussed above.

Nonlinear Classification

SpeakerSaharon RossefIBM Research)
Title: /1 Regularization in Infinite Dimensional Feature Spaces
Abstract:

In this talk | discuss the problem of fittingy regularized prediction models in infinite (possibly non-
countable) dimensional feature spaces. Our main conipitsitare: a. Deriving a generalization 6f
regularization based on measures which can be applied ircoontable feature spaces; b. Proving that
the sparsity property of; regularization is maintained in infinite dimensions; c. Bawy a path-following
algorithm that can generate the set of regularized solsiiofnice” feature spaces; and d. Presenting an ex-
ample of penalized spline models where this path followilggiEthm is computationally feasible, and gives
encouraging empirical results.

SpeakerTed Wild (U. of Wisconsin)
Title: Nonlinear Knowledge in Kernel Machines
Abstract:

We give a unified presentation of recent work in applying pkisowledge to nonlinear kernel approxi-
mation and nonlinear kernel classification. In both appheacprior knowledge over general nonlinear sets
is incorporated into nonlinear kernel approximation osslfication problems as linear constraints in a linear
program. The key tool in this incorporation is a theorem efdlternative for convex functions that converts
nonlinear prior knowledge implications into linear inetjties without the need to kernelize these implica-
tions. Effectiveness of the proposed approximation foatioh is demonstrated on two synthetic examples as
well as an important lymph node metastasis prediction gralarising in breast cancer prognosis. Effective-
ness of the proposed classification formulation is dematesdron three publicly available datasets, including
a breast cancer prognosis dataset. All these problemsieridbked improvements upon the introduction
of prior knowledge of nonlinear kernel approximation anassification approaches that do not utilize such
knowledge.

Structured Objects Prediction

SpeakerYasemin Altun (TTI, Chigaco)
Title: Regularization in Learning to Predict Structured Objects
Abstract:

Predicting objects with complex structure is ubiquitousniany application areas. Recent work on ma-
chine learning focused on devising different loss fundiand algorithms for structured output prediction.
Another important component of learning is regularizator it has not been explored in structured out-
put prediction problems till now. However, the complex stue of the outputs results in learning with
features with dramatically different properties, whichtimn can require different regularizations. Convex
analysis tools provide the connection between regulaoiz@nd approximate moment matching constraints.
Motivated with these theoretical results, we explore uasioegularization schemes in learning to predict
structured outputs, in particular hierarchical classifizaand label sequence learning.

SpeakerChris Burges (Microsoft Research)
Title: Learning to Rank
Abstract:

The problem of ranking occurs in many guises. The field of imfation Retrieval is largely dependent
on ranking: there the problem is, given a query, to sort a &ones huge) database of documents in order
of relevance. Recommender systems a also often need to gardn a set of movies or songs that some
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collaborative filtering algorithm has decided you would lpably enjoy, which ones should be at the top of
the list? Ranking has been less studied in the machine feacoimmunity than classification, but the two are
also closely related: for a binary classifier, the area utftROC curve (the curve of true positives versus
false positives) is equal to a simple ranking statistic his talk | will give an overview of the problem from
the point of view of the needs of a large, commercial seargiinen | will describe some recent approaches
to solving the ranking problem. Considering this probleghtights a serious problem in machine learning
that is rarely addressed: the mismatch between the cogidnsave optimize, and the ones we actually care
about. | will also describe recent work that is aimed at aslslrgy this "optimization / target cost mismatch”
problem.

SpeakerThorsten Joachims(Cornell University)
Title: Large-Margin Training for Predicting Structured Outputs
Abstract:

Over the last decade, much of the research on discriminkaming has focused on problems like
classification and regression, where the prediction is glsinnivariate variable. But what if we need to
predict complex objects like trees, orderings, or alignte®@nSuch problems arise, for example, when a
natural language parser needs to predict the correct paesi®t a given sentence, when one needs to optimize
a multivariate performance measure like the F1-score, envghnedicting the alignment between two proteins.

This talk discusses how these complex and structured pi@dicroblems can be formulated as convex
programs. In particular, it presents a support vector agpgrdhat generalizes conventional classification
SVMs to a large range of structured outputs and multivaiiegs functions. The resulting optimization
problems are convex quadratic, but have an exponentiah{mite) number of constraints. To solves the
training problems efficiently, the talk explores a cuttipigne algorithm. The algorithm is implemented in
the SVM-Struct software and empirical results will be gifenseveral examples.

Demensionality Reduction and Semidefinite Programming

SpeakerAlexandre d’Aspermont (Princeton)
Title: Semidefinite Optimization with Applications in Sparse Matiate Statistics
Abstract:

We use recently developed first order methods for semidefimdagramming to solve convex relaxations
of combinatorial problems arising in sparse multivaridédistics. We discuss in detail applications to sparse
principal component analysis, sparse covariance sefeatid sparse nonnegative matrix factorization.

Speakerfrancis Bach(Ecole des Mines de Paris)
Title: Low-rank matrix factorization with attributes
Abstract:

We develop a new collaborative filtering (CF) method that bores both previously known users’ pref-
erences, i.e. standard CF, as well as product/user atishi. classical function approximation, to predict
a given user’s interest in a particular product. Our metisaggeneralized low rank matrix completion prob-
lem, where we learn a function whose inputs are pairs of veetdhe standard low rank matrix completion
problem being a special case where the inputs to the funatiethe row and column indices of the matrix.
We solve this generalized matrix completion problem usamgor product kernels for which we also formally
generalize standard kernel properties. Benchmark expetsron movie ratings show the advantages of our
generalized matrix completion method over the standardixna@mpletion one with no information about
movies or people, as well as over standard multi-task oleitagk learning methods.

SpeakerTony Jebara (Columbia University)
Title: Semidefinite Programming for Classification and Dimensliosn&eduction
Abstract:

We propose semidefinite programming (SDP) to improve theatwector machine (SVM) linear clas-
sifier by exploiting tighter Vapnik-Chervonenkis (VC) balsbased on an ellipsoidal gap-tolerant classifi-
cation model. SDPs are used to modify the regularizatider@on for a linear classifier which improves its
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accuracy dramatically without making any additional asgtioms on the binary classification problem. A
bounding minimum volume ellipsoid is estimated via SDP oa dlata and used to redefine the margin in
an SVM. The technique is fully kernelizable and thereforeomemodates nonlinear classification as well.
Tighter VC generalization bounds can also be estimated rioally using an iterated variant of SDP.

In addition, a similar iterated variant of SDP is used to ioy&rdimensionality reduction by directly op-
timizing the eigen-gap. This method is reminiscent of seinite embedding which reduces dimensionality
of the data by maximizing the trace of a matrix (the sum of ilgemvalues). Our novel method gives rise to
a more general linear function of the eigenvalues in the SBielwis handled iteratively by interleaving the
SDP with eigen-decomposition. In some cases, only globaima exist for these general linear functions of
eigenvalues. Experiments reveal that this is a competitigthod for visualizing high dimensional data.

SpeakerSam RoweigU.Toronto)
Title: Visualizing Pairwise Similarity via Semidefinite Programnm
Abstract:

Binary pairwise similarity data is available in many donswhere quantifying the similarity/difference
between objects is extremely difficult or impossible. Ndwedgss, it is often desirable to obtain insight into
such data by associating each object (record) with a poisbine abstract feature space — for visualization
purposes this space is often two or three dimensional. Weepten algorithm for visualizing such similarity
data, which delivers an embedding of each object such tmélbsiobjects are always closer in the embedding
space than dissimilar ones. Many such mappings may exgp@anmethod selects amongst them the one in
which the mean distance between embedded points is as kgesaible. This has the effect of stretching
the mapping and, interestingly, favoring embeddings vatia éffective dimensionality.

We study both the parametric and non-parametric variantiseoproblem, showing that they both result
in convex Semidefinite Programs (SDP). In the non-paramegrision, input points may be mapped to any
point in space, whereas the parametric version assumeththatapping is given by some function (e.g. a
linear or kernel mapping) of the input. This allows us to gefiee the embedding to points not used in the
training procedure.

SpeakerMichael J. Todd (Cornell University)
Title: On minimum-volume ellipsoids: From John and Kiefer-Woitpto Khachiyan and Nesterov-Nemirovski
Abstract:

The problem of finding the minimum-volume ellipsoid contaga set inkR™ has arisen in contexts from
optimization to statistics and data analysis over the liasf gears. We describe some of these settings and
algorithms old and new for solving the problem.

SpeakerKilian Weinberger (University of Pennsylvania)

Title: Distance Metric Learning via Semidefinite Programming

Abstract: Many problems in computer science can be simglifig clever representations of sensory or
symbolic input. How to discover such representations aatmally, from large amounts of data, remains
a fundamental challenge. The goal of metric learning is tivdeEuclidean representations of labeled or
unlabeled inputs from observed statistical regularitiesthis talk | will review two recently proposed al-
gorithms for metric learning. Both algorithms rely on madésols in convex optimization that are proving
increasingly useful in many areas of machine learning. Itamh to the two metric learning algorithms, |
will propose a novel method [27] to approximate large sc@®$Swith Laplacian graph regularization.

Clustering

SpeakerJoydeep GhoshUT Austin)
Title: Locating a Few Good Clusters: A Tale of Two Viewpoints
Abstract:

Many applications involve discovering a small number of skenr cohesive clusters in the data while
ignoring the bulk of the data. We will discuss two broad apyottes to this problem: (a) a generative approach
where one determines and fits a suitable probabilistic mmdisle data, and (b) a non-parametric approach
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inspired by Wishart’s remarkable but obscure mode analysi& from 1968. The pros and cons of the two
approaches will be illustrated using results from botHiaréil and gene expression data analysis.

SpeakerMarina Meila (University of Washington)

Title: The stability of a good clustering

Abstract: If we have found a "good” clustering C of data setcdn we prove that C is not far from the
(unknown) best clustering C* of this data set? Perhaps simgty, the answer to this question is sometimes
yes. We can show bounds on the distance( C, C*) for two clingariteria: the Normalized Cut and the
squared distance cost of K-means clustering. These boursdgethe case when the data X admits a "good”
clustering for the given cost.

SpeakerPanos PardalogUniversity of Florida)
Title: Biclustering in Data Mining
Abstract:

Biclustering consists of simultaneous partitioning of $le¢ of samples and the set of their attributes (fea-
tures) into subsets (classes). Samples and featuredield$sgether are supposed to have a high relevance to
each other. We review the most widely used and successiubkkgcing techniques and their related applica-
tions from a theoretical viewpoint emphasizing mathena@tioncepts that can be metin existing biclustering
techniques. Then we define the notion of consistency fousieting using interrelation between centroids
of sample and feature classes. We have shown that condigterdtering implies separability of the classes
by convex cones. While earlier works on biclustering cotiegad on unsupervised learning and did not con-
sider employing a training set, whose classification is mivair model represents supervised biclustering,
whose consistency is achieved by feature selection. Itweeahe solution of a fractional 0-1 programming
problem. Encouraging computational results on microadetg mining problems are reported.

Complexity

SpeakerNathan Srebro (IBM Research & TTI-Chicago)
Title: Computational Complexity and Data Set Size
Abstract:

In devising methods for optimization problems associatith iwarning tasks, and in studying the runtime
of these methods, we usually think of the runtime as incnepsiith the data set size. However, from a
learning performance perspective, having more data dlaikhould not mean we need to spend more time
optimizing. At the extreme, we can always ignore some of i@ df it makes optimization difficult. But
perhaps having more data available can actually allow ugdgadless time optimizing?

It appears that such behavior exists in several combirgforoblems such as learning the dependency
structure of Markov networks, sparse sensing, and Gaussignre clustering. In these problems there
appears to be a phase transition, where learning beneathdata threshold is computationally intractable
(although it is statistically possible), but learning wittore data becomes computationally easy. This thresh-
old was empirically studied and characterized for the pobbf Gaussian-mixture clustering [21].

Can perhaps a more continuous, but similar, effect existitvex optimization problems such as learning
Support Vector Machines (SVMs)? A new stochastic gradiecstedt approach for SVM learning [19] does
in-fact display such behavior: the computation time regghto obtain a predictor with some target accuracy
decreases, rather than increases, with the amount of bleailata.

Scientific Progress Made

Here we list the impact which the workshop already have hati@mwork of some of the participants. We are
sure that there are other participants whose work also hese or is likely to be affected by the workshop,
but we do not have the complete information.
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Don Goldfarb’s report

Here is some feedback on the conference. Specifically, merscame of the ways that the conference has
impacted my own research.

Jong-Shi Pang’s talk on bi-level optimization and machieeaing introduced me to new applications
of bi-level programming. As these problems can be formdlatemath programs with equilibrium (or com-
plementarity) constraints, this is important to me as | Hasen working on developing algorithms for these
problems. In fact | just submitted a paper on this subjecti@PS.

| found the talk by Inderjit Dhillon on "Machine Learning wiBregman Distances” very useful as | have
also used Bregman distances in recent work on image degoisexpect that | will be able to apply some of
my ideas to the topics discussed by Dhillon.

| also found the talks by Kilian Weinberger, Gert Lanckriebny Jabara, Alexandre D’Aspremont and
Sam Roweis covering various uses of semidefinite progragmimachine learning to be of great interest
as this is an area in which | am also working.

Ted Wild's report

The workshop provided me with an excellent opportunity teriact with other researchers. | particularly
enjoyed the talk on the representer theorem for 1-norm stippotor machines and the talk on parameter
selection, both of which gave me ideas | hope to implementturé research.

One topic that seemed to arise frequently at the workshopmlealing with (dis-)similarity data. Applica-
tions and methods for processing such data were discuss$eh, e solution involved learning a low-rank
kernel matrix or low-dimensional surface via convex progmnang.

Alexandre D’Aspermont’s report

Francis Bach and | wrote a paper while we were in Banff, it'slemreview at ICML. A title and abstract
follow:

"Full Regularization Path for Sparse Principal Componemnalxsis”

Given a sample covariance matrix, we examine the problemaximmzing the variance explained by a
particular linear combination of the input variables whatanstraining the number of nonzero coefficients in
this combination. This is known as sparse principal compbaealysis and has a wide array of applications
in machine learning and engineering. We formulate a newdsfimite relaxation to this problem and derive
a greedy algorithm that computedidl set of good solutions for all numbers of non zero coefficientghwi
complexityO(n?), where n is the number of variables. We then use the sameatiaxo derive sufficient
conditions for global optimality of a solution, which can tested inO(n?). We show on toy examples and
biological data that our algorithm does provide globallyim@l solutions in many cases.

Nathan Srebro

| can point out several direct benefits of the workshop on mgkviothe short time since the workshop:

Discussions with Bach and d’Aspremont, including hearifgwrent work by Bach, that were directly
helpful in current work on trace-norm regularization sutted to ICML. This directly lead to the optimization
method we are now using, and clarified relationship betwéésrent formulations.

Comments and pointers from Zhang on stochastic gradierttadstthat had large impact on directions
of current work on fast SVM optimization also submitted tMC.

Hearing about recent progress in the optimization litegtonost notably about the LR method for SDPs,
which directly relates to my work.

Other relevant pointers to specific papers, some of whiclvé aéready used directly.

Working with another workshop participant (Rosset) on agpafready accepted for publication.

| except interactions and discussions at the workshop wieald to even more collaborations. This was
by far the most productive workshop I've participate in.



Mathematical Programming in Data Mining and Machine Leagni 11

Chris Burges’s report

Probably the biggest impact for me was generated by Johnfbaatig talk, which | found very intriguing:

I had not heard of these results before, and will now followirtildevelopment. | also liked Michael Todd’s
talk, and the fact that the mathematical programming craeo# &is a take-home message that we need faster
ways to solve SDPs. It was also very valuable simply to ch#i warious people, some of whom | knew
beforehand, some not. Re. your question re. main methadsfa@tranking, there is really increasing interest
in this, from rather standard methods like neural netsgatiing ranking as a structured learning problem a la
Joachims etc., to brand new methods (that | touched upojte problems with non-differentiable costs. |
think this is a key open problem in machine learning, thatMihecommunity is only now gradually catching
on to: the standard method, of coming up with a smooth costtim that attempts to encapsulate the
problem, but whose form is chosen as much for computatioaetzbility as for fidelity to the problem being
solved, is very likely leading us astray, and is demonsyrdbing so, in the case of information retrieval. |
don’t think the Mathematical Programming community has #s a hot topic, at the moment, though.

Tony Jebara’s report

Overall, the workshop was excellent, it really helped tk tal a small yet high-expertise crowd who are
actively using and developing the tools we are spending witte Here are some more specific benefits:

We integrated some elements of my presentation as well aeptshfrom Gert Lanckriet’s talk into 2
lectures in an advanced machine learning course (COMS 893&rning and Empirical Inference) being
offered at Columbia by Vladimir Vapnik, Gerald Tesauron&iRish and myself.

We explored some of the matrix factorization ideas in my lbraeeing some related concepts at BIRS.

After a brief conversation with folks at BIRS, we realizea@tla more general set of spectral functions
can be optimized with our method and have an abstract onfttltie d earning Workshop in 2007 in Puerto
Rico.

Don Goldfarb and Watao Yin briefly discussed possibilities dollaboration, possibly when the term
ends and schedules are less hectic.

Katya Scheinberg’s report

The workshop broadened and substatially extended my uadeling of the field of machine learning and
the current use of optimization.

Two of the participants Wotao Yin and Alexandre D’Aspermauauilt visit IBM in spring to give pre-
sentations and discuss possible research ideas for calaowith another participant Saharon Rosset and
myself.

| was invited to visit Joydeep Ghosh and Indrajit Dhillon la¢ tUniversity of Texas at Austin, where |
presented my work on active set methods for support vectehinas and where we discussed other opti-
mization approaches for convex QPs arising in nonnegatateixfactorization, which Indrajit is interested
in.

The talk by Thorsten Joachims was very interesting for mel &agte since read related papers and had a
few ideas that | am planning to use in my work.

The talk by Kilian Weinberger also was related to some ideasetric learning which we were exploring
with my colleague at IBM.

Jiming Peng’s report

There were quite a few interesting talks. Steve Wright aleijit Dhillon have been in contact and collabo-
ration. Following Dr. Ghosh'’s talk on robust clustering,er the purpose is to find several well-structured
clusters that cover a certain portion of the data set, hatl@2-meeting with Joydeep, and we discussed how
his problem can be modeled as 0-1 conic optimization, a fopsimization model proposed by myself. We
are working on a joint project along this line.

The talks by two students are also very interesting. One Kilign Weinberger on dimension reduction
where the purpose is to represent high-dimensional datkoinexr-dimensional space while reserving certain
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relationships in the original space, another one is by Teldl Wh incorporating prior knowledge into the
SVM approaches for better separation.

Jong Shi Pang’s talk starts to set up a bridge between malgd@n@ng and bi-level optimization, and it
seems to have a lot of potential in the future.

Outcome of the Meeting

The meeting was viewed by all of the participants as very ssgfal. Quoting Nathan Srebro “ This was
by far the most productive workshop I've participate in.” eTaverall quality of the talks was outstanding.
The workshop attracted researchers with very closelya@élatterests, yet whose work covers a fairly broad
set of machine learning problems. As a result each talk eavamew topic and caused intense and lively
discussions. Most of the talk were given one hour time sletgch allowed for many questions during the
talks. Some of the talks were thus transformed into infoiveajroup discussion and it greatly benefited the
understanding by the audience. Such impromptu discuss®orady possible in the informal setting of a
small workshop such as this.

The schedule contained two long free periods (of five to sir&pwhich we used for recreational ac-
tivities such as hiking and skiing and also for uninterraptellaboration work. There were also 2 presen-
tations/discussion scheduled for after dinner time, witiechtinued on informal basis in the lounge for the
remainder of the evenings.

There were 34 participants, including 5 students and 5 womang with participants from academia
there were participants from IBM, Microsoft, Yahoo! Inc.caiTl Research. Below is the complete list of
participant.

List of Participants

Altun, Yasemin (Toyota Technological Institute at Chicago)
Aybat, Serhat (Columbia University)

Bach, Francis(Center of Mathematical Morphology)
Ben-David, Shai(University of Waterloo)

Burges, Chris (Microsoft Research)

d’Aspremont, Alexandre (Princeton University)
Dhillon, Inderjit (University of Texas, Austin)

Ghosh, JoydeegUniversity of Texas, Austin)

Goldfarb, Donald (Columbia University)

Jebara, Tony (Columbia University)

Joachims, Thorsten(Cornell University)

Lanckriet, Gert (University of California, San Diego)
Langford, John (Yahoo Inc.)

Lee, Sang(University of Wisconsin-Madison)

Meila, Marina (University of Washington)

Mittelmann, Hans (Arizona State University)

Pang, Jong-ShiRensselaer Polytechnic Institute)
Pardalos, PanogUniversity of Florida)

Peng, Jiming(University of Illinois at Urbana-Champaign)
Rosset, Saharor{IBM Research)

Roweis, Sam(University of Toronto)

Scheinberg, Katya(IBM TJ Watson Research Center)
Schuurmans, Dale(University of Alberta)

Srebro, Nathan (University of Toronto)

Todd, Michael (Cornell University)

Tsuchiya, Takashi(Institute of Statistical Mathematics)
Wahba, Grace(Wisconsin-Madison)

Weinberger, Kilian (University of Pennsylvania)
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Wild, Ted (University of Wisconsin-Madison)

Yin, Wotao (Rice University)

Zhang, Tong(Yahoo! Inc.)

Zhu, Xiaojin (Jerry) (University of Wisconsin-Madison)
Zhu, Jiaping (McMaster University)
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Chapter 2

Innovations in Mathematics Education
via the Arts (07w5062)

Jan 21 - Jan 26, 2007

Organizer(s): Gerda de Vries (University of Alberta), George Hart (Stompdk Univer-
sity), Reza Sarhangi (Towson University)

Summary Introduction

Our primary objective was to bring together a diverse bodynathematically trained professionals who
individually incorporate the arts in their educationalivties. As a group, we brainstormed to identify
promising areas and techniques for a wider movement of nthtbagion via the arts.

The following paragraphs are from participants reportheféxperience:

This was a very productive week. | liked the flow of the workghtinat we worked together as a large
group to decide on our goals then broke into groups to workeweldping the goals, which we then reported
back to the group. Then, we discussed other goals for newpgrdut we were allowed to also participate in
the first groups or the second groups. That we had the freealomve within groups or stay in groups made
it easy to focus on activities targeted towards my interaststalents.

It was intellectually energizing to be a part of a diverseugraccomprising people in specialized areas of
mathematics and the arts within higher education, teacheragion and K-12 school contexts. The challenge
of bridging from the specialized areas to making a measerdifference in learning in the K-12 classroom
is significant. It involves the ongoing cultivation of muylii perspectives through continuous dialog between
all parties.

This workshop was for me a unique experience that provideditheconnections to elementary and high
school teachers of mathematics that would have been diffwutalize otherwise.

I have formed a new collaboration and started a new projeomfpresentations by others, | have learned
new methods for enhancing mathematical education and ngw teancorporate art into mathematics.

This five day intense workshop within these excellent faesiin BIRS has been a very positive and
unigue experience for me and, no doubt, for the entire gréygadicipants. It has served not only for my
personal professional development but also for reinvitjogahe teaching of mathematics through the arts. |
believe that this can be a very valuable pedagogical toalrddee that in the next few years this workshop
will be a reference point in the sense that many of the senidtegls and personal connections of future
projects that involve teaching with some kind of artistitiaty started here during these five days.

16
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Workshops
We alternated our discussions with hands-on activitiebvtieafelt were models for classroom use.

e CD truncated icosahedron: George Hart

Birch bark ornament, traditional science: Barb Frazer

e [slamic cutouts: Carol Bier

L-Systems: Glyn Rimmington and Mara Alagic

Twiddler, Etch-a-Sketch, and Long-sword: Susan Gerofsky
e Math and Rhythm Godfried Touissant, Paco Gomez, David RappaSusan Gerofsky

Oulipo: Susan Gerofsky

Outcomes

After brainstorming about many possible outcomes, thegomnverged on the goal of developing pedagog-
ical materials at various levels. There are various grodipadicipants who have committed to target their
energy towards future projects that were incubated here:

Bob Bosch, Pau Atela, Doug Burkholder, and David Richtel gl editing a book of long-term, out-of-
class projects that can be incorporated into existing sagine-junior-senior-level courses. Each project will
be a module that builds upon material found in one or moresasuin the standard curriculum. Each project
will be assigned to a group of students. The final piece of @acject will be the creation of a piece of art
(a piece of sculpture, for example). In each case, mathesatil be an integral part of the creation process.
Carlo Sequin promised to contribute at least two projed ithat he will write up in the next few months.

Nat Friedman, Mara Alagic, Glyn Rimmington, Stewart Cravaamd Phil Wagner formed a group focused
on K 12 education. The group is concerned about activitiesra/hrt is in some meaningful way ought to be
connected to mathematics. Whether the inspiration for thtnematics comes from the art or the mathematics
in and of itself leads to artistic representations, thei@ meed for suggestions/activities for elementary and
secondary teachers to use in their classrooms. To this ergtdlup will create a framework that provides the
critical information required by teachers to embed thesedas in their programs. They will start by writing 4
6 lessons, field test them, and refine them to be publishedaparopriate form. Stewart will initially write a
lesson based on the construction of a giant stellated odtahdollowed by a series of lessons about students
who use their own photographs imported into Geometers Battto explore transformational geometry.
He will additionally submit my workshop plans for two Mathatits and Art sessions that he will be doing
over the course of the next four months.

Blake Mellor, Gwen Fisher, Kevin Hartshorn, Doris Schattszsider and Carolyn Yackel formed a col-
laboration to edit a collection of activities/projects fdathematics for Liberal Arts. They plan to create
some sample projects by July 2007, along with detailed diniele for the projects, and send out a call for
proposals by the end of the summer. They hope to collect eerahgrojects, on different topics and of
different lengths, to be a resource for teachers of collegthNbr Liberal Arts courses, and possibly also for
high school teachers.

Godfried Toussaint, David Rappaport, Paco Gomez, Susanf€kgr and Reza Sarhangi started a collab-
oration to explore the potential of teaching a variety of meatatical concepts through music and rhythm.
They are working on an initial article for a mathematics edion academic journal (For the Learning of
Mathematics or Educational Studies in Mathematics). Thiglybe outlining a program to use Toussaint’s
innovative circular representations of rhythmic patteamsusic to teach concepts in a wide range of math-
ematical areas, ranging from number theory to geometryradisalgebra, and combinatorics. They hope
to use the analysis from this collaborative article as tredfar the development of a book of lesson ideas
and materials for mathematics instructors at a variety fbégtint levels, to encourage thoughtful implemen-
tation of mathematics teaching via music. A proposed book atso include a call for articles from other
mathematics educators who use music as a means to teachana#pts.
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Gwen Fisher wrote a proposal for a mathematical art exhilitidmatical Expressions: Bead Weaving
with Gwen Fisher at the San Jose Museum of Quilts and Textil€alifornia that Carol Bier will help her
submit.

Gene Kilotz is writing a proposal to form a wiki for the mathgacommunity. Workshop participants
helped to develop a taxonomy of the types of content to ireelud

Pau Atela and Philip Wagner have joined forces to dissemiioethe larger public an exhibition about the
biological phenomenon of phyllotaxis and current mathérahtmodels for the phenomenon. This exhibit
was prepared a few years back with biologists, mathemascind artists as participants. It has been very
popular in a few botanical gardens in Europe but has never beibited (outside Smith College) in North
America.

Carolyn Yackel, Mara Alagic, and Gwen Fisher plan to develog conduct an assessment study on the
effects of introducing mathematical art in the classroonsjpatial reasoning skills.

Also, Pau Atela and Bob Bosch plan to work on a portrait of Réexi constructed out of images from
Paus phylotaxis research.

In addition, several topics were discussed which we agregéhnticipants should explore further. One
is the idea of a joint interenational congress which combithee art and math communities from many
countries into one conference. Participants will expldrie tdea with the organizers of Bridges, ISAMA,
ISIS, NEXUS, Katachi, the Math and Design Conference. Aepthpic discussed was for participants to
follow up on the funding opportunities offered by the NFSttoe National Science Digital Library.

Detailed Individual Reports
We asked the participants each to write a page on the foltptaipics. Their responses follow.

o Name, affiliation

Paragraph about experience here

Description of math education needs you feel are importativehether they were addressed

L-Systems: Glyn Rimmington and Mara Alagic

What you see as the long range impact of this week’s workshop

Anything else you think should be mentioned in our final rep@BIRS

Mara Alagic & Glyn Rimmington

College of Education, Wichita State University, KansasAUS

BIRS Experience and Mathematics Education Needs

It was intellectually energizing to be a part of a diversaugraomprising people in specialized areas of math-
ematics and the arts within higher education, teacher eidimcand K-12 school contexts. The challenge of
bridging from the specialized areas to making a measurafiégehce in learning in the K-12 classroom is
significant. It involves the ongoing cultivation of multgperspectives through continuous dialog between
all parties.

Partnerships

We joined the K-12 collaborative group along with Nat, Steveend Phil to develop a framework for using
mathematics and arts in the classroom. It will take into aotsuch issues as prior learning and life ex-
periences of students and teachers. An important part diréineework is the cross-indexing of arts with
mathematics resources and vice versa. Such a frameworkmoligte information for K-12 teachers on how
to integrate the resources into their classes. Two NSF RNBBI and CLII) were identified and investi-
gated to support the provision of more resources for mattiesrnd arts teachers. This is consistent with the
framework proposal. The group investigating the grant psapcomprises Gary, Gene, Dirk, David, Glyn
and Mara.

Accomplishments
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We learned more about L-systems in terms of how they may bgrated into classrooms to improve student
learning of a range of concepts, such as 3D and 2D geometiy;sien, iteration, branching and evolving
structures. The music/rhythm activity will be introduceth elementary mathematics education classes and
to instructional leaders. There are a couple of other istarg ideas to take to our classrooms.

Long Range Impact

The vision of improving learning outcomes in the K-12 matladins classroom can only be accomplished
through an ongoing dialog between those with new ideas irmemaatics and the arts and the classroom
teachers and instructional leaders. The proposed frankei@pintegration of resources will help with this
process.

Research Questions

We believe two important research questions that relateembservations above are: - How is teaching a
mathematics concept via art changing/influencing undedstg of that concept? - Are these (if yes, how)
representations different from traditional/non-artdzhsepresentations?

Pau Atela, Smith College

This five day intense workshop within these excellent faegiin BIRS has been a very positive and unique
experience for me and, no doubt, for the entire group of @pents. It has served not only for my personal
professional development but also for reinvigorating treching of mathematics through the arts. | believe
that this can be a very valuable pedagogical tool. | forekatih the next few years this workshop will be
a reference point in the sense that many of the seminal idehgaersonal connections of future projects that
involve teaching with some kind of artistic activity statteere during these five days.

I am involved in two main partnerships. One, with Philip Wagrentails the dissemination to the larger
public of an exhibition about the biological phenomenonloflfptaxis and current mathematical models for
the phenomenon. This exhibit was prepared a few years babkbidlogists, mathematicians, and artists
as participants. It has been very popular in a few botaniaedens in Europe but has never been exhibited
(outside Smith College) in this side of the Atlantic.

The second main partnership involves writing a book that el a resource for College level faculty.
It will contain art-math projects aimed at upper level studethat have passed at least a calculus course.
The idea is that these projects would be flexible enough gatieaeacher will be able to implement them
either within a course for the whole class, or as supplemgiatetivities for a subgroup of students. Some
will also be suitable for semester-long courses or for irtelent studies. | have volunteered to be one of
the editors, together with Robert Bosch (Oberlin Colle@alvid Richter (Western Michigan University) and
Doug Burkholder (Lenoir-Rhyne College).

A smaller scale project that could take place in the nearéuisia collaboration with Robert Bosch in-
volving carefully chosen images of mathematical modeldariispiral patterns involving Fibonacci numbers
and a computer generated portrait of Fibonacci using thnagés as shades of grey with algorithms created
by Robert Bosch.

Carol Bier

Mills College, Oakland CA Research Associate, The Textiles®um, Washington DC

The BIRS Workshop, Innovations in Mathematics Educatiantlie Arts, provided an outstanding op-
portunity for key players in the fledgling field of intersexts among mathematics and art to address educa-
tional needs and to develop plans for our future developméfstarrived at some very basic and profound
understandings of shared goals and diverse perspectiasf &fered a unique environment in which to
brainstorm, focus, group, and regroup, allowing inspamaticreative leaps, and cross-fertilization of ideas.
The Max Bell Building and Corbett Hall were ideally suiteddior needs, and the BIRS staff provided a very
supportive and nurturing environment for our group. Thegag in Donald Cameron Hall is outstanding,
and the facilities of the Professional Development CeniBe eontributed to the inspiring ambience of our
intense intellectual engagement.

Intellectually, | feel that my experience here was encowatdy others as well, that our work and pro-
fessional activities in art-math intersections were affidrand that | am inspired to continue to pursue them,
in spite of all too frequent resistance from within the ebshiment. We have an important agenda, and it is
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worth pursuing.

My Own Accomplishments at BIRS Workshop

Offered workshop on folding and cutting, playing with theogeetry of the circle, to form patterns that are
used in Islamic art and architecture Learned proof from ®8dhattschneider why the folding results in a 30
degree angle Invited Gwen F, Daina T, Carolyn Y, Susan G,&arb, and others to submit proposals for their
work on mathematics related to fiber media, textile techgiels, and interlacing (bead-weaving, crocheting,
knitting, longsword dancing, birch-bark chomping) for TiexSociety of America 2008 Symposium, to be
held in Honolulu, Hawaii Deadline for proposals October@Q2 Renewed contact with Gary Greenfield for
Journal of Mathematics and the Arts, to consider papersekfrom our plenary session, “Textiles - Math
= O/Textiles + Math =0” organized w/ Dave Masunaga at Textile Society of Americ@@8ymposium in
Toronto Promoted Textile Society of America interests ixtites and math to art-math community Edited
revised draft by Gerda de Vries for publication in TSA 2006rppsium Proceedings Met Barbara Frazer;
acknowledged shared interests in traditional science panallels between traditional science and values in
classical Islamic world and First Nations in Canada Sentlhersyllabus for my course, Sufism, Spiritual-
ity, and Science (Fall 2007, SFSU) Introduced Dirk Huylelmoto work of Eric Broug, www.broug.com
Explored Banff Centre as possible symposium venue for TSE22fhet with Nancy Sande of Conference
Sales; sought (and received) proposal

Immediate Plans
Used proof Doris Schattschneider provided in my class orrdday, 1/25 Edited paper by Reza Sarhangi
on Geometric Constructions and their Arts for Bridges 208day 1/26) Met with curator of textiles at the
De Young Museum to propose art-math workshops for upconxgp@ion of Turkmen rugs (Fall 2007)
(Friday 1/26) Take Banff Centre proposal for TSA 2012 to TSdaBl for consideration at February meet-
ing Use proof DS provided in future classes and workshopseamgtry and Islamic art Submit proposal
to San Jose Quilt and Textile Museum for a series of exhitticalled Mathematical Expressions, of which
Gwen Fischers Beaded Weavings will be the first Pursue ptamsake contacts with venues in the San
Francisco Bay Area for art-math activities (De Young Muse@uakland Museum; Asian Art Museum; SF
Craft and Folk Art Museum; Lawrence Hall of Science; Exptormum; Mathematical Sciences Research
Institute; UC-Berkeleys Center for Middle Eastern Stup&sn Jose Quilt and Textile Museum; Santa Rosa
Gallery) Will welcome support from Bridges Organizationtepare a workshop proposal for Bridges-to-
Teachers/Teachers-for-Bridges 2007 Hoping to introdusgasschattschneider to a friend who is a digital
artistin NJ in February Seek to apply principles of inteirigaused in longsword-dancing for programs with
children Engage children in soap film activities using Naeémans knots to form minimal surfaces Estab-
lish link on TSA website to Carolyn Ys Knitting Network Ena@age Bridges website to establish links to
Ethnomathematics Digital Library, and to my students wdrtha Math Forum Pursuing several references
| learned about from colleagues at BIRS: Mathematics andh&éiss, Mathematics and Beauty, books on
Ornament, Experiencing Geometry, Homoestheticus Suggestleagues at University of Hawaii, Hawalii
Pacific University, Honolulu Academy of Art, lolani Scho&thnomathematics Digital Library that they
sponsor individual speakers on art/math subjects, so thlg then participate in the TSA 2008 symposium
in Honolulu
Longer-term ideas
Want to consider more contributions | can offer to The MathuRo at Drexel University Want to consider
ways | can contribute to Gene Klotz wiki initiative, introcked at BIRS Hope to plan TSA 2012 at Banff
Centre; and consider keynote address on Traditional Fibelniologies among First Nations (bark-chewing;
pattern-making; snowshoe construction, skin clothing,)eencourage participation of U. Alberta, U. Cal-
gary, Nickle Museum Seek grants/develop proposals to stippaposed activities from the BIRS Workshop
Put together list of art-math museum exhibits for Bridgebsie

Robert Bosch, Oberlin College

The BIRS Workshop Innovations in Mathematics Educatiortivé@Arts was an amazing, enlightening, and
invigorating gathering. | came to it with great excitemeartd it did not disappoint; in fact, it exceeded my
very high expectations.

| have seen in my own work as a mathematician/artist/edubate beneficial it is to combine math and
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art. (lve taken great pleasure in using mathematics to hemate works of visual art, Ive found that
combining math and art provides many opportunities for ipocating my students in publishable research
projects, and Ive seen that it can inspire students who—éleémd—felt that math was boring and useless.)

| strongly believe that many mathematics educators—atea#lls—would jump at the chance to bring
some art into their classrooms. All that they need are soswurees. And this BIRS workshop has been the
genesis of an entire collection of high quality materials.

For me, perhaps the most significant outcome of this workshépat | will be editing (with Pau Atela,
Doug Burkholder, and David Richter) a book of long-term-ofitlass projects that can be incorporated into
existing sophomore-/junior-/senior-level courses. Epaject will be a module that builds upon material
found in one or more courses in the standard curriculum. Regject will be assigned to a group of students.
The final piece of each project will be the creation of a pietarb(a piece of sculpture, for example). In
each case, mathematics will be an integral part of the aneatiocess.

| also made many contacts. | think that theres a very goodaghtrat some of these will lead to additional
collaborations in the near future. (One example: Pau Atethldave talked about working on a portrait of
Fibonacci constructed out of images from his phylotaxisaesh.)

Doug Burkholder

Experience:

The time spent here in Banff this past week has been a predugéek. In addition to building friendships
with faculty with common interest, | have formed a new cotiediion and started a new project. From pre-
sentations by others, | have learned new methods for entfantathematical education and new ways to
incorporate art into mathematics.

Prior Needs:

As | came to this conference, | was hoping to gain new insigiésprojects that | could take into my courses.
While | am always looking for ideas and projects for all lewvef courses, | am specifically interested in
projects for the upper-level mathematics courses. Likeynfaculty at small private liberal arts colleges, |
teach a wide range of courses and | find that | do not have the dinexpertise to develop projects in all
of my courses. Specifically, | want to incorporate more oppdties for visualization of the mathematical
material.

Partnerships Formed:

Through brainstorming sessions and breakout group dissusavid Richter, Pau Atela, Bob Bosch, and
| decided to form a partnership leading to the publicatiomesource material for upper-level mathematics
course. We also identified several others, such as Carloirgdgoris Schattscheider, and Gary Greenfield
who are willing to assist us in various aspects of our pragech as creation of material and expertise in the
publication process.

Project Planned:

Our project is to compile as set of 15 to 20 projects which uséoaenhance mathematical instruction in
upper-level mathematics courses. These projects will besetained and ready to distribute to students in
traditional upper-level courses. They should enhance ta@matical experience both through the visual
arts and through alternate applications and extensiortseafiathematical material being taught within the
course. Each project should culminate in artwork prodund/idually or through group effort. Generally,
these projects will be designed to take 2-4 weeks, but theyldibe flexible and open ended to allow sit-
uations where they may extend over the semester or wherecthagl be used for undergraduate research
projects. There is also the possibility of using these mtsjgperhaps in a condensed version, in math clubs.
There is also the opportunity for these projects to be us#tkasore of an upper-level seminar course devoted
to mathematics and art.

Long Range Impact:

In addition to assisting faculty currently excited about #bility for art to enhance mathematical instruction,
the publication of our resource material should attachrdideulty to math and art. This should also assist
young faculty as they begin their teaching career. Likewliseticipate taking advantage of projects begun
by other partnerships here are BIRS, such as the liberafireatis and art project.
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Stewart Craven, Toronto District School Board

| came into this week wondering if | could make a contributiothe proceedings and wondering about what
new things | might learn. | was concerned that my matheméaticsvledge would not be sufficient. My
concerns were allayed as the week played out. Shortly adteivied in Banff | encountered Reza and George
on the main street here in Banff. We proceeded to a coffee ahdphe rich discussions began. The week
was orchestrated in such away that the participants groapedegrouped in a various combinations that of
course led to discussing a vast array of topics from numeperspectives. | discovered that my knowledge of
elementary and secondary school teaching and learning wt$cal piece of the mosaic particularly given
the kinds of products that have been proposed. Neverthélesstinue to be in awe of those participants
whose mathematics understanding and creative abilitiastiare seemingly beyond my grasp. It would be
remiss of me not to comment on our surroundings. The mouwt#ie deer, the birds, the Banff Centre,
and the village all contribute to an environment where lggyand creativity will inevitably flourish. Also,
activities such as, the Circus, the Banff Centre tour, the@atory telling, the walk up Tunnel Mountain,
and the excursion to the hot springs all serve to activats¢hees. One last note is to commend the staff at
the Banff Centre who have been so friendly and helpful thhowg the week.

Accomplishments

First and foremost, | learned about ideas in topology andsnlolearned how to construct a truncated
icosahedrons and six-point or eight point stars throughepégding and | learned about how represent
rhythm in music as polygons.

Projects

The K 12 group is concerned about activities where art is mesmeaningful way ought to be connected
to mathematics. Whether the inspiration for the mathermatienes from the art or the mathematics in and of
itself leads to artistic representations, there is a neesfggestions/activities for elementary and secondary
teachers to use in their classrooms. To this end our grougkeihte a framework that provides the critical
information required by teachers to embed these lessorieingrograms. We will start by writing 4 - 6
lessons, field test them, and refine them to be published ip@oariate form. | will initially write a lesson
based on the construction of a giant stellated octaheditowfed by a series of lessons about students who
use their own photographs imported into Geometers Sketctapexplore transformational geometry. 1 will
additionally submit my workshop plans for two Mathematiosl &rt sessions that | will be doing over the
course of the next four months. | will work closely with my gm(Nat, Mara, Glyn, and Phil) to achieve our
goals.

Gerda de Vries

Department of Mathematical and Statistical Sciences Usiityeof Alberta

| learned a lot about the math&art community - what types tif/d@ies people are involved in, what their
educational interests are, etc.

I am in awe of the leeway that educators have at liberal attsges, and have come to the realization that
most innovations in education will come from colleaguesuahsnstitutions.

The members of the group primarily were academics, and se mest comfortable identifying areas at
the undergraduate level where we can have impact.

| think that members of our group have and can develop engadgitivities that can have impact on
education at the K-12 level when combined with (tested) pedacal support materials. Unfortunately, due
to a lack of critical mass of K-12 education specialists ingroup, we were not able to 1) identify areas of the
K-12 curriculum that need to be addressed in the first plaoe2haddress the development of pedagogical
support materials.

Through discussions with colleagues, | now have ideas dimwto improve my outreach activities.

| am inspired to contact my local science museum and find oetlvér there is interest in math&art there.

I am inspired to contact colleagues in education to devedmjagogical support materials for at least one
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of my outreach activities (support materials that can bel bgeclassroom teachers to follow up on concepts
explored during my classroom visits, for example).

I look forward to receiving updates on the book projectsaietd at this workshop - at the moment, |
have very vague ideas about how | might contribute, but tidesess may become more concrete after some
incubation time.

Connection to a new group of people, with possibilities tiatmrate on projects in the future.

This is the most productive workshop | have attended at BIR8uly was a workshop, with participants
working together to articulate goals and develop plans tds/achieving those goals.

Gwen Fisher

Affiliation: Mathematics Department, California Polytext State University, San Luis Obispo

Paragraph about experience:

This was a very productive week. | liked the flow of the workshihat we worked together as a large group
to decide on our goals then broke into groups to work on dgiefpthe goals, which we then reported back
to the group. Then, we discussed other goals for new groupsyd were allowed to also participate in the

first groups or the second groups. That we had the freedom ve mibhin groups or stay in groups made it

easy to focus on activities targeted towards my interestgalants.

Description of math education needs you feel are importadtvehether they were addressed: | believe
that assessment of math/art programs is an imperative goin@bneed that was not addressed sufficiently
here. | proposed a study to assess the effects of our prajattyhile | received moral support for such work,
and suggestions that others might be interested in workirtgis in the future, nobody had sufficient interest
to work with me to develop this project during this week. Mofthe final products appear to be the creation
and collection of mathematical art resource materials. |8MHdelieve that this work is also very important,
at some point, the math/art/education group of scholaidialy need to justify that our work is actually
teaching mathematical skills and concepts to get more piges support of our work from our education
colleagues and government agencies.

Partnerships formed: Carolyn Yackel, Mercer Universigdqelca@mercer.edu)

Kevin Hartshorn, Moravian College (hartshorn@moravida)e

Doris Schattschneider, Moravian College (schattdo@managdu) Blake Mellor, Loyola Marymount Uni-
versity (bmellor@Imu.edu) Carol Bier, Mills College / Thex&ile Museum (carol.bier@gmail.com) Mara
Alagic, Wichita State University (mara.alagic@wichitug

Accomplishments: We wrote a proposal for a book of actigif@ning mathematics and art in a liberal
arts environment.

| wrote a proposal for a mathematical art exhibit Mathenztitxpressions: Bead Weaving with Gwen
Fisher at the San Jose Museum of Quilts and Textiles in CGaldathat Carol will help me submit, and
hopefully get accepted.

Projects planned: Carolyn, Kevin, Blake, Doris and | pladonplete the book of activities described
above: | will be providing at least one of the activities, dnll be the illustrator for the book. The other
four will be the co-editors.

Carolyn, Mara, and | plan to develop and conduct a study oeffleets of studying mathematical art on
spatial reasoning skills, at least | hope so.

What you see as the long range impact of this week’s workshbglieve that the impact will be the
creation and dissemination of more mathematical art ptafjessons/information to the general public, es-
pecially students.

Anything else you think should be mentioned in our final réepoBIRS: The facilities are wonderful,
and the staff has been very kind and helpful.

Nathaniel Friedman

Dept. of Mathematics, Univ. at Albany-SUNY, Albany, NY 1222
(1) I had a very important experience at the BIRS workshopnmovations in Mathematics Education
via the Arts. The workshop sessions went very well and allifes were first-rate.
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(2) There were many innovative projects introduced thaecédld my basic concern with mathematical
understanding through visualization having an arts coraponThe level of discussion was very high and
a variety of significant ideas were introduced. These idezrgwefinitely developed in a practical manner
during the workshop.

(3) | formed a partnership on the development of project&td2 education with Mara Alagic and Glyn
Rimmington of Wichita State University, Kansas, Stewaw\@n of the Toronto School Board, Canada, and
Philip Wagner of the Fusion Project, San Francisco. We havg e@omplementary skills and | look forward
to our collaboration.

| also plan to collaborate with Doris Schattschneider of 8dain College, Pennsylvania, on her project
for developing a collection of iconic images relating maitiagics and art for a CD.

Thirdly, | plan to collaborate with Gene Klotz of Swarthmdzellege, Pennsylvania, on his Web-Based
Math Forum project.

(4) 1 organized the first Arts/ Mathematics Conference atdh&ersity at Albany in June, 1992. There
have been annual conferences organized by myself as welkza Barhangi and others every year since
1992. | consider this first BIRS Workshop on Mathematics Edioa via the Arts of historical significance.
| envision this Workshop as strongly accelerating the mayetrin education relating mathematics and art at
all levels from K-college. | am totally grateful to BIRS arttetBanff Center for making this possible.

Susan Gerofsky, Curriculum Studies

Faculty of Education, University of British Columbia Vanoeer, BC, Canada.

| am very pleased to be a participant in the BIRS workshopovations in Mathematics Education Via
the Arts. It has been a wonderful opportunity to connect withexciting and creative group of like-minded
colleagues in a place where we could concentrate on ourbooléive work without distractions. To quote
Banff Centre Service Director Jim Olver, "there are no exsliat BIRS to delay the work that you must
do. BIRS provides all the necessities and trimmings for dlijiguccessful academic workshop: comfort-
able accommodations, excellent meeting facilities, dmlis meals, computers, internet access, scanning and
copying facilities, lounges, a reading room, and the mokifakstaff imaginable, all in this spectacularly
beautiful setting. With the support of this infrastructimeplace, we were able to work very productively
and accomplish a great deal during our five-day residencykMi to establish connections between math-
ematics and the arts in a faculty of education, | often feabied from both mathematicians and artists at
my own university. | think that many of us do occupy the pasitof the lone "math/arts” advocate in our
own institutions. It is both a necessity and a delight to gatbgether for an intensive working session like
this one. Our workshop addressed the need for connectidne®e mathematics and the arts at all levels
of education: K-12, college liberal arts courses, univgrsndergraduate mathematics courses, and in terms
of lifelong learning through museums, television prograbmoks, CDs, websites, traveling math/ art shows
and other media. My own professional interest centers oongkary school mathematics education, and this
was certainly addressed in all our sessions and in the ogsofithe workshop. | was also happy to expand
my own view of mathematics education to take in ages "zerafinity”. One of the most exciting outcomes
of this BIRS workshop was a partnership several of us formmedral the potential of teaching a very wide
variety of mathematical concepts through music and rhytham now collaborating with colleagues God-
fried Toussaint (McGill), David Rappaport (Queens), Pacm®z (Univ. Politecnico de Madrid, visiting at
McGill), and Reza Sarhangi (Towson University, Baltimooe)an initial article for a mathematics education
academic journal (For the Learning of Mathematics or Edanat Studies in Mathematics). We will be out-
lining a program to use Toussaint’s innovative circularesgntations of rhythmic patterns in music to teach
concepts in a wide range of mathematical areas, ranging ffiiember theory to geometry, abstract algebra,
and combinatorics. We hope to use the analysis from thisloofhtive article as the basis for the develop-
ment of a book of lesson ideas and materials for mathematitsuictors at a variety of different levels, to
encourage thoughtful implementation of mathematics tiegohia music. A proposed book may also include
a call for articles from other mathematics educators whaus&c as a means to teach math concepts. Work-
shop leaders and participants are planning to pitch thedtiadook series offering math and art lesson plans
and connections aimed at different levels of schooling, (s& school, elementary school, or undergraduate
math courses) and different artistic media (math and masicath and sculpture for example). This is a
very exciting prospect, and may result in a coordinatecesest resource materials which will promote a
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practical implementation of an enriched mathematics tiegchia the arts, with the potential to reach many
more students through an embodied, humanistic grasp ababsbncepts. Thanks to BIRS for providing us
the opportunity to come together to accomplish this impunteork, in this beautiful place.

Paco Gomez

Department of Applied Mathematics School of Computer SmerPolytechnique University of Madrid,
Madrid, Spain.

Participating in the BIRS workshop, Innovations in MathéicsEducation via the Arts has been a great
experience for many reasons. For one, it has been a uniquetapjy to meet very creative people with my
own interests. Sometimes, it is hard for those who like nratitecs and art. Also, the settings and facilities
were perfect, with no obstacle to attention, allowing altausoncentrate on our work. | really identify myself
with what Susan Gerofsky says in her report. | also feel vesjated from both mathematicians and artists.
They both seem to have prejudices on each other. In workdhepthis, those prejudices are broken down.
| have been in touch with mathematicians who love art andotgpiply to their work. They do not do that for
the fun of it, but because there are many connections. A giemdto extend this workshop would be to bring
over artists so that it becomes a truly interdisciplinaryksbop. In particular, at this workshop | worked on
connections between mathematics and the arts at all leelathematical education, ranging from K-12 to
college liberal arts courses and university undergraduathematics courses. Since | have mostly worked
with university students (and a little bit with babies), ai¢he outcomes | was expecting from this workshop
was to learn about other levels of education. Excitinglyegig | am now collaborating with Susan Gerofsky,
Godfried Toussaint, David Rappaport, and Reza Sarhangar@/@riting a paper on teaching mathematics
via musical rhythm. Our main idea is using geometry, in patér circular representations, in order to teach
mathematics concepts. We will concentrate our efforts dh i content and the methodology.

Gary Greenfield

University of Richmond, Richmond, Virginia, USA

This is my third trip to Banff. The previous two visits wererfoonferences, but this one was for a
workshop. Banff is arguably one of the finest venues in thddyand being involved with a small focused
group is infinitely more rewarding than being associatedh wie "sprawl” of a conference. My only regret
is that our schedule precluded taking better advantageeahtbellent facilities and recreational diversions.

It is seminal that a group of educators was organized to densiie broader picture of the role, impact,
integration, and future of mathematics and art in educafitve fact that so many different levels (K through
oo!) were considered attests to the effort to address the pertaeed and its value at all levels.

Group Projects Planned: - Contributions to "activitiesjpcts” materials for both K-12 and post calculus
math classes;

Individual Projects Planned: - Further investigation offNBnding opportunities - Math and art research
into L-systems art making and optimization-based art ngakin

Partnerships Formed: In my role as editor of the IMA, s@t@ns for - individual contributions - report
to be published about the activities of the workshop.

A concerted effort to promote mathematics and art educatitatives.

The unique inspirational, informational, hands-on atitgi to energize and engage participants led by
George Hart (CD polytope sculpture), Barb Fraser (birclk lmanament), Carol Bier (Islamic art construc-
tions), Glyn Rimmington and Mara Alagic (L-parser), Susasr@sky (long sword patterns), and Godfried
Toussaint (mathematics of rhythm).

George W. Hart, Stony Brook University

This was an outstanding week for us. A wonderful mix of creapeople participated, with varying back-
grounds, diverse areas of expertise, and experience vgpwkith different levels of students. But we all feel
a passion for mathematics education via art. Many of us hadegheat teaching experiences with art-based
math education activities that we have developed. Afterlmal@aring and brainstorming, we decided that
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the greatest need that we as a group could fill is to providemuress for educators at all levels. Other teach-
ers will use these ideas in their classes if we write them upuseful manner, which conveys some of our
excitement and contains clear procedures to follow.

There are three main projects formed, plus smaller groupsuticipants formed a number of additional
partnerships. The main projects are edited collectionstifiies, one aimed at the K-12 level, one aimed
at college-level liberal arts students, and one aimed dtqasulus students. We expect that each collection
will be published in the form of a book, probably with an eteciic supplement on a CD or a web site. We
discussed representative activities for each collectimh developed a format that contributors can follow
when proposing activities to the editors. The groups ofcedifor the three collections will format some
initial activities and with them as models, announce a calbdditional solicitations. Many of the workshop
participants will be contributors.

| am certain that everyone left feeling creatively inviged with a sense that our work will have a very
positive long-term impact on mathematics education.

Kevin Hartshorn (Moravian College)

This was a tremendously rewarding experience. I've madéctsiwith many people connected to math/art
activities, rejuvinated my enthusiasm for teaching my "Mfair Design” course (a quantitative literacy course
at Moravian), gained many excellent ideas for using art togomathematics to a broader community, and
established a new and promising book project.

Coming to the conference, my main focus was developing pt®jend ideas for my Math for Design
course. | wanted projects to energize the students (modtipaors) while teaching them some genuine
mathematical concepts. In a broader scope, | wanted psojétit a public face - projects that would bring
mathematical ideas to the broader campus community.

We (Blake Mellor, Carolyn Yackel, Gwen Fisher, Doris Scheltineider and myself) formed a very en-
thusiastic coalition. We have all been hungry for actigitfer a liberal arts mathematics course. Together,
we have made some solid plans to develop a book of activitidgeojects. Blake, Carolyn, and | will offer
our energy to the project, Doris has been a font of knowledgkisight from her previous experience, and
Gwen has had excellent ideas to create a very strong product.

That book is certainly going to be the long-range outputlig project. We hope to have some significant
progress, including a proposal for publishers, availallthe summer. At that point, we will be soliciting for
contributions from the math/art community.

This is a perfect facility for collaboration, creativity dreally solid mathematical work. We are removed
from the distractions of the day-to-day work. There is aytinspiring environment in the Banff community.
And the facilities are top notch - amazing meeting roomsrimet and computing capabilities, staff, etc. |
really look forward to a chance to attend another workshap.he

William Higginson

Queen’s University at Kingston Banff, 2007 01 26

I have been interested in the academic area defined by thiapwémathematics and art for more than a
decade. During that time | have attended several natiorhirsarnational conferences and have written on
both theoretical and practical aspects of certain issuéeifield. From that perspective my sense is that this
workshop may well come to be seen in the future as a distineldpmental landmark in the evolution of an
interesting subfield of mathematics with important impiicas for education. The breadth and intensity of
the interests and experience of workshop participants wsisigely exploited by the ongoing presentation of
a rich set of examples to the group. These same charaasisgsented some challenges as the workshop
progressed in the construction a common vision/sense qfoger The workshop was well planned and
effectively led. The BIRS facilities were outstanding.

I am concerned about the public image of mathematics andffibet & has in limiting possibilities for
learners. | think that the interests of members of this gitwane considerable potential as one direction from
which to address this problem. My sense is that good progvassnade in several sub-areas toward making
some of this potential more accessible to teachers anddesarn



Innovations in Mathematics Education via the Arts 27

I much enjoyed individual interactions with a number of apiants and found several of the group activ-
ities to be enlightening and informative for future teachand research. With respect to future possibilities
| was particularly pleased to meet and be able to interadt ®#ne Klotz whose contributions to mathe-
matics education | have long admired. | was surprised arabplto learn in the pre-conference exchange
of proposed projects by how many commonalities our ideasaga to have. Following discussions at the
workshop | look forward to collaborating with Dr. Klotz anthers in the group on the development of a wiki
for people interested in Mathematics and Art and the geioeraf an accessible and well-supported gallery
of mathematical images.

| am pleased that the BIRS executive committee saw fit to stipipis workshop (a wise choice | would
contend) and am grateful to have been able to be a participhatworkshop organizers have done a fine job
in moving a spirited, knowledgeable and energetic (but adtiqularly 'herdable’ - if that is a word) group of
individuals several steps further in the direction of thaeration of some significant resources for the field.
Thank you.

Dirk Huylebrouck, Hogeschool Wetenschap en Kunst

It was an enriching experience: great people, great site thie second time | come here, and if possible, Il
return. This is one of the best environments for a mathematid art conference.

The promise of working on real proposals was not entirely. st people thought more about their
own forthcoming publication, their own project, than abthg general promotion of the Math & Artidea. A
few more workshops could help to encourage a climate of lgotkion, so that individual concerns would
prevail less on immediate individual aspirations. | am nugdr pointing the organizing scientist here, who
gave a lesson in democratic approach and encouragemeniafaration, nor the participants (I was one
myself, so | was co-responsible!), no, it is a human featund,through more workshops like the present one,
something can be done about it.

I was glad to conclude, that, in the end, it was agreed upoe strategies for involving more closely other
mathematics and art organizations, though in the begirthimgxchanges about this idea were hesitating (to
put it mildly). It will need more diplomatic efforts, and hefully more participants from South-America,
Europe, will participate in the 2009 meeting in Banff, sotttiee 2010 conference may turn out to become
a conference where Bridges, Isama, ISIS, Katachi, Nexugh& Besign and whatever other math and art
groups may meet. An international gathering, say, every years, of these different organizations could
even attach as a math and art movement to the ICM meetingmiaegl every four years, and, thus, give it
more scientific recognition. Maybe the good Banff centendirs and lunches contributed to this idea, as the
dinner table served for the talks with the always open-miriReza Sarhangi, (co)-organizer of the Bridges
meeting.

| learned about the existence of two great books, and metdfrieeir authors: - Experiences in geome-
try: Euclidean and non-Euclidean with History, David W. ldenson and Daina Taimina (ISBN 0131437488)
- Mathematics and the Aesthetics: New Approaches to an Ahéifinity (CMS Books in Mathematics)
by Nathalie Sinclair, David Pimm, William Higginson, Ediso(ISBN-10: 0387305262, ISBN-13: 978-
0387305264) There are many books with similar titles andh witchanting reviews, so that meeting the
authors, and going through some pages, is actually mordreging. | think Ill soon (=next academic year)
teach a course based on the first, with the second as an ind&pe reader. This is a down-to-earth simple
consequence of this meeting, but a very useful one to my stadad me.

Finally, here is the summary along the idea of Carlo Squin.were to meet Bill Gates in Banff and
had one minute to talk to him, | would say: Hello, ho, youre Biktes! | am here in Banff for a meeting
about mathematics and art. You know, | am often surprisdutats very proudly assert everyone knows the
Egyptian pyramids are the first great human realizationlenhifact, mister Gates, it is YOUR field, the field
of reasoning, logic and mathematics which started the @ayysEhumanity. Yes, yes, in black Africa, the
continent you want to help in particular, there, the firsorelcof logically grouped was found, 22000 years
ago. No joke, mister Gates, it has been confirmed in many t#ftégoublications and in the media, and here
at the meeting all find it an evident statement many civilma contributed to mathematics. However, we
need help to overcome colonial and neo-colonial unwillieggto reach the general public: some findings
were only revealed on the dying bed of a discoverer. And iricAfrWestern publications do not reach the
audience. So, 50 years after its discovery in Congo, manicdis still think it was YOU who invented
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information recording, ha! ( - to be followed by a demand famay).

Craig S. Kaplan, University of Waterloo

| arrived in Banff without a specific agenda, simply hopindital some way to contribute my knowledge
of mathematics and software development to the group. ledia suggest ways that other projects might
be able to benefit from a computer-based component in geraradlpossibly my own computer graphics
research in particular. The ideal situation would be to fistnall group of collaborators with whom | could
develop educational materials that simultaneously hav8 aeSearch component.

The experience has been enjoyable and inspiring. Througtuptive discussion with other participants,
| came away with ideas for math education and for my own undeligate computer science teaching. Nat-
urally, some of the discussion also led to new ideas for reke@vhich, being related to art-math, might
always filter down to the educational level).

Everyone at this workshop believes that there is a role fiiogslay in the teaching of mathematics. Art
provides a context for the math, motivates it by demonstgedin application, and makes it visible and tactile.
Student projects based on art-math can engage them acrdtgslermodalities, in a way that pencil-and-
paper work never could.

| believe the most important aspect of using art to teach rizathat the presenter not simply treat the
math as being self-evident. It isn't sufficient to show anmegie and proclaim "behold!”. To be educational,
a piece of mathematical art must be the launching point faepgresentation of the underlying concepts,
and never an end in itself. | believe that this attitude isestiavith many of the other participants, which
makes me confident that the educational materials thattfiesmi this workshop will have real value.

My impression is that during the week, the group arrived airaceete goal: a series of books containing
lesson plans and project ideas that math educators cowdrpioi@ate into their curricula. This is a worthwhile
goal, and one to which every participant is able to contabuthese books could definitely help bring the
beauty of art-math to a wider audience in an educationahgett

Gene Klotz, Swarthmore / Math Forum at Drexel

| had a very interesting and generally worthwhile experggraven as a newcomer to this community. My
interests and focus are different from most people but | donamerous persons to talk with, and some
interest in my ideas. | wish I'd had more time to present myaglat first and more time to interact with
people in a focused way at the end.

My interests are in web-based projects and this was addrésgenot in the depth | would have liked.
However, my Math Image project ideas were strengthened pladhlto submit a proposal to various funding
agencies.

I've formed potentially useful contacts and expect to amndi interacting with a couple people at least.
I'll give the community the opportunity to comment on my posal before submitting it to funding agencies
and will encourage people to come up with wiki ideas for thelMaArt community as an associated project.

There are likely to be several projects that come out of thekglmp, it would appear. Several groups
seem to have coalesced with common interests and clear idias would not be surprised if this workshop
were to have a lasting impact on the Math & Art community: gfieg a week together looking for common
goals and projects was a good thing.

Very nice facilities and support. BIRS provided a fine cohiaxwhich to grow ideas and to interact in
productive ways.

Blake Mellor, Loyola Marymount University

This was a very valuable experience for me personally. | hacchance to meet with many other people
interested in connections between mathematics and arin aadticular to meet some of the more established
people in the field. |1 also was able to work on projects with mjfaborator, Gwen Fisher, and to become
involved in a larger collaboration (which | describe moréolg which | believe will fit very naturally with
my ongoing projects.

The facilities were excellent | look forward to returning Bridges 2009!
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The needs | feel are most important are two fold. The first ésrtbed for easily accessible and ready-
to-use materials and modules which integrate mathematidsaa in a substantial way that teaches real
mathematics and relates to real art. The second is the nessdéss whether the integration of mathematics
and art is successful in (1) improving the learning of thehmatatical content and/or problem-solving skills
and/or (2) improving the students attitudes towards mattiesand their ability to do mathematics.

| think the first need has been addressed at several levéfispmiposals to create collections of materials
for K-12, college courses for liberal arts students, andegel courses for more mathematically advanced
students. They are also supported by proposals to collegésiand other materials on CD or a website.

The second need was raised, but was not addressed as getitoalgh a few of the participants (specifi-
cally Gwen Fisher) are planning to do some research on tlastapn.

Partnerships formed/Accomplishments/Projects Planfadied a collaboration with Gwen Fisher, Kevin
Hartshorn, Doris Schattschneider and Carolyn Yackel tbaedollection of activities/projects for Mathemat-
ics for Liberal Arts. We plan to create some sample projegtdlly 2007, along with detailed guidelines
for the projects, and send out a call for proposals by the éldeosummer. We hope to collect a range of
projects, on different topics and of different lengths, éoabresource for teachers of college Math for Liberal
Arts courses, and possibly also for high school teachers.

Long range impact Collecting resources in a form easierdoiae teachers to use will greatly increase the
use of art in mathematics education, and that will lead @dl{uto greater interest in the more research-level
guestions at the intersection of mathematics and art.

David Rappaport, School of Computing, Queen’s University

My mathematical teaching experience is constrained toeusity lecturing to computer science students. |
have an ongoing interest in teaching mathematics and thiatksome of my ideas of using music to teach
concepts in mathematics would be useful at other educatievels. The interaction this week has been a
tremendous learning experience, where some of my impmessiere confirmed and others reformed.

I think that it is important to engage mathematics studenthat they can gain a deeper understanding.
The hands-on workshops this week, for example George Heatkshop on building a truncated icosahedron
using recycled compact discs, addressed this aspect afrigain fact this aspect of deep learning seems to
be a common trait of all of the presentations and ideas the¢ m®posed this week.

| have had a very productive week. My focus on using music &atiemathematical concepts match
well with several participants. We are in the process of oizjag a paper to be written to articulate and
expand some of the ideas that we demonstrated here at BIR&wsday morning. | will be continuing a
long collaboration with Paco Gomez and Godfried Toussdism very pleased that Susan Gerofsky and
Reza Sarhangi will be a part of our collaboration. | am alsy excited to have made a connection with
Bill Higginson, and Stewart Craven. Bill is at Queen’s my heimstitution, and Stewart is down the road at
the Toronto Board of Education. They have both shown inténethe ideas we presented. | feel that their
knowledge and experience in the field of education will bermormous help for us, and may lead to fruitful
collaborations.

| would like to think that the work we are preparing will have@asitive practical impact on how mathe-
matics is taught at a variety of levels. At the very least | ehbark on a new and stimulating area of study
and research.

The facilities here are very conducive to group interacéind | have nothing but good things to say about
my experience here. My only regret is that | could not intersith more of the people at our workshop.
Furthermore it would have been interesting to be able taaestewith other groups at the Banff Centre.
However, | guess there is only so much that can be done in 5 days

David A. Richter, Ph.D.

| wrote these notes about my personal outcomes. | don't tiiej answer all the questions you asked above,
and certainly you won't find the answers in the order you retpet Nevertheless, the substance is here:
For me, there were four identifiable outcomes. The first i$ Ittt more people to think about holding a
student mathematical art contest. The second is that | are determined, perhaps inspired, to complete
an individual project in mathematical art. The third is thagve joined a collaborative team to work on a
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project in mathematics instruction via the arts. Finallialve expressed some interest in contributing to a
wiki on mathematical art. Here follow some details aboustheutcomes. Initially | presented the idea of an
international student mathematical art contest. | willtomure to think about realizing this project. However,

| do not have the resources to take on a project on the scdlé émwisioned. Therefore | will continue
to contemplate trying it on a local level, maybe at my uniitgrer my town. Throughout the conference,
several participants expressed interest in this projedtadfered their advice. This workshop has provided
incentive for me to continue on an individual project. My gvéind | are working on a quilt which illustrates
the conjugacy classes of the quilt group, the group of aitirigotions preserving the integer lattice in the
plane. We are nearly finished with the entire quilt, but weehbarely started the write-up. | plan to take
some notes on the project which a quilter with a modest backgt in geometry can understand, and present
the work either the Bridges or ISAMA conference. | call this“andividual” project because my wife did
not attend this workshop and obviously, being married, westiae capacity to work very closely as single
unit. Thus, | do not consider this to be a new collaboratiohave joined an editorial board to assemble
mathematical art projects into a resource book. The othemnlmees who have expressed the most interest are
Doug Burkholder, Pau Atela, and Bob Bosch, and it seemsylitkelt we will include others. These projects
will be designed to supplement standard core courses fdesta majoring in mathematics and/or computer
science. The students will work on each project outside ags;land each project should require about 2-4
weeks to obtain a final product. We plan to assemble aboui0lr@ects into a single book after some
field experience. Given that we need at least one or two monesters to field-test these projects, and given
that we wish to invite others to contribute, | anticipatetthteleast a couple years will elapse before we have
a finished product. Gene Klotz has shown a lot of interest ireh@using mathematical art images using
some of the infrastructure of the Math Forum and also he likesdea of a wiki on mathematical art. | have
expressed interest to him about contributing to either e$¢hprojects. Due to the scale and complicity of
this project, however, | cannot lead this project at thistinihat’s it. Thank-you for a very productive and
enjoyable workshop!

Reza Sarhangi

Department of Mathematics, Towson University, Towson, y&rd, USA

My experience at Banff included the following important mamatics education: (a) | became familiar
with several mathematics education internet resourcettliae connections with art and | was not aware
of them, (b) meet with some individuals who are key peopleanetoping art related mathematics activity
materials and manipulative sets for K-12 teachers, (c)d Earned about new college level mathematics
education materials that were related to the arts, (d)gpatied in some mathematics and music proposals
for writing joint papers and producing workshop activities

We need to reach public and present mathematics in an apgpray. | believe one appropriate and
important approach for this action is to use art as a medipriggentation or as a field for integration. Poincar
says: The mathematician does not study pure mathematiesiged is useful; he studies it because he de-
lights in it and he delights in it because it is beautiful. Bpjer use of art, which is not the only approach
but one to be indicated during our workshop, we hope that #ve generations become introduced to the
beauty of mathematics. In a traditional synthetic geomedryrse we are introduced to rigorous treatment of
axiomatic systems. During which process we also learn fiéstioand philosophical implications of various
discoveries in Euclidean and non-Euclidean geometriesadtition, as a part of reasoning or as a math-
ematical challenge, we also learn how to make geometricteari®mns using compass and straightedge.
Geometric constructions and the logic behind of the takepssbring excitements to us while exercising our
intelligence to justify the steps to reach to a conclusioro@etric constructions have formed a substantial
part of mathematics trainings of mathematicians throughaman life. Nevertheless, we are witnessing a
lack of attention to the impertinence of geometry in shamingunderstanding of mathematics in colleges
and universities. One way of addressing this problem is tmlpce textbooks and workshop activities in
connections of mathematics and the arts.

During the workshop we were introduced to some innovative iategrative techniques that promote
interdisciplinary work in the fields of mathematics and atieation. | found the following areas that | can
contribute: (a) | will participate in writing chapters fdnree mathematics education via art textbooks that
will be produced in near future. The textbooks will be proeldifor college students majoring in elementary,
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middle school, and secondary education, (b) | also willipgate in writing chapters for liberal art college
level textbooks in mathematics and art connections, (c)tiercarea that | will participate will be in creating
mathematics workshop activity packages for teachers fardifit levels that use visual art or music.

| see that this workshop will impact our education systemrodpcing interdisciplinary resource materi-
als in mathematics education in areas such as textbookkshap activity books, and internet recourses.

Doris Schattschneider, Moravian College

My experience at this workshop has been an enriching onezd imet many new people and gotten to know
many others better and have substantive discussions vath thwas at Bridges conferences with several
of the participants in the past). At times, | had some friigtnaat the lack of pre-planned programming,
but letting the connections and conversations happen avel tthe schedule was a good idea. The presenta-
tions/workshops were very interesting and there were justigh of them, with very different flavors.

In a short period of time, many plans for materials on matfifave been discussed, and some detailed
outlines for some projects have been formulated. | felt tivedis able to contribute to many of the conver-
sations, in formal groups and in informal settings. One peeked connection and collaboration was with
Philip Wagner, who came looking for input from conferenceipgpants on his proposed "Fusion” project in
San Francisco. Since I'm a consultant for a curriculum progend have curated some art/math exhibitions
at art museums in the past, | was able to give several suggsgt him. | hope that this collaboration will
continue.

The greatest need for integrating art(s) in the teachingaihematics, in my opinion, are good resources,
readily available, and mentoring of teachers in how to ussdhAt the elementary and secondary level, this
is especially important, since these teachers have enaroumstraints under which they teach and they often
feel that there is no way they can go beyond the text, or iategsther material with the required material.
The BIRS workshop addressed many aspects of these needbtlag@roposed projects are culminated, at
least some of this need will be met.

| joined discussions with two groups— those preparing nel#eio integrate art into the teaching of math
at the college level-both the liberal arts level and the madjor level. | expect to be actively involved with
both these projects. Also, mentioned above, | collaboratdgdPhilip Wagner. My own proposed project, of
preparing a CD with art images to be used in teaching matbdamses, was not pursued by any group, but
several participants who are teaching such courses iralibets colleges told me they really would like to
have such a resource. | hope to pursue this further.

I learned several new and interesting mathematical idsetsH# how to fold a perfect 6-pointed star, how
to dance a sword-star, how to clap a polygon. Most of all, t pakrt of a group of educators who are very
interested in promoting the use of art in math education.dire that these partnerships will continue well
beyond the workshop at Banff.

There is a real possibility that what started at this worlstivil have long-range impact. No one will
leave here without having learned many new ideas and evergeems to have the commitment to carrying
out the various proposed projects.

Carlo H. Séquin

EECS Computer Science Division, University of CaliforrBzrkeley, CA 94720-1776

Overall Experience General Impressions The Banff Centsgnts a wonderful environment for a pro-
ductive workshop to make new contacts, to exchange idedspguian new activities. The facilities (A/V,
computers, conference rooms) are first-rate. The surragsdire spectacular and inspiring. Good ideas
came from walks in this nice scenery.

Positive Results, Benefits A primary result of this workshwgs to make new, lasting contacts and to
become aware of various existing resources related to thieotions between art and math in particular,
web sites and publications. | also gathered useful ideasdar student projects, classroom activities, and
works of geometrical art. Examples are: Class room aawitiRhythmic clapping exercises related to n-
gons and periodic motions on a circle. Geometrical scugstuMake models of manifold surfaces from
CDs connected with cable ties. Student projects: Definea$gisints or line segments in 3-space that yield
different semantically meaningful shadows when projeatetifferent directions.
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Accomplishments | had a secondary personal goal for thesedfiys in Banff. | hoped to find time
to write the bulk of a paper for Bridges 2007 for which | wadl stiissing a crucial results related to the
challenge of mapping the Hurwitz group of order 504 onto augensurface in a nice and symmetrical way.
I had hoped that in Banff | would meet some knowledgeableltapsts or group theoreticians who could
me help with this problem. Indeed, | did make several crumaltacts (e.g., David Richter) and got myself
educated on some fundamental issues that had been puzaifay quite some time. While at this point | do
not yet have the final solution for the genus-7 embedding, tlafimitely a couple of steps closer. | have been
able to tackle a very similar, but less complex problem: Mag@a manifold of 24 pentagons onto a genus-4
surface. Insight gained in solving this simpler task willjhme in my quest for the final solution.

Planned Follow-up Activities In three small group discossi and various lunch and breakfast conversa-
tions, we were able to outline some promising and potegtiahy exciting student activities and projects.
Different group members will write up those ideas in moreadeind put them in a shared place on the web.
After the activities have been tested at least once with sacheal students, the result from those trials will
also be described and shared in that same place. Ultimtielfieshed-out material will be carefully edited,
so that the write-ups can become chapters in a book on cdllegéart-math projects. Here are two outlines
of projects that | am committed to writing up in detail:

Graph Embeddings: Study knot and/or graph embeddings im@ifolds embedded in 3-space. What
is the lowest-genus surface in which a given graph or knotbmaembedded without crossings? What is
the maximal symmetry that can be achieved? Make a largeptscatiike model for long-term display in a
public place.

Knot-spanning Surfaces: Learn about simple knots and abeu?2-manifolds that use the path of the
knot as their boundaries. Study different such knot-spampsirfaces and determine their genus and whether
they are one-sided or two-sided. Deform some promisingitmp&urfaces into artistically shaped forms and
then build a real, tangible 3D artifact to represent thisfiqamation. Possible realization techniques could be
masking-tape surfaces attached to a knot made of coppegtudri shapes formed from thick wires and from
wire meshing.

Daina Taimina, Cornell University

BIRS is a wonderful place for work -everything that could gibfy distract you or take your time away is
taken care of and no excuses left not to be productive. | waknfinpeople all around campus here very
welcoming and helpful. It was a key to successful workshogerif we had sessions in certain times, there
were so many other opportunities to get together informealg share our ideas and do brainstorming. | was
finding it very useful to do some of brainstorming sessionsnrall groups and walking.

| liked very much beginning of the conference with introdois by all participants - it really gave a good
overview what people are doing and what they are interestddhink it helped later to make connections.
There is a lot of need for informal math education. During workshop issues in K-12 and college level
math education were addressed but | think another diretdidhink is life long learning. It has been my
experience that people are getting interested in math Hedtijects they see as art objects, and then they
want to have an explanation and understanding. | am doirtg qubt internet correspondence with people
later in their lives who now want to learn more mathematiedkifig about mathematics for general audience
is different than teaching it in class. General audiencedsennterested to grasp concepts and do not need
details. And that is really good opportunity for arts to coimeln our workshop there were many activities
showed and developed that can be used for such audiencdmialshink that can be continued.

At this point | can not give a strong partnership formed fortigalar project but | feel that | got an
excellent opportunity to get to know many people | did notwrizefore and learn about what they are doing.
Concrete project is to connect with Carol Bier and TextileiSty of America and write a proposal for a
workshop. Also | will be writing a paper for Mathematical étiigencer.

Thank you very much for the opportunity to be a part of thisugrand learn a lot!

Professor Godfried T. Toussaint

School of Computer Science and Centre for InterdiscipjirResearch in Music Media and Technology
Schulich School of Music McGill University, Montreal, Quedy Canada
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This workshop was for me a unique experience that providedvitieconnections to elementary and
high school teachers of mathematics that would have beé&autlifto realize otherwise. The group and the
surroundings at BIRS provided a most stimulating environtirewhich to do research. In short this was one
of the most positive workshop experiences of my life.

Many young students today are turned off from mathematicaulee it is presented to them in a non-
exploratory, non-creative dry manner. with little apptioas or connections to other exciting subjects such
as art and music. The need to remedy this situation in edurcatas considered in depth at this workshop
through many discussions in both large and small energetity groups.

My proposal for this workshop was to explore and outline whéoncepts in mathematics would be
suitable for teaching students at all levels by using mlisigghm to act as an accessible spring board amd
motivating factor. Several participants were excited alboyiproposal and joined me to form a group. These
participants were: Susan Gerofsky, Francisco (Paco) GoBbazd Rappaport, and Reza Sarhangi. As a
group the five of us met every afternoon to explore our ideasaldb met in pairs and threes in the mornings
and evenings. We presented progress reports to the ertinp gvery day, and received valuable suggestions
from participants not in our group. In particular we beneéittrom suggestions and useful references given to
us by William Higginson and Dirk Huylebrouk. By the end of twerkshop we had put together the skeleton
of a paper we will write on this topic addressed to high schtieathers. We also presented an example
one-hour lesson to the entire group.

In general | think this workshop will in the long range incseaawareness among teachers at all levels,
that mathematics can be taught in a more interesting and fmmer for both students and teachers. On a
personal level | have started a new collaboration with Su@arofsky who is in an education department.
This collaboration will result in the publication of matals that will improve mathematics education in the
future.

The workshop lasted four full days. Perhaps for this typexpi@atory workshop seven days is more
appropriate?

(1) Philip Wagner, Fusion Project, Integrating Mathengéind Art, San Francisco, CA.

(2) Excellent workshop with terrific people. | learned a gé@al and everyone was anxious to share.

(3) I will collaborate with Stewart Craven and Nat Friedmand avork with teaching facilitators to in-
struct teachers at 3-5 pilot schools in San Francisco. |aldb work with art museum docents on these
interdisciplinary projects that relate the museum coiters with public mathematical education. In addition,
| will coordinate and evaluate these programs.

(4) The long term goal is a mutual benefit for public educatiod art museums relating art and mathe-
matics.

(5) Our short term goal is to improve understanding of MATHaeng middle school teachers and their
students using ART. Working with the District we will idefytthose subject areas on standardized tests most
likely to be improved using this approach. We must improg seores. That is the reality.

Carolyn Yackel

Mercer University

My experience at BIRS was both intellectually invigoratargd physically exhausting. | am proud of the
work | accomplished with my team—Gwen Fisher, Kevin HartahBlake Mellor, and Doris Schattschneider—
this week, but | am also apprehensive about the large améwmrk to which we have committed ourselves
over the next one to two years by agreeing to edit and writdiltleeal arts math and art book. In one sense,
| am very happy about having partners in this endeavor thelt stire | was destined to undertake during the
next few years. In another sense, this conference has mgube timeline of my individual plans for a book
by several years. Again, having collaborators means waitetmore ideas and a much broader set of skills
between us. However, it will also mean that | will have to coampise my goals and aspirations for the final
project to fit with those of the group.

Aside from the identifiable project in which | have agreed #otigipate, | believe that this conference
has also been a success for me in that | have made the acoueaitband begun friendships with many
colleagues who | greatly admire. | often find that these i@lahips blossom over time into collaborations.
For example, | could imagine that in the future | would workiwsome of my new acquaintances to plan a
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conference, to serve on a committee, or even to write a pageldition to the book we are already planning
to edit.

My math education needs are for projects for my liberal arsghntourse taught through fiber arts. |
suppose | gained some ideas for this course. Through disossaith my team, | certainly gained some
ideas about the importance of not ignoring the artistic eispkthe course. In addition, | will be happy to
have access to the book we will put out. Another big issue fd@ds education is the problem that in US
culture not knowing math is perfectly acceptable. | thinkttive may be able to begin to make some in roads
into this problem by using math and art to change attitudestds mathematics. However, | think that this
process will neither cause attitudes to change quicklywilbit have an immediate impact on student scores.
Furthermore, | believe that the math and art projects thpees choose to do with students during school
time must be carefully chosen to fit with the curriculum studeare already learning. Notice that this is not
the case for special projects that take place outside ofl#ssmom environment. Finally, | think that the
mathematics contained in any activity or project is best i§ implicit in the project or activity rather than
being superimposed. Implicit mathematics calls out to Bealiered and investigated, whereas superimposed
mathematics is artificial and tends not to engage curiosity.

As stated above, | plan to work on the Liberal Arts math andadk as an editor together with Kevin
Hartshorn, Blake Mellor, and Doris Schattschneider as itoexdand Gwen Fisher as illustrator until she
allows us to promote her to coeditor. My current obligatieto write a sample chapter about temari balls. It
it due to the group by May 10th. We intend to have a proposalpgaotdisher by the end of June, and a call
for chapters to potential authors by MathFest 2007. Otrarrd projects include digging back out a temari
ball project/problem | was working on a year ago. Carlo Seqeiinspired me with some new information
which may enable me to either solve the problem or rememleesdtution | thought | had, but never had
time to write up. Having Gwen Fisher teach me to bead led mek@deading question, which | may follow
up on, if I have time. Gwen also wanted to work on a math ed ptaeyith me, which we may do, if she is
still interested, and if | have time.

I think the long range outcome of this workshop will be at tea® or three books in the next couple of
years. | also think that a much more subtle result will be tiboration of a younger group of mathematical
artists or the incorporation of that younger group into tbkadoration of the slightly older generation. The
results of those collaborations may not be known for yeamsvéver, having had this time to meet, talk, and
really try to work together has allowed us to know each othex ivay that would usually take the time of
several conferences.

List of Participants

Alagic, Mara (Wichita State University)

Atela, Pau(Smith College)

Bier, Carol (Mills College; also Research Associate, The Textile Musgu
Bosch, Robert(Oberlin College)

Burkholder, Doug (Lenoir-Rhyne College)

Craven, Stewart(Toronto District School Board)

de Vries, Gerda(University of Alberta)

Fisher, Gwen(Cal Poly)

Friedman, Nathaniel (University at Albany-SUNY)

Gerofsky, Susan(University of British Columbia)

Gomez, Francisco (Paco]Polytechnic University of Madrid - McGill University)
Greenfield, Gary (University of Richmond)

Hart, George (Stony Brook University)

Hartshorn, Kevin (Moravian College)

Higginson, William (Queens University)

Huylebrouck, Dirk (Hogeschool Wetenschap en Kunst)

Kaplan, Craig (University of Waterloo)

Klotz, Gene (Swarthmore College & The Math Forum at Drexel)

Mellor, Blake (Loyola Marymount University)
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Sequin, Carlo (University of California, Berkeley)
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Chapter 3

Nonholonomic Dynamics and
Integrability (07w5029)

Jan 28 - Feb 02, 2007

Organizer(s): Boris Khesin (University of Toronto), Sergei Tabachnik@®efin State Uni-
versity)

Overview and introduction

Nonholonomic mechanics describes the motion of systemsosdimated to non-holonomic constraints, i.e.,
systems whose restrictions on velocities do not arise fltwenconstraints on the configuration space. The
best known examples of such systems are a sliding skate aoilihg ball, as well as their numerous gen-
eralizations. These systems usually exhibit very pecudifden counter-intuitive, behavior. For example, a
golf ball rolls inside a vertical tube, while oscillating diseemingly defying gravity, and a rattleback top
(Celtic stone) spins only in one direction and resists Spimim the opposite one. Non-holonomic mechanics
is also a cornerstone of the control theory, where the ndorlomic property is pivotal in the descriptions of
attainable configurations; see [2, 5, 6, 9, 14].

The integrability vs. chaos dichotomy in such systems isafrt@eir main points of interest, which is
yet to be better understood. Furthermore, a more profoudéngtanding of the relation between several
competing paradigms in nonholonomic mechanics, the agics to control theory, as well as the similar-
ities with Hamiltonian systems would be very important farther progress in the theory. This workshop
served as a unique opportunity to bring specialists in tleseains together and foster interactions between
researchers with diverse and often complimentary backgt®in nonholonomic mechanics and in the adja-
cent areas, including sub-Riemannian geometry, Hamétosystems, billiard theory, sub-elliptic operators,
motion planning in robotics, and others.

Below we outline several major topics which emerged in maiistat the workshop.

Nonholonomic mechanics, symmetries, control theory and ganHamilton-
Jacobi equation

Connections between nonholonomic mechanics and camér@ described in the talk by A. Bloch (University
of Michigan). Systems subject to nonholonomic constrdiatse natural links to nonlinear control systems as
the constraints often induce good controllability projgsrt He discussed the important distinction between
kinematic and dynamic nonholonomic systems and describedlifferent optimal control problems that
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arise for these two classes of systems. A. Bloch discussedrable systems that arise naturally in optimal
control of nonholonomic systems and in nonholonomic systdremselves, as well as aspects of stability
and stabilization of such systems. He also showed how ongetaasymptotic stability in certain classes of
nonholonomic systems even in the absence of external digsip

Numerous examples show that momentum dynamics of nonhalengystems is remarkably different
from that of holonomic/Hamiltonian systems. For exampjensietries do not always lead to spatial mo-
mentum conservation as in the classical Noether theorenZebkov (North Carolina State University) in
the talkMomentum conservation, integrability, and applicatioosbntrol discussed various examples, in-
cluding nonholonomic momentum conservation relative ® libdy frame and their role in the theory of
integrable nonholonomic systems. A new integrable nontmiuc system was introduced in the talk, and
other applications of momentum dynamics to control of ndmhomic systems were discussed.

However, the theory of the Hamilton-Jacobi equation becosubtle in the nonholonomic context. This
was the subject of the talWhat happened to the Hamilton-Jacobi equatignL. Bates (University of Cal-
gary). By looking at some examples he attempted to explai tvere is no Hamilton-Jacobi equation in
nonholonomic dynamics and the implications this has forsthigability of completely integrable nonholo-
nomic systems, [4].

This was in a nice contrast with the talamilton-Jacobi theory for nonholonomic mechanical syste
by M. de Leon (CSIC Real Academia de Ciencias), who develapédés talk a Hamilton-Jacobi theory for
nonholonomic mechanical systems. The results were apfiedarge class of nonholonomic mechanical
systems called Chaplygin systems, [13].

J. Sniatycki (University of Calgary) gave the tallonservation laws, symmetry and reductidror a
non-holonomically constrained mechanical system he destithe distributional Hamiltonian formulation
of its dynamics, formulated a non-holonomic analogue oftNees theorem, and discussed the notion of
symmetry of such a system. He also discussed various typesefants of motion and singular reduction of
symmetries, [18].

Rolling problems: geometry, symmetries, control

A. Agrachev (SISSA) gave a talk drolling balls and octonionsn which he discussed hidden symmetries
of the classical nonholonomic kinematic system (a ballmglbver another ball without slipping or twisting)
and explained the geometric meaning of basic invariantsetbrresponding vector distributions, see [1].

R. Montgomery (UC Santa Cruz) continued this topic in th& tas and the rolling distributionbased
on his joint paper [7] with Gil Bor. The act of rolling one sace along another surface without slipping or
spinning defines a rank 2 distribution on 5-manifold, the &aifold being a circle bundle over the product
of the two surfaces. This distribution is manifestly ineari under the produdt” of the isometry groups of
the two surfaces. When the two surfaces are spheresikhisrthe product of two rotation groups, one for
each sphere. However, something miraculous happens wheatth of radii of the spheres is 1:3: the local
symmetry group of the rolling distribution becomes muclydar This local automorphism group becomes the
first exceptional Lie group, namely, the split real form cé thie groupGs. A proof of this fact was described
using explicit constructions and relying heavily on theattyeof roots and weights for the Lie algebra@$.

The control theory for the problem of rolling appeared intifl& of V. Jurdjevic (University of Toronto)
Rolling sphere problems on spaces of constant curvdjamet work with J. Zimmerman) [11]. The setting
of the rolling sphere problem on Euclidean sp&tefor n > 2 consists of determining the path of minimal
length traced by the point of contact of the unit sph&teon E™ as it rolls without slipping between two
specified points of£” and from a given initial rotational configuration to a préised terminal rotational
configuration [10].
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In this lecture Jurdjevic presented the results, in whighrtiling sphere problem is extended to situations
in which a spher&} of radiusp rolls on a stationary sphef of radiuss, and to the hyperbolic analogue in
which the sphereS7, ¢ are replaced by the hyperboloidl, H having hyperbolic radip, o with o # p.

The notion of rolling is taken in an isometric sense; the thrgd the path of the point of contact is measured
by the metric of the stationary manifold and the orientatiof the rolling manifold are expressed by the
elements of its isometry group. This larger geometric pectpe, that encompasses both the Euclidean and
the hyperbolic geometries, also includes the unit hypeilddl™ rolling isometrically onE™.

Billiards and sub-Riemannian geometry

One of the most well known open problems in the theory of nratitecal billiards is to prove that the set of
periodic billiard trajectories has zero measure. Thisectojre is motivated by spectral theory (Weyl asymp-
totics for the spectrum of the Laplace operator). Recenthgwa approach to this problem was developed
using ideas from sub-Riemannian geometry and the theorgtefier differential systems [3]

It is known that a planar Birkhoff billiard cannot have a 2graeter family of 3-periodic orbits (this fact
was proved by a number of authors in different ways), whileesjzal billiard domains can (for example, the
spherical geodesic triangle with right angles). Yu. Banjkbv (Bell Labs) explained in the tal8pherical
billiards with many 3-periodic orbitthis phenomenon and described spherical billiards havisgtroperty:
the boundary of such a billiard must contain three segmdriteasides of an equilateral right triangle.

V. Zharnitsky (University of lllinois) in the talkPeriodic orbits in outer billiards(joint work with A.
Tumanov) described an adjustment of the exterior difféaéaystems method to the study of periodic trajec-
tories of outer billiards. He proved that if the set of 4-pérorbits in the outer billiard has non-empty interior
then the table has four corners that form a parallelograh [19

Nonholonomic systems and Lie groups

Nonholonomic mechanical systems are not Hamiltonian. Lrci@aNaranjo (University of Arizona) in the
talk Almost Poisson bracket for nonholonomic systems on Liepgrdascribed the dynamics of nonholo-
nomic systems in term of a bracket of functions that failsatis$y the Jacobi identity. Now one speaks of an
almost Poisson bracket. This approach avoids dealing vdtirdnge multipliers, but, in practice, is difficult
to implement because it involves heavy computations indioates.

He considered the so-called LL and LR systems where the eoafign space is a Lie group and both
the Hamiltonian and the constraints have invariance pt@ser These invariance properties allowed him
to give a geometric construction of a bracket for the desoripof the system on a reduced space. This
construction avoids computations in coordinates and gesselatively simple formulas for the bracket. The
idea involved in the construction generalizes the theaidse-Poisson and semidirect product reduction to
the nonholonomic setting. The constraint functions of #sulting bracket are Casimirs, so the constraints
are satisfied automatically.

Discretization of integrable nonholonomic systems on kk@gswas described by Yu. Fedorov (Uni-
versitat Politechnica de Catalunya). Recently the forsmalof variational integrators (discrete Lagrangian
systems) was extended to systems with nonholonomic camstré&edorov briefy described this formalism
and applied it to the case when the configuration space is grbigp G and the discrete Lagrangian is left-
invariant, while discrete constraints are left- or rightariant with respect to the action Gt As examples, he
constructed discretizations of several classical intdgraonholonomic systems with an invariant measure,
in particular, the celebrated Chaplygin nonholonomic spipgoblem. It appears that the resulting discrete
dynamics is similar to that of the continuous models. He pleposed a method of choosing left-invariant
discrete nonholonomic constraints that ensures presenvaftthe energy integral in the discretizations. The
conservation of an invariant measure in the discrete systeas also discussed, [8].
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P. Lee (University of Toronto) gave a tdlkfinite-dimensional geometry of optimal mass transpanhon-
holonomic distributions in the infinite-dimensional caxit§oint work with B. Khesin) [12]. He considered
the following nonholonomic version of the classical Mogexdrem: given a bracket generating distribution
on a manifold, two volume forms of equal total volume can lm¢aped by the flow of a vector field tangent
to this distribution. These results were discussed in thefitam the point of view of an infinite-dimensional
non-holonomic distribution on the diffeomorphism groupsrthermore, in the 60’s Arnold showed that the
Euler equation can be thought of as the geodesic flow on thggrbvolume-preserving diffeomorphisms.
In a similar fashion, Otto showed that the mass transpotilpro can be consider as the geodesic problem on
the Wasserstein space of all volume forms with the same ¥otame. In particular, the Wasserstein space
can be regarded as the quotient of the group of all diffeorisopd by the subgroup of volume preserving
ones, while the geodesic flow on the diffeomorphism groupemiby the Burgers equation, is closely re-
lated to that on the Wasserstein space. It turns out thateld@gon between diffeomorphism group and the
Wasserstein space can be understood via Hamiltonian ieduct

Applications of control theory and sub-Riemannian geomety

Yu. Sachkov (Program Systems Institute) gave a tddkwell strata and conjugate points in Euler’s elastic
problem In 1744 Leonard Euler considered the following problemtati@nary configurations of elastic rod.
Given a planar elastic rod with fixed endpoints and tangentiseaendpoints, it is required to find possible
profiles of the rod with the given boundary conditions. Ewerived differential equations for stationary
configurations of the rod, reduced them to quadratures, ascrithed their possible qualitative types. Such
configurations are called Euler elastic.

The question on stability of Euler elastic was solved onlgame partial cases. In the talk, a full solution
to the problem of stability of Euler elastic was describedaddition to this local problem, the corresponding
global optimal control problem was also considered. Stgtwf Euler elastic corresponds to local optimality
of extremals of a certain optimal control problem. It is kmotlvat extremals cannot be optimal after Maxwell
points (where distinct extremal curves with the same lemgitth cost functional meet one another) or after
conjugate points (at the envelope to the family of extremagé¢ttories).

The group of discrete symmetries of the system of extrersajenerated by the group of discrete sym-
metries of the equation of a pendulum. Maxwell points arecdlesd via the study of fixed points of the
action of this symmetry group. Maxwell points for all typesetastic are found, [17].

Another application to the problem of optimal laser-inddipepulation transfer in-level quantum sys-
tems was discussed by W. Respondek (INSA de Rouen) in théittatkIntegrability and non-integrability
of sub-Riemannian problenf@int work with A. Maciejewski). This problem can be repeesed as a sub-
Riemanniann problem o§0(n) and it is known that for. = 3 the Hamiltonian system associated with
PMP (Pontryagin Maximum Principle) is integrable. In thstfipart of the talk, he showed that this changes
completely forn larger than 3. Namely, the adjoint equation of PMP does ns$@gs any first integral inde-
pendent of the Hamiltonian on the leaves of the symplectiatfon. In proving non-integrability he used the
Morales-Ramis theory.

In the second part he showed that the above-mentioned afiitigr of the adjoint equation fo60(3)
is a particular case of a more general result. Namely, heegrtivat the adjoint geodesic equation for a 3-
dimensional homogeneous sub-Riemannian space possassgdigonal quadratic first integral if and only
if the space is symmetric, [15].

Yet another application wa& simple example of the Arnold diffusiontlined in the talk by M. Levi
(Penn State University) on his joint work with V. Kaloshinhdy gave a simple geometrical explanation of
the Arnold diffusion. The idea was illustrated for the caba particle in a periodic potential iR?, and, in
a slightly different setting, for the geodesic flow with tirperiodic metric.
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Slipping and rolling toys, bicycles, and nonholonomic engieering prob-
lems

T. Tokieda (University of Cambridge) talked abd@lipping and rolling toys and their integrabilityHe dis-
cussed, both on the board and through toy demonstrationsnaer of nonholonomic problems which look
integrable—conserved quantities, quasi-periodicity-ebut seem awkward to fit into the current models of
integrability. They exhibit other peculiarities, such &grality and finite-time singularity, and he argued that
these ought to be a generic part of physically realistic nsaenonholonomic integrability.

The engineering perspective on nonholonomic problems wesepted by A. Ruina (Cornell University)
in his talk Some mechanics perspectives on non-holonomic constrédatshowed (with video) that despite
common mythology, equations of motion for non-holonomisteyns can sometimes be found by simple
means; that the most common non-holonomic systems, byevatuheir symmetry, cannot have the most
interesting of non-holonomic features, the asymptotibiitp. He argued that the word “non-holonomic”
might sensibly be replaced with “skates and wheels”. Funtloee, despite more than a century-long history,
there are no established equations of motion for a reaspiggleral non-holonomic bicycle (demonstrated
with video), [16].

In addition to talks, numerous informal discussions to@cpl The overall volume of interaction between
the participants was very high.

The bibliography below lists several books on non-holorwsyistems, sub-Riemannian geometry and
optimal control theory, as well as various papers relatetedalks.
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Chapter 4

Numerical Analysis of Multiscale
Computations (07w5069)
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Organizer(s): Bjorn Engquist (University of Texas at Austin), Olof RungqRoyal Insti-
tute of Technology, Sweden), Steve Ruuth (Simon Fraserdadsity), Richard Tsai (Uni-
versity of Texas at Austin)

Short Overview

With the efficiency of modern computers and the maturity ahetical methods for solving differential equa-
tions and linear systems, the focus of scientific computatas recently been shifting towards more difficult
problems where classical single physics models are notaiecanough, and a coupling of multiple physics
models needs to be considered. In particular, there is amgemee of methods that replace heuristics and
empirical observations in coarse scale single physics fedmedirect numerical simulations of more ac-
curate models defined on finer scales. This workshop addréissenumerical analysis of such multiscale
approaches.

As an example, in simulation of complex fluids, such as polgire a solvent, a coarse scale model is
given by Navier-Stokes type PDEs for non-Newtonian fluidssiich a model, the total stress is typically
obtained through empirical arguments based on physidghitss The accuracy of the model thus hinges crit-
ically on the quality of the heuristics, which is often notis@ctory. In the emerging methods, the total stress
could instead be obtained by direct fine scale numericallsitions of the interaction of polymer particles and
the background fluid. With these approaches, the resultimgdgts typically require solving problems involv-
ing wide ranges in spatial and temporal scales. In fact, dtieeomain challenges for simulating fine scale
models, e.g. molecular dynamics and kinetic Monte-Caids, ih computationally resolving details such as
oscillations over the length scales, both spatial and teadipewhere interesting phenomena take place. Itis
generally an impossible task to solve the fine scale equasioturately over the length scale of the interesting
continuum quantities, and in the time dependent case, foreadcale comparable to that of interesting events.

The new class of numerical methods alluded to above typitadkle this difficulty by exploiting sepa-
rations of scales or other scale structures such as selasityin the governing physical model. There is a
large class of problems that exhibit this separation ofescal implies that enough information about the fine
scale influence on the coarse scale dynamics can be obtaineetforming spatially localized simulations
over short times, thus gaining efficiency. The numerical plexity of these methods is therefore expected to
be much smaller than direct simulation of the full fine scateded. This sort of multiscale approach makes it
feasible to treat problems that could not be handled prelyand to obtain higher accuracy in the simulation
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of important physical phenomena. So far the main exciterhastbeen driven by multiscale mathematical
models in applied sciences problems including materiaéxse, chemistry, fluid dynamics, and biology. In
this workshop, the focus was on the analysis of the numeamesihods motivated by these attempts.

Objectives of the workshop

Abstractly, the problems we are interested in can be destils follows. A fine scale model for the high-
dimensional variables x is known. We want to compute a nurobeparse variables, X, using a tentative
governing equation. Parts of the data in the governing égues, however, missing and must be constructed
from the solutions X of localized simulations of the fine scadodel. In those simulations, parameters such
as boundary and initial conditions, depend implicitly oa toarse variables X.

A difficulty is how to choose a good coarse model when only the $icale model is known. The models
of each scale can be of different types: e.g. PDEs, ODEgjriatequations, stochastic processes. In many
applications, stochastic modeling is more appropriate ddarse and fine scale models are often not of the
same type. For instance, molecular dynamics (ODES) can be adale model of fluids, while a coarse scale
model could be Navier-Stokes (a PDE). Similarly, Montel@arethods can be used either as a valid method
for the coarse scale system or used in a fine scale to evaloatsecscale quantities, while some other type
of computational model is used in the complement scale.

There are also situations where there is no explicit equédiothe coarse variables, and we are interested
in developing direct numerical procedures to consisteatilye the coarse scale evolution by using snapshots
of fine scale solutions. As an example, the Fermi-Pasta-lailem is to study the adiabatic energy trans-
fer in a system of interlaced linear stiff springs and softhtinear ones. The adiabatic energy transfer in the
system is an important phenomenon that only professe$ wbeln the energies of the right springs in the
original system is explicitly computed. Each spring in tistem oscillates at similar fast time scales, and it
is not obvious what coarse variable should be used to censligcompute the energy transfer in the system.
Hence, in this workshop we proposed to address the followpegialized aspects related to the multiscale
computational approaches alluded to above:

1. Under what conditions and in what sense do the multisqggleoaches converge (while still having a
significantly smaller complexity than that of direct simiida of the fine scale model)? What is the accuracy
and the stability properties of the methods?

2. Is the coarse system properly closed, i.e. are the chosarixbles enough to describe the coarse
dynamics that is consistent with the fine scale system? |fwloat additional auxiliary coarse variables are
needed to close the coarse system?

3. How can we find reasonable coarse models in a systematie @ay numerical methods be used to
automate the process?

These pose challenging computational and analytical prosl Some initial work has been done on Item
1 for some classes of methods, but many open questions retit@in 2 and 3 have been addressed tradi-
tionally by applying empirical rules based on physics, tieodeveloped from mathematical physics, such
as statistical mechanics, or by rigorous analytical apgrea such as homogenization in simplified settings.
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Workshop Themes

Coarse variables

One generic difficulty for the new multiscale methods is tes#hthe coarse, macroscopic variables. The
speakers followed different approaches to accomplish thithe dynamical systems setting Sharp used time
averages of the state variables of the given mechanicamgsand analyzed how the dynamics of these
time averages could possible form a closed system. In LeBnethod the slow variables correspond to the
amplitudes of the oscillations. It should be noted also byathoosing a symplectic method the energy is
approximately kept constant and can be considered as aoczmiable that is implicitly computed and used.
Ariel proposed a systematic way to find slow variables by wering polynomial functions of the fast vari-
ables and show that a finite number of such slow variablegla@suult in an effective system which can be
considered closed. Ariel further demonstrated the effelstiof such multiscale method comparing to some
typical test problems such as the Fermi-Pasta-Ulam prabBoid considered the distribution function of
frequencies as a slow-moving variable. Vanden-Eijden azeh&ssy used statistical properties of the fast
variables.

Complexity

One of the main goals of the new multiscale methods is to fgmitly reduce the complexity compared to
solving the full problem. Overall, we see the use of coars@abtes and special sampling approaches to
breach complexity limitation. This aspect was highlighitedeveral talks:

Vanden-Eijnden showed that for a class of stochastic systenmodeling chemical reactions with dras-
tically different rates, one could efficiently simulate thlew reactions without fully resolving all the fast
reactions. This is done using a multilevel sampling techeitpat resembles a recent Monte Carlo algorithm
by Petzold ang Gilespy.

Gilbert and Iwen presented an efficient way to identify a faliesit Fourier modes in a given signal. This
algorithm is based on random sampling theory. For a givear éoterance and probability, the algorithm can
return the correct solutions in sublinear time. The undegiynathematical principle is related to the theory
of compressive sensing.

Ariels talk focused on the idea of searching for a set of fiom&t (slow variables) that changes slowly
when evaluated along the solutions of the given dynamicgtkesys with fast oscillation. The time evolution
of the slow variables can be computed at a cost almost indiepef the fastest scale of the problem.

LeBris used the generating function for a given Hamiltorsgiatem to integrate out the effects of fast
harmonic oscillations. The technique suggested provideayeto construct efficient symplectic integrators
for the remaining slow dynamics. This is an approach th&seln specific knowledge and theory about the
fast oscillations of special systems for breach the linatabf formal complexity.

Luskin analyzed the quasi-continuum model. The efficierfdjis algorithm comes from using coarse-
grained representative atoms and simplified interactiée (@auchy-Born) in the bulk of a material (solid)
under simulation. The algorithm requires a coupling betwtde coarse grained bulk and detailed atomistic
simulations.

Coupling of models

The challenges of coupling of different models in a multisgamputation are typically about (1) the iden-
tification of suitable macroscale or microscale variab{2smaking sure that the mathematical models used
in either scales are compatible; and (3) identification dideumains in which macroscale model are not suf-
ficient and should be replaced by a fine scale model. In péaticine compatibility of the models used at
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different scales typically involves finding the suitableubdary conditions, for the fine scale domains, that
correctly reflect macroscale information, finding the sblgaboundary conditions for the macroscale sim-
ulations that correctly reflect the effect from fine scalewdations, and setting up the states of the chosen
microscale variables which are consistent with the maalesoformation.

If some sort of homogeneity in the macro domain is assumathgie boundary conditions for the fine
scale simulations make sense. Generally speaking, mams@mulations feedback to the macro model
through Dircihlet or Neumann type conditions. Initialigithe micro variables may be an important issue to
resolve.

Ren analyzed different couplings of continuum and atomistodels of fluids by exchanging possible
combinations of flux and velocity information in thinly ovepped domains. He analyzed the instability of
certain specific coupling methods.

Yi Sun couples a general interface tracking algorithms Witinte Carlo simulations. The MC simula-
tions concentrate on small domains distributed along ttexfece. Periodic boundary condition is assumed
tangential to the interface, and flux type boundary cond#tineed to be enforced according to macro vari-
ables.

Quasicontinuum method uses linear interpolation to comaero and micro models.

Convergence

Souganidis presented general framework relying on corspanprinciple for establishing convergence in
a numerical method. Luskin proved convergence of the qaasimuum method in one dimension. Ariel
showed that if sufficient number of slow variables is fourtgrt one can construct efficiently convergent
numerical approximations of the slowly changing properté the fast dynamics. Szepessy discussed a
hierarchy of stochastics models related to a Langevin dyecsrhle proved convergence of one model to the
other under certain appropriate scaling. In summary, teelual of the heavy particle’s Hamiltonian path
in the Kolmogorov equation for Langevins equation yieldsealwerror representation. To estimate terms
in this representation, the correspondence to the esksr@itingale property for Ito integrals present in the
Langevin dynamics comes here in the Hamiltonian dynamiesare subtly form by Fourier representations
based on the first variation of the particle paths with resfmethe noisy initial data.

Open Problems and Future Directions
Here, we list a couple of questions that have been raisediaodssed during the workshop.
What are the main challenges in multiscale modeling, coatfmit, and analysis?

Is it possible and sensible to develop multiscale approachlienomena that have many or even a con-
tinuum of scales?

For oscillatory problems with time-dependent and crossiggnvalues, what could be done to overcome
the possible singularities that may arise?

In many problems, one should consider even longer time s¢bleps?). What are the additional chal-
lenges for such considerations? What may be the additiowélgms for "stacking” the two-scale algo-
rithms?

In deriving macro- models from micro- models that includecsiastics, finding good ways of using noise
helps in this coarse-graining process.



Numerical Analysis of Multiscale Computations 47

A hard open problem is to find mathematical methods to deffigent pseudo-potentials in molecular
dynamics. Now, this problem is studied with chemists’ anggitists’ lifelong experience. It would be help-
ful to find simpler mathematical ways.

Some discussions on the spectrum of the KdV model took pl&lee.issue of whether using only a few
salient Fourier modes in this type of problems is sufficieaswaised. More generally, for what type of
equation/operator does this approach make sense?

Multiscale problems are also multi-disciplinary, so we thé@ have more input from experts in other
areas. Experts on micro in physics, biology and chemistopkhhelp to give input on our work and show
problems where new math is needed.

More problems starting from the Schrdinger equation wowddybod to have, since this is the model
where everything is precisely defined, taking steps intosmascales from there is interesting.

From purely analytical view point, the passage from molacdlynamics regime to continuum regimes
are still unclear.

Excerpts from the talks (grouped by topics)

Dynamical systems

Speaker: Ariel, Gil (University of Texas, Austin)
Title: Applications of heterogeneous multiscale methadstiff ordinary differential equations

This talk focused on a class of ordinary differential equagi (ODES) whose dynamics exhibits oscilla-
tory behavior in two well separated timescales. Ariel psgmba numerical algorithm that consists of two
steps. The first identifies a set of variables that charaetehie slow dynamics. If a sufficient number of
independent variables are found, they serve as a coordipstiem for the slow modes of the dynamical sys-
tem, and consequently, the application of an averagingémeprovides closure to the dynamics. He showed
that for a class of equations, including the Fermi-Pastbroblem, a closed set of slow variables can be
constructed by forming the appropriate linear combinatiofithe monomials of the original state variables.

Speaker: Bold, Katy (Princeton University)
Title: Coarse-graining the dynamics of coupled oscillatmdels

Bold presented a multiscale computational approach toghedcollective dynamics of Kuramoto model
and a model of glycolytic oscillations in yeast cells thes®lels are used to study coupled transient dynam-
ics and synchronization. The two models of coupled, hetmegus oscillators we consider are the Kuramoto
model and a model of glycolytic oscillations in yeast ceBfe pointed out that for these two problems, it is
essential to use some appropriate distributions of the statables on the macroscopic level and to constraint
the microscopic simulations. She also discussed the exist@nd stability of fully and partially synchronized
states in these models. Bold also described her approaamtidtiacale modeling for the graph problems.

Speaker: Le Bris, Claude (CERMICS-ENPC, Paris)
Title: Construction of symplectic schemes for highly dstdry hamiltonian systems

Le Bris described a systematic Hamilton-Jacobi approadotstruct symplectic integrators for highly
oscillatory systems. The approach is based upon a two-sgat@nsion of the generating function. Some
non-symplectic integrators are also constructed, skgimbdifying the above strategy. He pointed out that
in the context of multiscale applications, symplecticifyanumerical scheme is not the ultimate goals, but
the efficiency of this algorithm is. He proposed the idea afiphsymplecticity for the slow variables. In
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parallel to symplecticity, symmetry preservation is alsteaired properties. Symmetry in a scheme implies
conservation of invariants in the system. He discussedfisction on whether replacing symplecticity with
symmetry in the algorithm would be appropriate for non-gnéble systems.

Speaker: Sharp, Richard (University of Texas at Austin)
Title: Systematic reinitialization for heterogeneous tisehle methods

Sharp used a series of examples, including the problem at¥égpendulum and a chain of moleculesin
3D with stiff bonding to illustrate the necessary consitierss and approach for designing multiscale algo-
rithms that use the time averages of the state variablesrasfiihe macroscopic variables. Sharp went on to
describe how to find the initial data for the given stiff systeo that the averages of the solution using these
initial data are consistent with the macroscopic variabkis computations suggested that the preservation
of the total energy in these mechanical systems have treousrmbnsequence for the multiscale simulations.
Some questions and discussions followed on his numeritailations of the Kaptizas inverted pendulum.

Stochastics systems

Speaker: Luskin, Mitchell (University of Minnesota)
Title: Mathematical results and challenges for the quainoum approximation

Luskin derived and compared several quasicontinuum ajpaiions to a one-dimensional system of
atoms that interact by a classical atomistic potential. Hegd that the equilibrium equations have a unique
solution under suitable restrictions on the loads, and we giconvergence rate for an iterative method to
solve the equilibrium equations.

Speaker: Szepessy, Anders (Royal Institute of Technology)
Title: Stochastic dynamics in atomistic and continuum niede

Stochastic Langevin dynamics is used for simulating mdé&alynamics at constant temperature. More
than thirty years ago, Robert Zwanzig showed that a Hanmétosystem of harmonic heat bath interactions
with particles, for stochastic initial data, can be modddgd Langevin equation. It is also well known that
Langevin dynamics can be approximated by simpler Smoluskiosynamics (Brownian dynamics) on long
diffusion time scales as the molecular friction increaseep@ssy presented some simple ideas and error
estimates for coarse-graining: heat baths to Langevingéan to Smoluchowski, and Smoluchowski to
continuum stochastic PDE for phase change dynamics.

Speaker: Vanden-Eijnden, Eric (New York University)
Title: Numerical techniques for multiscale stochastic ayrcal systems

Vanden-Eijnden pointed out that traditional implicit OD&hemes become ineffective when the dynamics
of the system is stochastic in some way, e.g. if it is goveilned stochastic differential equation, a Markov
chain as in kinetic Monte Carlo methods, or even by a larg@s&DEs whose solutions are chaotic. He
spoke about a type numerical methods that are built on agtiopechniques and limit theorems for singu-
larly perturbed Markov processes, originally developetha70s by Khasminskii, Kurtz, Papanicolaou, etc.
These limit theorems provide one with closed effective ¢éiqua for the slow variables in the system, and the
coefficients in these equations are given by expectatioastbe statistics of the fast variables conditional
on the value of the slow variables. In general, these expestacannot be computed analytically, but it
is possible to estimate them on-the-fly when needed via shost of the fast variables. Once this is done,
the slow variables can be evolved using the effective eqnatby one macro-time-step, and the procedure
can be repeated. Vanden-Eijnden carefully compared tferelifces between the Heterogeneous Multiscale
Methods and the Equation-Free approaches. In this apprteeitial condition for each microscopic run
does not seems to be important. This is in contrast to marer pioblems that were presented in this work-
shop. There were discussions on how one can set up a modehstimgproblem with correlated noise so that
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certain auxiliary macroscopic variables are indisperestdyla consistent multiscale approximation.

Solids and fluids

Speaker: Ren, Weiging (New York University)
Title: Numerical test of multiscale methods for fluids

Ren proposed a numerical approach that couples the contieguations and molecular dynamics over
an interface that separate the two models. The boundaryt@mtbr the continuum equations at the inter-
face is provided by molecular dynamics, and vice versa. Twoial problems need to be resolved: 1) what
information (macroscopic) needs to be exchanged betweetwih descriptions? 2) How to impose BCs
that are prescribed macroscopically on the particle systeiie second question typically leads to artificial
disturbance being reflected from the coupling interfaceer&lwas a brief discussion about the approach of
overlapping MD and continuum domains for tacking this pesbl Ren concentrated on the first question
in this talk. In the existing methods, coupling between (eldfifunctions (e.g. velocity); (b) flux of con-
served quantities; and (3) mixture of the above have begrogead, while flux(continuum)-flux(particle) and
velocity(continuum)-velocity(particle) are the most pitgr ones. Ren presented his finding in the perfor-
mance of these different schemes. He concluded that flwoeitglcoupling yields faster convergences than
other combinations, flux-flux coupling is marginally undeland velocity-flux coupling yields errors that
increase geometrically in time.

Speaker: Sun, Yi (New York University)
Title: The heterogeneous multiscale methods for interfeaxking

This talk proposed two integrated multiscale techniquéisésimulation of combustion fronts and epitax-
ial growth. For the application to the combustion frontsrinan task is to overcome the numerical difficulties
caused by different time scales on the transport part anckttive part in the model. Sun showed numerical
results related to Majda’s model and reactive Euler eqoatio one and two dimensions show substantially
improved efficiency over traditional methods. For the epétbgrowth, a hybrid method coupling the kinetic
Monte-Carlo simulation on the microscale with the levelrsethod for island dynamics on the macroscale
is introduced. Sun further demonstrated the efficiency sfampiproaches by presenting relevant numerical
computations for island growth and step edge in the epitgreavth model. In both applications, the macro-
scopic variables include an interface that separatesréiftanaterials as well as some statistical quantities,
such as density of the particles, related to the microscstpte variables. A discussion on the evaluation of
the interface dynamics from the microscale simulationsciwvis typically measured by fluxes of the mate-
rials near the interface. Again it is very important to cathghandle the boundary conditions at each of the
microscopic domains. Sun described his approach that saetarpscopic domains that are in alignment with
the interface normal in order to better derive and enforeétiundary conditions.

Kinetics

Speaker: Gamba, Irene (University of Texas, Austin)
Title: Non-equilibrium statistics and the need of multilgcanalysis in heterogeneous modeling for charged
transport in nano structures

Gamba discussed issues of semi-classical and classieickinodels for hot electron transport in nano
channels and their macroscopic limits. Such models departtierelative effective forces. Gamba also
discussed the applicable regimes of the Boltzmann-PoigsdriVigner-Poisson models, which depend on
the scales and their macroscopic approximation equatimnthéir kinetic moments. An important issue
for the characterization of the multi-scale is the boundamyditions. In addition, she presented some re-
cent deterministic solvers for kinetic equations and bematk simulations against Monte Carlo solvers for
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Boltzmann-Poisson systems.

Speaker: Tharkabhushanam, Sri Harsha (University of Texastin)
Title: Deterministic solvers for non-linear Boltzmann @tjon and computations of non-equilibrium statisti-
cal state

This speaker presented a new deterministic solver for thelinear Boltzmann Transport Equation (con-
servative and non-conservative) for Variable Hard PoatiftfHP) model. The speaker pointed out that in
the Boltzmann collision kernel, the inter-dependence effite- and post- collisional velocities and the dis-
tribution posses the major computational challenge. UaiRgurier transform technique, the complexity in
computing the collision integral is isolated to a sepanategral over the unit sphere. The resulting numerical
algorithm requires solving a constrained minimizationdeon in order to achieve conservation of mass. The
high-velocity tail behaviour (power-like tails) of the ttibution function is captured by the computation of
high-order moments of the distribution function.

Novel applications

Speaker: Gilbert, Anna (University of Michigan)
Title: Sublinear algorithms for (sparse) signal repreaton

Gilbert gave an expository overview of several sublinegodathms for sparse signal representation, in-
cluding the Fourier sampling algorithm of Gilbert, Muthigtman, and Strauss. These algorithms are ex-
ponentially faster than traditional algorithms and useomentially less space; some reading only a small
fraction of the signal. In exchange for this exponentialrdase in resources used, the algorithms are ran-
domized approximation algorithms. She discussed in detadmbinatorial technique, called group testing,
which is an essential step in the new Fourier methods. Thier@iscussions about when these type of random
algorithms yield deterministic result.

Speaker: Iwen, Mark (University of Michigan)
Title: Sub-linear time approximate DFT algorithm for spatethods

The fast approximate in "Improved time bounds for nearfogptisparse Fourier representation via sam-
pling” will be briefly reviewed. Iwen presented some emgiticesults on the speed, accuracy, and noise
tolerance from the DFT algorithm proposed by A.C. GilbertMathukrishnan, and M. J. Strauss. Iwen then
focussed on using the algorithm for sub-linear time/spaeetsal methods for the KdV equations.

Analysis

Speaker: Souganidis, Panagiotis (University of TexastiAus
Title: Error estimates for finite difference numerical apgdmations to solutions of fully nonlinear first and
second order PDE

Souganidis first reviewed the basic convergence theory @ratone finite difference approximations to
viscosity solutions and then presented new results abourt @stimates. The second part of his talk focused
on the homogenization of Hamilton-Jacobi equations anéuegte parabolic or elliptic equations in a class
of random media. This type of equations is highly relateddw/ fin heterogeneous media in which the het-
erogeneity is larger than the pore scales. To date, thereeaydimited computational strategies for this type
of problems. Tsai is now interacting with Souganidis andshislent on these problems.
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Interactions:

A. Discussions and exchanges of ideas:

Runborg, lwen, and Gilbert discussed a joint project on igmeg spectral methods for PDEs using the
new fast Fourier Transform algorithm.

Sun and Tsai discussed the multiscale modeling and conpuufat a class of neural networks that in-
volve stiff Dirac-delta forcings.

Engquist, Runborg, and Tsai discussed new numerical apiproa high frequency wave propagation
using Gaussian beams.

Vanden-Eijnden, Ariel, and Tsai discussed the possitofitynproving the convergence of time averaging.

Several discussions on the range of validity of the CaucbgrBule following Luskins talk took place.
LeBris and Sharp discussed the issue of conservation dfiegagy in his algorithm. There were discus-
sions on the possibility of adding suitable macroscopiéides could improve the conservations.

LeBris and Szepessy started thinking on symplectic metfadsptimal control point of view.

Discussions about general approaches in finding coarssasitook place after Bolds talk. Comments
about the convergence of the presented graph problem wehaeged.

Ariel, Szepessy, and Vanden Eijnden discussed the issussafg versus weak convergence of the
Zwanzig model to the Langevin equation.

Some discussions on the spectrum of the KdV model presentidens talk took place. The issue of
whether using only a few salient Fourier modes in this typgroblems is sufficient was raised. More gener-
ally, for what type of equation/operator does this appraaeke sense?

B. Mutual visits:
Tsai visited Luskin at Minnesota after the workshop.
Vanden-Eijnden invited Tsai to a workshop in the summer al&to.

Gilbert and Runborg met in Cambridge and further developett tollaboration.
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Explicit methods for rational points on
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February 4-9, 2007

Organizer(s): Nils Bruin (Simon Fraser University), Bjorn Poonen (Unisigy of Califor-
nia, Berkeley)

Introduction to the field

One of the “big problems” of number theory is to understaredgét of rational points on a variety, or equiv-
alently, the rational solutions to a system of polynomial&gpns. Despite thousands of years of research,
we are very far from having a general method for solving atlhsproblems. There is even some evidence
that deciding the existence of a rational solution is an ait#ble problem (the corresponding problem for
integers, “Hilbert’s Tenth Problem”, was proved to be undable by Martin Davis, Hilary Putnam, Julia
Robinson [6]. and Yuri Matijasevi€ [12]. Therefore mangearchers have tried to solve special cases of the
general problem.

One way to subdivide the task is to classify varieties byrtd@nension, which can be defined as the
dimension of the complex analytic space whose underlyimgssthe set of complex number solutions to
the system. This space will be a complex manifold if the eigunatsatisfy the differential criterion for
smoothness. The study of this complex analytic space isubifmf more than just classification: it was
discovered in the 20th century that the geometry of thisebas a profound influence on the set of rational
points.

The rational points of-dimensional varieties are easy to understand. By suifabiection, one reduces
to the problem of understanding the rational roots of a patyial in one variable with rational coefficients,
and there are elementary methods for understanding these.

Rational points on curved {dimensional varietieX') are already much harder: there is still no general
algorithm for determining the set of rational points thas lb@en proved to determine the rational points in
every case. One can reduce to the case where the curve ishsipagective, and geometrically integral, or
equivalently, where the corresponding complex analytacsps a compact Riemann surface; from now on
we will assume this. Then one can subdivide the problem éusticcording to the topological genwsf the
compact Riemann surface. This nonnegative integean also be defined algebraically as the dimension of
the space of regular differentials, or the dimension of tiea§ cohomology spadé* (X, Ox).

Major number-theoretic breakthroughs of the 20th centametgiven us a qualitative understanding of
the setX (Q) of rational points on a (smooth, projective, geometricallggral) curve as above. Many of
these results generalize to the case where the@edfirational numbers is replaced by a finite extension, or
even some other types of fields, but for simplicity we willaliss the case @j.
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In the casey = 0, the problem of deciding whetheX (Q) is nonempty is equivalent to the problem
of deciding whether a quadratic form in three variables espnts), and a criterion for this in terms of
congruences goes back to work of Legendre. Moreover, ifianalt point exists, therX is isomorphic to
the projective linéP! overQ, and hence the rational solutions may be parametrizednBtarice, the special
case of (the projective closure of) the cume+ y? = 1 yields the familiar parametrization of Pythagorean
triples.

In the casgy = 1, it is still not known how to decide whethéf (Q) is nonempty. Suppose thai(Q)
is nonempty. Then the choice of a point }(Q) leads to a group structure on the variety so X (Q)
acquires the structure of an abelian group. The famous Mevdsl theorem (due to Mordell in the special
case we are considering), proved in the 1920s, states teajrbup X (Q) is finitely generated. The proof
combines a generalization of Fermat’'s method of infinitecdaswith a study of the sizes of numerators and
denominators of the coordinates of rational points. Thedéb#\Weil theorem remains a qualitative result,
however, in the sense that there is no algorithm that hasfresed to construct generators for this group, or
even to calculate the rank of this group. More preciselyeaeshers have developed algorithms to solve these
problems, but these algorithms terminate in general orfigrievery elliptic curvel’ overQ, there exists a
primep such that the-primary part of a torsion abelian group called the Shafiahe\fate group is finite, as
has been conjectured.

Inthe casg > 2, Gerd Faltings [4] proved Mordell's 1922 conjecture thgtQ) is finite, and a few years
later Paul Vojta [83] gave a completely different proof. Bgse proofs are ineffective, even in principle:
given an explicit curve, the proofs do not give a procedurdi$ting the rational points: they only (with extra
work) give an upper bound for the number of rational poinepehding on the input curve. These upper
bounds typically appear to be ridiculously large.

There are other techniques that were developed to solve fiteblems:

1. In some cases, one can determine the rational points oive &by finding a non-constant morphism
from it to an abelian varietyl whose group of rational points is finite; here one often usegacobian
J of X, sinceJ is the universal abelian variety through which all morprsgrom X to abelian varieties
map. If one succeeds in finding such a morphi$m- A, one can hope to determine all rational points
on A and then examine their preimagesin

2. If one finds a morphism fronX to an abelian varietyd such thatA(Q) is infinite, but satisfies
rank A(Q) < dim A, then there is @-adic analytic method due to Chabauty [12] that provides an
upper bound on the number of rational pointsXnMoreover, this upper bound is usually reasonable,
and often is even sharp, in which case it can be used to deteittme sefX (Q). The method operates
by first computing4(Q) (in fact, one can usually get by with knowledge of a subgroifinée index
therein), and then looking at the intersection of the im&ghel -dimensionap-adic manifoldX (Q,,),
with the p-adic closure ofA(Q) in A(Q,): the latter closure can be shown to bg-adic analytic sub-
manifold of dimension at mostnk A(Q), so dimension counting suggests that the intersectioneabov
is 0-dimensional; Chabauty proved that it was finite, and RoBeféman [12] showed how to obtain a
very explicit upper bound o# X (Q) via this method.

3. If for every abelian variety quotient of the Jacobian o, the inequalityrank A(Q) < dim A is
violated, then one can try instead ideas originating in wafrichevalley-Weil [4], again generalizing
Fermat's infinite descent. One can replace the problem oinfincational points on a given cung
of genus at leas? with the problem of determining the rational points for aténset of unramified
covers of the given curve. This is often helpful, and it mayh=g in principle combining this method
with Chabauty’s method always succeeds in determining dtieral points (see [12] and [13], for
instance), but in practice, the fact that the covering ceiheve higher genus than often makes the
computation too time-consuming to carry out to completidiso, it seems very difficult to prove that
this combination of methods would always succeed in priecip

Recent developments and open problems

In [8], Minhyong Kim introduced a new idea for studying ratad and integral points on curves. Loosely
speaking, the Jacobian of a curve classifies geometridadlyemn covers of the curve, and Chabauty’s method
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can be understood as applying descent to pass to the toweoaiarically abelian unramified covers of
p-power degree. Kim’s idea was instead to use the tower ofrsmeming from the prg- nilpotent quotient
of the algebraic fundamental group of the curve. In direclagy with Chabauty’s method, he defines a
“unipotent Albanese map” fronX (Q,) not to J(Q,) but to thep-adic points of a pro-unipotent algebraic
groupm pr(X,z). Using this, he gave a new proof of Siegel's theorem on théefieiss of the set of
solutions toS-unit equations, folS' a finite set of places o). Although this particular result can also be
obtained by the more elementary approach of applying Chgisamethod to unramified covers & —
{0, 1, 00}, it seemed possible that Kim's method might be applicabletter situations for which it is not
clear that applying Chabauty’s method to unramified coverslevwork. As evidence for this, Kim showed
that various conjectures (about Galois cohomology or Gakpresentations) would imply that his technique
would prove the finiteness of the set of integral points ontayperbolic curve ovef), and in particular the
finiteness of the set of rational points on any smooth prvjeciurve of genus at leagtoverQ.

This raises several questions:

1. Isit actually the case that Kim’s approach is equivaler@habauty’s approach applied to unramified
covers? If not, is one approach stronger than the other?

2. Does Kim’s approach lead to a new proof of Faltings’ theone general?

3. Does Kim’s approach suggest an algorithm, along the 6t algorithm that implements Chabauty’s
ideas?

One of the main goals of the workshop was to bring people tegét try to gain insight on these difficult
guestions.

Workshop presentations

Expository talks

Tim Dokchitser — Analytic ranks of Jacobians of curves

This talk concentrated on a conjectural but, if ever proveny powerful way of computing the free rank
of abelian varieties over the rational numbers.

One associates to any Abelian variety over the rationalsialytic object, itsL-series This is an analytic
function in, says, defined by a convergent series ¢(s) > 3/2. According to a conjecture by Birch and
Swinnerton-Dyer, this function extends to a meromorphiacfion on the entire complex plane, and the
order of vanishing at = 1 should correspond to the free rank of the group of rationaltgmn the abelian
variety. Furthermore, the lowest order derivative thatsdoet vanish should take a valuesat 1 which is
a combination of virtually all interesting arithmetic geetric quantities associated to the abelian variety. In
particular, the conjectural order of the Shafarevich-fateip can be read off from that value.

In practice, even getting a complete description of thgeries can be troublesome, because some of the
relevant arithmetic information that makes up fhseries is hard to compute. Using even further conjectures,
one can often make an educated guess about this informédtitmis talk, the speaker showed how to apply
these ideas in practice . He demonstrated how his newly olegdlsoftware in the computer algebra system
MAGMA can be used and showed some impressive examples. Qhe bighlights was a geniscurve, for
which he conjectured that the Jacobian should be of rank 5.

An interesting question raised by his talk is whether algetimethods (e.g., 2-descent on the Jacobian of
this genus3 curve) can obtain this result. Some of the participantsghboabout this for a while, and could
not see an easy way to do it. So at least for the time beinggihseas the analytic approach and the algebraic
approach complement each other, each able to contributemation that might be inaccessible via the other
approach.

William McCallum — Introduction to explicit Chabauty methods

Given that one of the main themes of this workshop wags-Abelian Chabauty a generalisation of
Chabauty’s original method to obtain a partial proof of Meltd conjecture, the organizers invited one of the
experts on the method to give a lecture series on the inttmduioto the original idea.
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Let C' be a complete, irreducible, nonsingular algebraic cunes the field of rational numbers, of genus
at least2. Suppose we have a degredivisor class orC'. We can use that to considéras a subvariety of
the Jacobiay of C'. Hence, the rational points @f can be considered a subset of the rational points of

We considerJ(Q) C J(Q,). for some primep. A nice property ofp-adic analytic commutative lie-
groups is that a finitely generated subgroup of ran& contained in an analytic submanifold of dimension
at mostr. Hence, ifJ(Q) is of rank strictly lower than the dimension @f then it is contained in a proper
submanifold/(Q) C J(Q,).

We can then find a bound ¢aC (Q) via the inclusiorC(Q) € C(Q,)NJ(Q). The latter is an intersection
of a 1-dimensionalQ,-analytic algebraic variety with a propgradic analytic submanifold of the ambient
space. One would expecbadimensional (in fact finite) intersection and one can shuat this is indeed the
case. The cardinality of this analytic intersection preg@n upper bound ari(Q).

In this talk, it is explained how all analytic computatiorsde formulated in terms gfadic integration
on the curve and several well-known examples from the liteesare explained and demonstrated.

Several modifications of the method, in particular the useoskrs and replacing (if possible) with a
computationally more accessible Weil-restriction of dip8t curve are also mentioned.

Edward Schaefer -Bounding the Mordell-Weil rank of the Jacobian of a curve

A crucial ingredient for the application of Chabauty’s madho a curve” overQ with Jacobian/, is a
detailed knowledge of (Q), the Mordell-Weil group. In particular, one needs to know ftee rank of this
group.

One can read off this rank from a quotiefitQ)/p.J(Q). The method oflescentries to approximate
this group by a group that is quaranteed to contain the giveapy thep-Selmer group of/. The cardinality
of the latter thus provides an upper bound on the cardinafithe former, and thus implies a bound on the
Mordell-Weil rank of J.

The talk explains in detail how the general Galois-cohomimial framework one can use to describe the
required objects can be translated into explicitly complgtabjects.

As a particular example, a famous historical computatiaeeated, thus providing the required infor-
mation to complete the argument given in McCallum'’s talk.

Michael Stoll — Local-global obstructions, coverings, and Mordell-Weiksing

If Chabauty’s method applies, i.e., f{Q) is of smaller rank than the dimension &f then it provides
a proof thatC(Q) — J(Q)/NJ(Q) is injective for some explicifV. It then remains to determine which
classes in/(Q)/N.J(Q) do contain a rational point.

As it turns out, assuming we can consideras a subvariety of/, considering the intersection of the
image of J(Q) in [],c s J(Fp) with ] 5 C(F,) for some suitably chosen set of primgsprovides quite
strong congruence information on the imagegfQ) in J(Q). In fact, heuristically (see [13]), one expects
that once should be able to get accurate information for’dnyhe procedure of obtaining such information
is now known adviordell-Weil sieving

In particular, the same heuristics predict that using thegedure for a curvé€' that does not have rational
points, one should be able to show this using a suitably chests.

This talk explains this procedure and its link with the idéaising coverings as in [4] and the Brauer-
Manin obstruction in general.

Talks on non-abelian Chabauty

Richard Hain — Higher Albanese Manifolds

This talk explains the construction bfgher albanese manifolda the complex analytic situation. The
same construction is used ipaadic setting for Kim’s non-abelian Chabauty.

The usual complex analytic Albanese variety of a cutvenay be defined by integrating holomorphic
1-forms along paths on the complex Riemann surface correlpgmo the curve. These provide functions
on the path space @f that are defined on classes of paths modulo the commutatoe éfihdamental group,
and equip this quotient with a manifold structure.

For higher albanese varieties, one replaces the integyateratedintegrals as studied by Chen. These
are defined only on path classes modulo terms from the loweraleseries of the fundamental group. This
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talk gave an overview of this construction, including Clsetiieorem relating the pro-unipotent completion
of the fundamental group with the Hopf algebra of homotopyctionals.

Kiran Kedlaya — p-adic Hodge Theory

This talk provided an introduction intp-adic Hodge theory. Given a smooth proper schexnever
Z,, one has the-adic étale cohomology of its base extensior@p and its de Rham cohomology with
Q,-coefficients. Comparison theorems proved by Faltings auji @escribe how one can recover either of
these cohomology spaces from the other by using Fontaibeisting” Beys. They allow one to compare
the p-adic integration map from a curve to the Lie algebra of itsobgan overQ, with a cohomologically
defined map. The results described so far belong to abeladic Hodge theory. The talk ended with a brief
sketch of some non-abelian generalizations.

Minhyong Kim — Non-abelian Chabauty

Chabauty’s original partial proof of Mordell's Conjectufeow Faltings’ Theorem) on finiteness of the
number of rational points on algebraic curves of genus at [2ds based on considering the curve as a
subvariety of an abelian variety. Since the Albanese waigetiniversal with respect to that property, no
generality is lost by considering the curve as a subvarittig@Albanese. Chabauty’s argument is based on
the assumption that the rational points of the Albaneseli propemp-adic submanifold. This assumption
does not hold in general.

One can try to use larger group varieties — non-abelian oftes higher Albanese varieties are some of
the next simplest examples, being unipotent. The hopeigtem in the case where the rational points in the
classical Albanese variety ljeadically dense, we can find a higher Albanese where thenatmoints do lie
in a proper submanifold.

For non-complete hyperbolic curves — in particubaroverZ minus3 points — Kim was able to prove
that this is indeed the case. He was thus able to recoverISieggult on finiteness of the number of solu-
tions to S-unit equations [8]. He has also shown that various “motddnjectures,” such as the Bloch-Kato
conjecture on surjectivity gf-adic Chern class maps or the Fontaine-Mazur conjecturefmesentations of
geometric origin, would imply that his method reproves thearems of Faltings and Siegel for hyperbolic
curves ovel [9].

In his series of talks, Kim explained the construction heduséth the express purpose of looking whether
this method can be made explicit and perhaps be used to ga@dtgal bounds on the number of solutions.
The progress made during the workshop shows that this magdhlde the case.

After giving some motivating examples, he explained the i(@ising in Grothendieck’s section conjec-
ture) from the set of rational points on a variety to the Gatmhomology* of its fundamental group over
Q, and then he discussed the version of this for the pro-uaig@ompletion of the fundamental group, and
finally connected this with the de Rham picture in whichdic iterated integrals play a key role.

Research talks

Abstracts of all but one of the research talks are given ineflix B below. We provide a summary of the
talk for which no abstract was provided.
Iftikhar Burhanuddin — Brauer-Siegel Analogue for Elliptic Curves over the Ratiais

See abstract.

Jordan Ellenberg —Obstructions to rational points on curves coming from thelpotent geometric funda-
mental group
In this talk another interesting obstruction arising frdma hilpotent fundamental group is discussed. Itis
torsion, so this obstruction is invisible for the uniponAtitanese construction used by Kim, who tensors with
Q,- As a special example, f@' minus three points, the ordinary quadratic Hilbert symbaswecovered.
The talk was a report on ongoing research. No explicit newlt®sould be reported on yet.

Florian Hess —Explicit generating sets of Jacobians of curves over finitelfis, using some class field
theory
See abstract.
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Catherine O’'Neil — Trilinear forms and elliptic curves
See abstract.

Samir Siksek —Chabauty for Symmetric Powers of Curves
See abstract.

William Stein — Explicitly computing information about Shafarevich-Tatgroups of elliptic curves using
L-functions, Euler systems, and Iwasawa theory
See abstract.

Michael Stoll — Rational points on small curves of genus 2 - an experiment
See abstract and [2].

Ronald van Luijk — Cubic points on cubic curves and the Brauer-Manin obstruati for K3 surfaces
See abstract.

The impact of the workshop

Here we describe some new collaborations, projects, armbssstories that came into being because of our
workshop. Some of these took place during the workshof;itsebther cases, participants told us a few
weeks later about progress that had ensued.

e Jordan Ellenberg, Richard Hain, Minhyong Kim, and Kirsterck®lgren (a graduate student) began
a new collaboration in order to compute the “Selmer var&tierhich are the analogue of theadic
closure of the Mordell-Weil group, in Chabauty’s methodeTdomputation of these varieties seems to
be the most difficult part of Kim’s approach, the main obstdaclmaking the approach a viable method.
Yes, on Thursday night of the workshop, they made signifipamgress! This group of researchers also
hopes to study a characteristic-zero function field anaogu

e Kirsten Wickelgren writes also that during the workshop Miong Kim made an observation about a
map that she now uses to compute examples for her Ph. D..thesis

e Richard Hain, a topologist who is an expert in the theory efated integrals and pro-unipotent fun-
damental groups in the classical case (as opposed to-#éltéc case used in Kim’'s work) wrote that
during the course of the workshop he went from having litderstanding of Kim’s program to having
a good grasp of it. As a result, he and Kim are going to write datgd exposition of some of the key
topological ideas, but with an eye towards applicationsita’&program. In particular, they will treat
iterated integrals on algebraic curves, iterated Colepaadic integration, computing the Hodge filtra-
tion via the pole integration. Some of these topics have renljully developed even in the research
literature, so their new exposition will be very welcome.

e Iftikhar Burhanuddin (a graduate student) wrote that heixed valuable feedback in response to his
workshop talk on an elliptic curve analogue of the Braueg8l theorem, and that this feedback is
guiding the computational data that he will collect for his B. thesis.

e Atthe workshop, a small subset of the participants met toudis the issue of implementing the compu-
tation ofp-adic iterated integrals, a necessary step in making Kipgs@ach practical. Kiran Kedlaya,
who was scheduled to deliver a lecture series for graduatkests and lead them in a project at the
Arizona Winter School this year, wrote that the workshopeglaim the idea of involving the students
in a project along these lines. At the workshop, we were disiclg only the case of good reduction,
but Kedlaya has been led to begin investigating the morergeoase of semistable reduction as well.

¢ Nils Bruin, Bjorn Poonen, and Michael Stoll stayed one edfrpat BIRS; during that day, they worked
together on developing explidtdescent for general curves of geusignificant progress was made,
showing that the computations required could be reducetidgbint of almost being doable with
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current computing power and class group algorithms (mothédGeneralized Riemann Hypothesis).
In fact, a few weeks later, we had our first success along fivesg albeit for a curve with very small
discriminant.

In addition, many participants, both those studying corapomal number theory and those involved in
more theoretical aspects, wrote to us expressing theikg@m the opportunity to learn about the new ideas
that were in the process of being developed. Despite sonmealibject matter being highly technical, having
experts present who could explain things in a friendly leagenvironment led to many people leaving with
a good sense of the issues involved.

For more information

A more extensive account of the presentations given in tbikshop can be found on the website
http://www.cecm.sfu.ca/"nbruin/banff2007

For nearly all talks, either copies of the slides used orresite notes taken by Bjorn Poonen are available.
Links to preprints and further reading are also accessible.

Appendix B: Schedule of the workshop
Monday, February 5, 2007

9:00 — 9:10 Introduction to BIRS

9:10 — 10:00 William McCallum 4ntroduction to explicit Chabauty methods |
10:30—11:20 William McCallum 4ntroduction to explicit Chabauty methods Il
2:30 — 3:20 Richard Hain Higher Albanese Manifolds

4:00 — 4:50 Kiran Kedlaya p-adic Hodge Theory

At the request of the organizers, | will introduce/reviewrsoconstructions from p-adic Hodge theory
that intervene in the usual Chabauty method; these inchieledmparison isomorphism between the
de Rham and etale cohomology groups of a curve, and the Bdattvexponential map. | will focus on
the case of good ordinary reduction, where these constngctian be made reasonably explicit. The
goal is to analogize the explicit descriptions to the higin@potent de Rham and etale fundamental
groups, in a manner useful for doing nonabelian Chabautymesand my abilities permit, | will start
doing this (again only in the good reduction case) using seoré& of Martin Olsson.

Tuesday, February 6, 2007
9:10 - 10:00 Minhyong Kim, |
10:30 —11:20 Minhyong Kim, Il

2:30 — 3:20 Edward SchaefeiBounding the Mordell-Weil rank of the Jacobian of a curve

We use a Chabauty computation to determine the set of ramiats on a curve of higher genus.
The input for a Chabauty computation includes the Mordetii\WWank of the associated Jacobian.
Traditionally we bound, and hope to determine, the Mor@lédll rank using a Selmer group. In this
talk, we will survey the methods for computing a Selmer grofip Jacobian using functions on the
curve. We will review both major methods. The first is quitegel, but is inefficient for cyclic covers

of the projective line (like hyperelliptic curves). The sed method addresses such covers.
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4:00 — 4:50 Michael Stoll +ocal-global obstructions, coverings, and Mordell-Wégsng

We will discuss how one can obtain information on rationahfgby combining coverings with local
information. We will focus on the case of abelian coveringd axplain the relationship with the
Brauer-Manin obstruction. If explicit generators of the idell-Weil group are known, this can be
implemented efficiently, leading to a procedure known asMbedell-Weil sieve. We will formulate a
conjecture that, if valid for a given curve, implies that vemeffectively decide whether a given coset
of N times the Mordell-Weil group meets the image of the cuwweot. If we know that each such
coset contains at most one point coming from the curve, tieianma that we can determine the set of
rational points on the curve.

5:00 — 5:50 Jordan Ellenberg3bstructions to rational points on curves coming from tHpatient geometric

fundamental group

Wednesday February 7, 2007

8:40 — 9:30 Minhyong Kim, IlI

9:40 — 10:30 Samir Siksek€habauty for Symmetric Powers of Curves

LetC be a curve of genug > 3 and letC(?) denote itsi-th symmetric power. We explain an adaptation
of Chabauty which allows us in many cases to comgiite(Q) provided the rank of the Mordell-Weil
group is at mosy — d. Cases for which our method should work include:

(i) d < v wherey is the gonality ofC' and the jacobian is simple (he@&%) (Q) is finite).
(i) C'is hyperelliptic andl = 2 (hereC(?) (Q) is infinite).

(i) C is bielliptic andd = 2 (hereC(?(Q) can be infinite). Our adaptation of Chabauty differs from
the classical Chabauty in that we combine Chabauty typerimdtion given by several primes.

Example. LetC' be the genu8 hyperelliptic curve
C:y* = x(2? +2)(2? + 43)(2? + 8z — 6) (5.1)

with Jacobian having rank Letr : C — P! be thez-coordinate map. We show th@t? (Q) consists
of 7= PY(Q) plus 10 other points which we write down explicitly. Here we neededodmbine the
Chabauty information at primgs= 5, 7, 13. It is noteworthy that”(®) in this example is a surface of
general type.

Thursday, February 8, 2007

9:10 - 10:00 Tim Dokchitser Analytic ranks of Jacobians of curves

10:30-11:20 Ronald van Luijk €ubic points on cubic curves and the Brauer-Manin obstarctor K3

surfaces

It is well-known that not all varieties ovep satisfy the Hasse principle. The famous Selmer curve
given by3z3 + 4y + 5z% = 0 in P2, for instance, indeed has points over every completiof of
but no points ovef) itself. Though it is trivial to find points over some cubic @elt is a priori not
obvious whether there are points over a cubic field that isigalVe will see that such points do exist.
K3 surfaces do not satisfy the Hasse principle either, whicdbome cases can be explained by the so
called Brauer-Manin obstruction. It is not known whethas thbstruction is the only obstruction to
the existence of rational points on K3 surfaces. We relatewo problems by sketching a proof of
the following fact. If there exists a smooth curve o@given byax?® + by? + cz® = 0 that is locally
solvable everywhere, that has no points over any cubic gakiension of), and whose Jacobian has
trivial Mordell-Weil group, then the algebraic part of theaBier-Manin obstruction is not the only one
for K3 surfaces. No knowledge about K3 surfaces or BraueniMabstructions will be assumed as
known.
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2:30 — 3:20 Catherine O’Neil Filinear forms and elliptic curves

We explain a correspondence between triliear forms antesripf genus one curves with a fixed Ja-
cobian and some added structure. We generalize the adthtion elliptic curves to addition on
certain “cubes” of numbers. We explain how this works foritagby rings, and we give a natural con-
struction of points on elliptic curves to other points oneathlliptic curves which generalizes a known
construction from class field theory.

4:00 — 4:50 William Stein Explicilty computing information about Shafarevich-Tgteups of elliptic curves
using L-functions, Euler Systems, and lwasawa theory

| will discuss theoretical and computational results taidre following problem: given a specific el-
liptic curve overQ), compute the exact order and structure of its Shafarevath-Jroup in practice. |
view this problem as a motivating question for organizinghtiheoretical and algorithmic investiga-
tions into the arithmetic of elliptic curves and the Birctdéwinnerton-Dyer conjecture.

5:00 — 5:30 Iftikhar Burhanuddin Brauer-Siegel Analogue for Elliptic Curves over the Radilsn

The height of a rational point on an elliptic curve measutes dize of the point. The enormous
gap between the lower and upper bound (Lang’s conjectufgldieight of such a point, prompted
the comparison of the elliptic curve scenario with that @& thultiplicative group, the Brauer-Siegel
theorem. In this talk, a conjectural Brauer-Siegel theofenelliptic curves over the rationals will
be discussed and interesting questions which arise in trnigert motivated by computation will be
presented.

Friday, February 9, 2007

9:10 - 10:00 Florian Hess Explicit generating sets of Jacobians of curves over fingkl$, using some
class field theory

10:30 - 11:20 Michael Stoll Rational points on small curves of genus 2 - an experiment

We considered all genus 2 curvg$ = f(z) where f has integral coefficients of absolute value at
most 3; there are about 200,000 isomorphism classes of sughst Using various methods (point
search, local solubility, 2-descent, Mordell-Weil sieweg attempted to decide for each curve whether
it possesses rational points. In all but 42 cases, we weressful; in the remaining cases, our result
is conditional on the Birch and Swinnerton-Dyer conjecturethe talk, we will explain the methods
we used and the improvements we came up with, and discussshis:

List of Participants

Baran, Burcu (University of Rome Tor Vergata)

Berbec, loan(Berkeley)

Bright, Martin (University of Bristol)

Broker, Reinier (Fields Institute)

Brown, David (University of California at Berkeley)

Bruin, Nils (Simon Fraser University)

Burhanuddin, Iftikhar (University of Southern California)
Carls, Robert (University of Leiden)

Chen, Imin (Simon Fraser University)

Cohen, Henri (Universite Bordeaux 1)

Coleman, Robert(University of California Berkeley)
Couveignes, Jean-MardUniversité Toulouse I, Groupe de Recherche en Inforquatiet Mathématiques
(GRIMM))

Dokchitser, Tim (Robinson College, Cambridge)
Ellenberg, Jordan (University of Wisconsin)

Hain, Richard (Duke University)

Hess, Florian(Technische Universitt.t Berlin)
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Kedlaya, Kiran (Massachusetts Institute of Technology)

Kim, Minhyong (University of Arizona and Purdue University)
Kumar, Abhinav (Massachusetts Institute of Technology)
Logan, Adam (University of Waterloo)

McCallum, William (University of Arizona)

O’Neil, Catherine (Barnard College, Columbia University)
Paulhus, Jennifer(University of lllinois at Urbana-Champaign)
Poonen, Bjorn(Massachusetts Institute of Technology)
Schaefer, Ed(Santa Clara University)

Schoof, RengUniversity of Rome 1)

Siksek, Samir(University of Warwick)

Stein, William (University of Washington)

Stoll, Michael (Bayreuth)

van Luijk, Ronald (Universiteit Leiden)

Voight, John (University of Minnesota)

Watkins, Mark (University of Bristol)

Wetherell, Joseph(Center for Communications Research)
Wickelgren, Kirsten (Stanford University)
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Chapter 6

Operator Structures in Quantum
Information Theory (07w5119)

Feb 11 - Feb 16, 2007
Organizer(s): David Kribs (University of Guelph), Mary Beth Ruskai (Tuftkiversity)

Overview of the Field

This workshop brought together two distinct communitiegtimematicians working on operator structures
and mathematically oriented scientists in several disgéglworking in quantum information theory (QIT).
Based on feedback and observations during the workshopsiewxtremely successful. There was no percep-
tible decline in attendance at talks or variation with spito

It seems clear that this workshop will lead to an increaskifos operator spaces in quantum information
theory, and may be a landmark event. With a few exceptiorest tble in QIT has been limited to the
implicit use of a few concepts, such as a type of completelynded norm, or a particular operator algebra,
without recognition of the larger mathematical structuféhe workshop has unequivocally changed this
view. A few days after it ended, several participants positecbaper [64] “Unbounded violation of tripartite
Bell inequalities” demonstrating the value of tools fromeogtor spaces and tensor norms. In addition to
obtaining a striking new result with important physical limptions, the authors reformulate a question about
commutative Banach algebras, which has been open for owsd8, as a question about the types of states
which give unbounded violations of Bell inequalities. AetAugust BIRS workshop 07w5013 Operator
Spaces and Group Algebras, Ed Effros began with a talk on #i@aed functional analysis and quantum
information theory”.

Because of the varied backgrounds of the participants,ritetiree mornings were devoted to expository
talks on operator spaces, quantum error correction andtgmaShannon theory. These were extremely
valuable, with considerable demand for copies of the speakaetes and slides. The remaining time was
divided between longer invited talks on important aspeé€tsuorent research and short reports on recent
results. We also had two sessions on open problems and tindeséussion and relaxation.

Two important new results were announced at the workshdpeitalks by Junge [40] and Klappenecker
[45], which are described in Sections 6 and 6, respectiBdyeral new collaborations were started during the
workshop; one of these [47] uncovers a new connection betgeantum cryptography and error correction
based on complementary channels. A new result [55] wasraditan one of the open problems during the
workshop. (See item D of Section 6.)

In July 2007, counter-examples were found [32, 84] to theated multiplicativity conjecture for tensor
products of quantum channels, which had been open for oveatsy This has significant implications for
another important group of four equivalent "additivity”rgectures involving tensor products; these conjec-
tures have been open for about 15 years and the differensfaaerme shown to be globally equivalent by Shor
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in 2003 [74] As explicitly acknowledged in the announcernsgB®, 84], these breakthroughs were the result
of the open problem sessions at the workshop and subsegseunssions among some of the participants.
For additional information, see Section 5.6 of [70].

Summary of Scientific Developments Reported

Operator spaces

Edward Effros and Vern Paulsen gave a pair of well receivédiuctory lectures on the abstract theory
of operator spaces. Effros discussed some of the histat@adlopment of the subject, pointed out various
subdisciplines of mathematics in which operator spaceeaend prepared the audience for some of the
technical complexities which arise in Pisiefs version.

Paulsen focussed on concrete operator spaces. He desztibelthique he had developed and presented
elsewhere, but not written up, to compute completely bodr{@8) norms. In his approach, the CB norm
can also be computed in a different way using the commutalthoAgh operator algebraists have not been
enthusiastic about this reformulation, it seems likelyt tihawill be useful in QIT where the commutant
describes the algebra associated with the environment. g@n@ [47] has already begun to explore this
approach. Paulsen’s talk was met with an exceptionally kegal of interest from researchers in quantum
information, and numerous inquiries from participantsirated Paulsen to write up his notes [62]. This talk
was the genesis for the paper [37].

Ruskai (in discussions and her subsequent short talk) gobiodit that in the usual models of quantum
information, the algebra of observables for the environtisethe commutant of those for the quantum infor-
mation processing system. This suggests a new intermretatithe physical significance of the commutant
in more abstract settings, and allows one to define condiptihle complement of a channel in these settings.
Moreover, because the interplay between system and emv@onis important, it is often useful to have an
alternative description in terms of the environment’s bfgeas Paulsen has done for CB nofms.

Both Effros and Paulsen emphasized the important role offtegerup tensor product, which was new
to most of the audience and has yet to be exploited in quamémnnation theory. An underlying theme
of Effros and Paulsen was the notion that any good matheatatinicept can be quantized. von Neumann
algebras have long been regarded as quantizations of¢siaghble) integration theory; operator spaces can
be considered as quantizations of Banach space theory whiltha non-commutative version of vector-
valued integration. Of course, it is not always clear wheruangized version of a mathematical concept
models a physical quantum system, as demonstrated in Ngsifatk.

Marius Junge then spoke on tlig version of operator spaces. He announced a counter-exgwifie
Q. Xu) [40] to a convexity conjecture of Lieb and Carlen [3]hiesh was open for over ten years. Their
conjecture can be interpreted as an attempt at a non-cortiveuganeralization of Minkowski’s inequality
to three spaces on which one has a Schaltgmorm with1 < p < 2. The counter-example establishes

that in non-commutative situations which require mixggdspaces, the naive formu(dr; (’IYQA’fg)‘J/P)l/q
does not yield a norm. Thus, one is inevitably led to opergparces, in particular, the non-commutative
vector-valued_, spaces for which Pisier defined norms using complex intetjoi [39, 65, 66, 67].

Junge also described the CB-entropy, a form of conditiarfarmation which arises by differentiating a
suitable CB-norm ap = 1 and can be used to define the minimal CB entropy of a quantummehaThe
minimal CB entropy of the identity channel dd, is — log d which is consistent with the fact that it preserves
maximal entanglement. When one interprets the minimal GBpy as a measure of optimal entanglement
preservation, the seemingly anomalous fact that the CB mdttime identity map isi'/? # 1 becomes quite
natural.

Matthias Neufang gave a talk on quantum groups and an assoakass of multiplier algebras, based
on recent joint work with Junge, Ruan, and Spronk. He notatttiese algebras yield natural “quantum”
channels for which the minimal CB entropy can be computedi@ip and shown to be positive. Thus, these
channels are “classical” in the sense that they do not presrough entanglement to yield even one EPR

LEarlier Jencova [10] had simplified the proof of additivity@B entropy by showing that a particular CB norm could be esped
as the norm of the channel lifted to the commutant. It seentdwasking whether this is a special case of Paulsen’s resiilboth are
special cases of a more general relationship.
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pair. Nevertheless, they may have useful properties fontyuma error correction, as they appear to have an
abundance of noiseless subsystems, decoherence-frgzmsabsand unitarily correctable codes. This may
be less perplexing in view of the fact that some of the mostulsgiantum codes are derived from known
classical codes.

Quantum Shannon Theory

The concept of a completely positive map on an operator adgpledates operator spaces and plays an
important role in quantum information theory. When the sgstand environment are initially disentangled,
the effect of noise, which comes from interactions with thei@nment is described mathematically by a
completely positive, trace preserving (CPT) map on thetakyef the system. The term “quantum channel”
is often used when a CPT map represents noise. Shannon plegi¢ihe mathematical theory for dealing with
noise in classical communication. Extending this to quargystems is challenging and much richer because
of the many different types of quantum information proceggrotocols.

Patrick Hayden gave an introductory overview of the curgtate of the art in the quantum information
analogue of Shannon’s communication theory. He descrilmbdir8acher’s typical subspace theorem and
the recent progress [4] made in quantum distributed corsme®f correlated sources (quantum Slepian-
Wolf theorem and fully quantum version thereof, aka “mothetocol”), which greatly unify the theory of
entanglement distillation and quantum channel capacifid®e information-theoretic significance of these
results lies in their giving operational significance to wfitées like the quantum conditional entropy.

Graeme Smith discussed the notorious problem of the noithdatydof the coherent information (with
the implication that the quantum channel capacity is notknexcept for so-called degradable channels, on
which Mary Beth Ruskai gave an overview with open problems)approach this problem, he introduced a
single-letter upper bound [62], whose good propertiesadtbthe derivation of the best upper bounds on the
capacity of the depolarising channel to-date.

Ruedi Seiler presented the work of his group in Berlin [8, ®}lwe quantum version of Sanov’s theorem,
which is about hypothesis testing of a set of alternativesresg a single null hypothesis. As in the classical
case, the optimal rate of discrimination is given by a (mihelative entropy; strangely, however, the
optimum is not achieved by a universal strategy. Relatekisaopic, Arleta Szkola and Koenraad Aundeaert
explained their complementing work on the quantum Cherhoftfnd, described in Section 6. i.e. error-
symmetric distrimination between two hypotheses in thergtgtic regime. The resolution of this problem
relies on a beautiful new trace inequality discovered tduata the asymptotics of the optimal test.

Andreas Winter discussed at length an open question otigintom joint work with John Smolin and
Frank Verstraete, which they call the "asymptotic quanturkt®ff conjecture”. (See Conjecture 13 in [78]
and Problem 30 at [83].) It is well-known that bistochasti@agtum channels have more extremal points
than the unitary conjugations. However, there are inddcatithat in the limit of high tensor powers of
a bistochastic channel it becomes asymptotically well apprated by mixtures of unitary conjugations.
Winter’s talk was followed by a vigorous discussion abotgrative conjectures. One issue is whether it
is reasonable to expect that unitary conjugations will saffihen the known sets of extreme points include
partial isometries.

Quantum error correction

The workshop included a series of talks that focussed onenadlical aspects of error correction in quantum
computing. David Kribs started with an introductory leeuwn the basic framework for quantum error
correction. In the standard noise model, the state is ctedupy a quantum channel represented by a CPT
mapé&. The goal of quantum error correction is to find a subsgace’H and a recovery operatiof®,, also

a CPT map such thdR o &) acts like the identity on the convex set of density matricessaiated with the
code subspace. If P denotes the projection ongh this can be stated formally as

(Ro&)(p)=p Vp e PB(H)P (6.1)

When the CPT map is written in the Choi-Kraus operator sumfé(p) = > E,pE}, it is well-known
that Eq. (6.1) is equivalent to the condition

PEE,P = \y,P (6.2)



Operator Structures in Quantum Information Theory 67

for some complex set of numbeks, andC = P7H. The intuition behind this equivalence is best seen by
considering the special case in whigh = ¢,U, with U, unitary andt? interpreted as the probability that
the errorU, : v — Uyt occurs. Them,, = 2,9, Says that the different unitary errors map vector§ in
into orthogonal subspaces. The recovery operation canbthémought of as the two-step process

i) identify the orthogonal subspadé,C, and
ii) apply the inverse operatiofi;’.

The sufficiency of the condition Eq. (6.2) can then be reghesearising from the fact that the operatéis
are only determined up to a unitary transformation whichlwansed to “diagonalize the error operators” so
that ., = 2404p-

Ruskai initiated a vigorous discussion which clarified samhehe limitations of this viewpoint. For
example, there are non-unital qubit channels (of which tdmyamplitude-damping channel has been studied
extensively) with exactly two (non-unitary) error opeoeats 1, E> for which no change of basis can make
one of them the identity. Thus, one can not associate a pildpatith particular error operator, and the
channel (almost) always changes the state. Neverthelegsoae and recovery process which corrects all
unitary one qubit errors, will correct all one qubit errargsluding these non-unital ones. In this case, one
can correct errors that can not even be detected! This isseqoence of the quantum measurement process
which has the effect of either correcting the error or cotingrit to a detectable one; mathematically, this
can be viewed as a consequence of the fact that the set ottalieerrors froms a vector space. (The error
detection condition is given by Eq. (6.2) witfy, = I.)

In most discussions of quantum error code constructiongdeaés with error models which are even more
specialized than the random unitary model mentioned ab@ree considers only errors which are tensor
products of the identity and the three Pauli matrices. Anli@besubgroup of the group generated by such
errors is called a stabilizer and the simultaneous eigersigaalled a stabilizer code. Although examples of
codes which do not arise from the stabilizer formalism €%i8t 76] most work has concentrated on stabilizer
codes.

Kribs also discussed the important new framework of “opargtiantum error correction” [48, 49]. This
is a unified framework for quantum error correction thatunigs the standard active framework discussed
above, as well as the fundamental passive techniques far@rrection — decoherence-free subspaces and
noiseless subsystems. Technically speaking, a quantuensyisis asubsysterof a Hilbert spacé if there
is a subsysten®? such thatC = A ® B is a subspace df. ThenA is correctable for the action ¢f if there
isa CPT mapR such that

Vo VpP 378 L (Ro &)(p? @ pP) = p* @ 75, (6.3)

Intuitively, quantum information is encoded into tHesubsystem, and the recovery operatiis not con-
cerned with noise acting on the ancilla subsysfentor this reason, these codes have been popularly called
“subsystem codes”. Simply put, the standard active casegponds telim A = 1 with general, R, and
decoherence-free subspaces (respectively noiselesgssenns) are captured when no recovery is required
(R = identity map) andlim A = 1 (respectivelydim A > 1). Other cases correspond to situations not
recognized in any formal way previously within quantum egorrection.

Andreas Klappenecker gave an expository talk on the statieecdrt for subsystem code constructions.
Because the Pauli matrcies form a basis X6y, any code which can correct all one-qubit Pauli errors can
correct arbitrary one qubit errors, including some verarsgie ones, as described above. In view of this,
Knill defined a general notion of “nice error bases” in higdanensions. Klappenecker reviewed his work
with Rotteler [43] in which they found new codes based ors¢heice error bases, only to find that most of
them could also be realized as stabilizer codes. Then, lezided the light at the end of the tunnel in which
the group representation theory which had led to so muchré&tisn finally found a natural place under the
umbrella of subsystem codes [3, 44, 45]. He concluded withattnouncement of two new results. First he
gave a negative answer to Poulin’s question [68] of whetlseitasystem code might require fewer syndrome
measurements than an optimal stabilizer code. Then heibled¢he construction of a subsystem code which
can beat classical Hamming bound [45].

The expository error correction talks concluded with a asston by Andrew Cross on the basics of
fault tolerant quantum computing. Cross also presented yoork with Aliferis [1] showing how the use
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of a particular subsystem code, the so-called “Bacon-Shades’ appears to significantly improve threshold
estimates by reducing the number of measurements requireztovery operations. The implications of
subsystem codes for quantum computing are still very muaigltexplored. This was particularly evident at
a Perimeter Institute workshop on fault tolerant quantumgating held in June, 2007, a few months after
the BIRS workshop, in which subsystem codes were a predaitiineme in discussions.

Fault tolerant computation seems to require codes whicleaat in principle, permit perfect recovery.
However, in other types of quantum information processasyin classical information theory, there is a
role for codes which lead to optimal recovery in certainaions [23, 89]. Bernhard Bodmann described
work with Kribs and Paulsen [10] which finds optimal encodsafpjemes when one subsystem is essentially
noiseless and the other is subject to a phase-damping dhanne

Cedric Beny spoke about his recent work with Kempf and Krifjsthat further generalizes the basic
guantum error correction framework to operator algebrasomgidering the Heisenberg picture, and how the
new approach provides a formalism for the correction of ldyblassical and quantum information [50].

Holbrook and Zyczkowski described joint work [15, 16, 17] &8th Choi and Kribs motivated by the
fundamental equation Eq. (6.2). For a fixed operdttiiey seek solutions of the matrix equatiBfi' P = 2P
with P a projection and: € C. WhenP is rank one, the set af is precisely the numerical range bfand
is the convex hull of the eigenvalues f Therefore, they call the set af for which P has rankk the
“rank-k numerical range of” and conjecture that for normdl this is equal to the intersection of the convex
hulls obtained from all possible choices &f — k£ + 1 eigenvalues. They can verify the conjecture when
T is self-adjoint and reduce the general normal casg tanitary, for which significant partial results were
reported. (See the open problems section for an update.)lofigerange goal of this work would be to
construct new codes from the compatibility of the allowamejectorsP, for differentT,,. Ruskai pointed
out some interesting open problems described in [38] anpdi@%vhich this approach to code construction
could be tested.

Lattice spin models

The mathematical study of quantum spin models has had altsmctions with developments in the theory
of operator algebras for many decades. Many results of paljisiterest have been rigorously derived in the
operator algebra framework. It is an instance of an almagepematch between mathematics and physics
where the pursuit of rigor does not require a sacrifice of aymterest. More recently, a new dimension has
been added to this fruitful interaction. The exciting deypeghents in quantum information theory, especially
the study of entanglement, has provided new insight in thecstre of physical states of quantum spin
models, particularly their ground states.

Frank Verstraete gave a comprehensive review of new teahaije and others [71, 72, 80, 81] have
created for the computational study of quantum spin modetet on new ideas from quantum information
theory. These developments are especially timely becdube anpressive progress by experimental physi-
cists in their ability to create strongly correlated anda@gied states exhibiting a wide variety of quantum
phase transitions, Bose-Einstein condensation and otbécastates of matter. Matrix Product States (MPS),
also known as Finitely Correlated States (FCS) and thelrdriglimensional generalizations called Projected
Entangled Pair States (PEPS) were particularly highldihTdhese are special states that have good compu-
tational properties and which form the basis for a host otieffit and very successful algorithms collectively
known as Density Matrix Renormalization Group (DMRG) metbo

Bruno Nachtergaele gave an overview of Lieb-Robinson beand applications to quantum information
theory. The original work by Lieb and Robinson [53], datirack to the early seventies, provided a proof
that the Heisenberg dynamics of a translation invarianhtjua spin system on a lattice has a bounded
group velocity. The key step is a commutator estimate. Rbcedachtergaele and Sims [58] found an
improved commutator estimate which enable one to extenh &rel Robinson’s result to a rather general
class of systems defined on a metric graph, which covers abngsonceivable architecture for a quantum
information processing device. One example of a receniagiuin that was presented is a lower bound for
the time required to establish significant correlationsveen two regions in space using any local dynamics.
The lower bound is linear in the distance between the redibhs21, 60]. Another application is a Lieb-
Schultz-Mattis Theorem in arbitrary dimensions [28, 59hiat shows that under certain conditions low-
energy excitations will occur even in the absence of comtistsymmetry breaking.
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When a spin chain is in a pure state, the entanglement enfipy a block of lengthn in a pure state
is the entropy of the reduced density matrix of this blockisItalled the entanglement entropy because it
corresponds to the standard measure of the entanglemesstehethis block and the rest of the chain. In many
situations, as the length of the chain becomes infir%ilﬁm — 0 which implies thatS,, grows sublinearly
with n. Numerical experiments by Vidal,et al [82] suggested ldabgaric growth S,, ~ logn at a critical
point. This was subsequently proved rigorously by Jin andefim [35] for the ground state of the XX
model. Although Korepin was originally scheduled to talloabthis work, personal circumstances forced
him to cancel. Therefore, Milan Mosonyi included an ovewi entanglement entropy for spin chains in
his talk. Mosonyi, then described related work with Fannes ldaegeman [22] in which they showed that
one can construct quasi-free states for whigh~ n® for any0 < o < 1.

For lattices, it has been conjectured that away from a atifioint the entanglement entropy obeys scales
like the "area” of the boundary. This implies a uniform bowawiay from the critical point in the case of a
spin chain. Subsequently, it was realized that the circantgs under which an area law does or does not
hold depends on additional properties [11] of the latticeleloThis topic was touched upon briefly in both
Mosonyi’s and Verstraete’s lecture. Since the workshogrglhas been considerable progress [29, 87] on this
topic, exploiting the improved Lieb-Robinson bounds dissat in Nachtergaele’s lecture.

In quantum statistical mechanics, the use of quasi-logaahs plays an important role in showing that
the infinite volume thermodynamic limit exists for certaypés of lattice systems. In generalizing the concept
of cellular automata to quantum systems, one challengeafide an initially finite lattice system to grow
without bound in any direction. R. Werner described his apph [8] to quantum cellular automata based on
guasi-local algebras.

Quantum state discrimination

Two speakers, Szkola and Audenaert, gave talks about thedént work on state discrimination. Taken
together their results determine the quantum Chernoff dptlrereby settling a problem which has been
open for several years. The problem is to find the best memsumefor distinguishing two (known) quantum
statesp ando. In general this cannot be done with full certainty (unlémsgtates are orthogonal), and so the
goal is to find the minimum erravlinErr(p, o). Assuming that multiple copies of the states are available,
this leads to the question of finding the best way to distigigu©™ ando®", and hence to find the asymptotic
ratenliﬂngO % log MinErr(p®™, 0®™). The corresponding rate in the classical problem was foyr@Hernoff,

and there has been a search for the quantum version in rezanst yn a major breakthrough in 2006, Szkola
and Nussbaum showed that the rate is lower bounded by thdityuap (OI<niI<11 Trpsal_s), which is almost

a direct translation of the classical Chernoff bound intarfum language. Szkola described this result in
her talk and discussed its relation to the notion of the quartiellinger arc which interpolates between the
states ando.

At the end of 2006, in another breakthrough, Audenaert asddliaborators proved that this quantity
is also an upper bound for the rate, thereby establishingliégu In his talk Audenaert emphasized the
properties of the quantum Chernoff bound as a measure oigtende between two states, and showed how
it induces a metric on the state space. He explained how tleenGfi bound follows from a new matrix
inequality which states that for positive matricésB and all0 < s < 1

1(Tr(A+ B) — Tr|A— B|) < TrA*B'~*. (6.4)
This inequality, which has other applications, allows omeelate the trace-norm distance of two states to
their Renyi relative entropy.

In a related talk on state discrimination, Anna Jencovarilesd her work [5] with Guta on quantum
statistics, which is concerned with using results of meam@nts to infer properties of quantum states and
systems. In particular she described results about logahpt®tic normality. This property applies to a se-
guence of two dimensional random variables whose distabatdepend on an (unknown) parameter. When
localized in the neighborhood of some fixed point of the pai@mspace, the property implies convergence
to a family of Gaussian distributions. Jencova talked altl@ttheory of quantum statistical experiments,
and showed how this leads to a quantum version of local asytioptormality. For both classical and qubit
systems, it has been shown that weak and strong convergeneguaivalent. Whether or not this holds for
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general quantum systems is still open. However, Guta antb¥arare able to prove weak convergence for
general quantum systems.

Other Topics Covered

Robert Alicki gave a provocative talk based on the assethiaha scalable quantum computer would be a
“perpetuum mobile of the second kind”. The key assumptiaihas the system is initially in a metastable
state which is almost a KMS state. The talk was punctuatediigaous discussion of the validity of these
assumptions. In the end, many participants felt what wasemted was a proof by “reductio ad absurdum”
from dubious assumption and that what was needed was an angbased on rigorous bounds.

Jen Eisert reported on some recent work [25, 41] regardi@gadhcalled cluster states, which have high
multi-article entanglement in the sense that entanglemithin some subsystems persists after repeated
measurements. These states have important applicatiaihe idevelopment of the so-called “one-way”
guantum computer. Eisert described modified protocols hvban tolerant some noise or imperfect clusters.

Wolf reported on recent work with Cirac [86] on the questidmbether or not a quantum channel can be
written non-trivially as the composition of two other chats It may be surprising that there are situations
in which this cannot be done; for qubits, these are precibelchannels with exactly three Kraus operators.
More generally, one can ask when a charifiegdan be written a§" = S™. Even forT very close to the
identity channel, this need not always be possible bec&usempletely positive need not imply that/”
is completely positive. After giving an overview of the vaus phenomena which can occur in different
situations, Wolf described some of the open questions wieictain.

Dennis Kretschmann presented recent work (with Dirk Sgf@imann and Reinhard Werner) [46] con-
cerning a continuity theorem for the Stinespring represgon of a quantum channel. Stinespring’s Theorem
guarantees that every quantum channel can be represeotedifiquely) in the Heisenberg picture by an
isometric embedding into a larger space. This suggestswlmathannels which are 'close’ in some sense
should be representable by isometries which are also claseKretschmann and co-authors showed, the
correct notion of closeness for channels in this contextéscompletely bounded or 'cb’ norm, which is a
regularized version of the operator norm. The authors prmeualities comparing the cb norm of the differ-
ence of two channels with the minimal operator norm of théedé#hce of the isometries in their Stinespring
representations. These inequalities provide dimensidegendent bounds for the information-disturbance
tradeoff inherent in any measurement of a system. The iriéigsalso allow a continuity estimate for the
no-broadcasting theorem, and a strengthened proof of isifbty for quantum bit commitment.

Open problems

One of the highlights of the workshop were two sessions vesior discussion of open problems, to which
the participants responded enthusiastically. Ruskaiestahings off by distributing a preliminary draft of
[70]. Many participants described open problems duringr ttagks, as well as in the dedicated sessions.
Participants were asked to write up these problems and $emd to R. Werner for inclusion on his open
problem web site. A list of the major problems follows, witbnements on recent progress.

List of open problems

A. The first 6 sections in Ruskai’s list [70] were discussethimworkshop. Some contain several related
problems. The 7-th section was outside the scope of the Wwogkand added later. The main sections
are

1. Extreme points of CPT maps: As a consequence of the wopk$hskai showed that what are
sometimes called “quasi-extreme” points which have Chaok rabut are not true extreme points
of the convex set are in the closure of the set of extreme goirttis allows a clearer statement
of the open problems.

2. Convex decompositions of CPT maps or A block matrix gdizatzon of Horn’s lemma (with K.
Audenaert).
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3. Generalized depolarized channels: The original emphess on the generalized Werner-Holevo
channel. However, the developments in [84] suggested ldugeneralization using any channel
that is very noisy to replace the completely noisy one.

Progress: Michalakis [56] has solved Problem 6 for p = 2. It seems likdlgt his methods can
be extended to provide some results for Problem 7 and forl@rob?2.

4. Random sub-unitary channels

5. Additivity and multiplicativity conjectures: Very fewhanges were made to earlier versions of
this section despite the recent breakthroughs. It seemiter lte leave things in the original
form to emphasize the impact of that work. One minor modificatvas the extension of Shor’s
Theorem 3 in Section 5.3 to < 1 by the use of the general form of Klein’s inequality, which
then gives a single simple argument forzatt- 0. This may be useful in doing numerical work to
move from existence theorems to explicit counter-examples
Progress: Section 5.6 describes the current status of counter-exempll, 32, 84] to multi-
plicativity conjectures and the implications for addityi It also contains weaker versions of
multiplicativity conjectures. It should again be emphasizhat these counter-examples were
stimulated by the open problem session and discussion atdHeshop.

6. Coherentinformation and degradability: This problens weesented in Ruskai’s talk at the work-
shop based on work in [19] which may contain some related gpestions.

7. Local invariants forV-representability

B. Entropic uncertainty relations for more than two obsbtea by D. Leung, S. Wehner, and A. Winter

. Quantum Birkhoff Conjecture. This is conjecture 13 in][@28d Problem 30 at [83]. After Winter’s
talk there was a vigorous discussion as to whether or nogghtiie necessary to extend the conjecture
to include partial isometries, such as the random sub-yniteaps described in Section 4 of [70]. A
1958 paper [54] entitled “The convex hull of sub-permutaticatrices” and related work from that era
might be useful to those who favor including random subargitmaps.

Best Constant in Norm bounds on Commutators: This problem posed in [7] and presented to
workshop participants by K. Audenaert along with a summaiknown results.

Progress: During the workshop, S. Michalakis [55] solved this probleamthe commutatofX, X |

by showing that/2 is sharp in|| [X, X*] || < V2| X3

. Structure of thesth matrix range of an operator, by V.I. Paulsen.

F. Structure of higher rank numerical ranges, by M.-D. CB@\, Holbrook, D.W. Kribs, K. Zyczkowski,

Ap

as outlined above.

Progress: Shortly after this workshop, a flurry of work came to lightfianathematicians working
on higher rank numerical ranges. Most importantly, a rela@nvexity conjecture was settled in the
affirmative by Woerdeman [85], and then by Li and Sze [52] gsiifferent techniques which they were
able to apply to the normal case. Thus, the door has beerefusgiened for potential applications in
qguantum error correction.

pendices attached as pdf files

A. Some open problems in quantum information theory by M.Bslki

. Entropic uncertainty relations for more than two obsblea by, D. Leung, S. Wehner, and A. Winter
. Structure of thesth matrix range of an operator, by V.I. Paulsen.
. Best Constant in Norm bounds on Commutators by K. Audenaer

. Abstract of E. Effros for BIRS workshop 07w5013 on Oper&paces and Group Algebras
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Chapter 7

Mathematical Methods in Philosophy
(07w5060)

Feb 18 - Feb 23, 2007

Organizer(s): Aldo Antonelli (University of California-Irvine), AlasdaUrquhart (Uni-
versity of Toronto), Richard Zach (University of Calgary)

Mathematics and philosophy have historically enjoyed auallyt beneficial and productive relationship,
as a brief review of the work of mathematician-philosopiseish as Descartes, Leibniz, Bolzano, Dedekind,
Frege, Brouwer, Hilbert, Godel, and Weyl easily confirnmsthe last century, it was especially mathematical
logic and research in the foundations of mathematics wixica significant extent, have been driven by philo-
sophical motivations and carried out by technically-mihgdilosophers. Mathematical logic continues to
play an important role in contemporary philosophy, and reatétically trained philosophers continue to con-
tribute to the literature in logic. For instance, modal kxgivere first investigated by philosophers, and now
have important applications in computer science and madtieatlinguistics. The theory and metatheory of
formal systems was pioneered by philosophers and philésalprminded mathematicians (Frege, Russell,
Hilbert, Godel, Tarski, among many others), and philogsplhave continued to be significantly involved in
the technical development of proof theory, and to a certagreke also in the development of model theory
and set theory. On the other hand, philosophers use formé@into test the implications of their theories in
tractable cases. Philosophical inquiry can also uncowermathematical structures and problems, as with
recent work on paradoxes about truth. Areas outside matiieahigic have also been important in recent
philosophical work, e.g., probability and game theory iduative logic, epistemology, and the philosophy of
science. In fact, it seems that technical mathematical wgckirrently enjoying something of a renaissance
in philosophy.

The workshop on “Mathematical Methods in Philosophy” brioutpgether eminent and emerging re-
searchers who apply mathematical methods to current issygslosophy. These mathematical methods
come mainly from the fields of mathematical logic and prolightheory, and the areas of application in-
clude philosophical logic, metaphysics, epistemology,philosophy of mathematics, and the philosophy of
science.

Overview of the Field

Philosophical logic

Philosophical logic includes logical systems such as Bgfgossibility and necessity (alethic modal logic),
of time (temporal logic), of knowledge and belief (episterand doxastic logic), of permission and obligation
(deontic logic). This area is unified by its methods (e.datienal semantics, first introduced by philosophers
Saul Kripke and Jaakko Hintikka in the 1950s, algebraic w@shproof theory), but it has diverse applica-
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tions in philosophy. For instance, logics of possibilitydaime are mainly useful in metaphysics whereas
logics of knowledge and belief are of interest to epistergpldiowever, the methods employed in the study
of these logics is very similar. Other related logics whiavé important applications in philosophy are
many-valued logics, intuitionistic logic, paraconsigtend relevance logics.

Foundations and philosophy of mathematics and computation

One of the main advances at the intersection of mathematitgtalosophy is the development of foundations
of mathematics in the early 20th century (type theory andrssiry). Intra-mathematical considerations of

course played a very important role in motivating such dgwelents, but philosophical concerns shaped
and drove much of this development. The same is true for theesjuent development of disciplines of

mathmatical logic such as proof theory and computabiligotty.

Formal theories of truth and paradox

The nature of truth is a central topic in metaphysics andogbiphy of logic, and work on truth is closely
connected to epistemology and philosophy of language. ifgignt advances have been achieved over the
last 30 years in formal theories of truth, and there are atosmections between philosophical work on truth
and model theory (especially of arithmetic). One of the niogtortant approaches to truth are the revision
theories of truth first introduced by Saul Kripke and Solorfeferman.

Formal epistemology

Formal epistemology is an emerging field of research in gbjdy, encompassing formal approaches to
ampliative inference (including inductive logic), gamedany, decision theory, computational learning theory,
and the foundations of probability theory.

Set theory and topology in metaphysics

Set theory has always had a close connection with meredlogyheory of parts and wholes, and topology
has also been fruitfully applied in metaphysics.

Presentation Highlights

Philosophical Logic

Steve AwodeyandKohei Kishida (Carnegie Mellon University)lopological semantics for first-order modal
logic

Awodey presented a new theorem, which extends Tarski'sicsopological completeness result from
propositional to first-order S4 modal logic.

Dave DeVidi (University of Waterloo)Non-constructive uses of constructive logics

While intuitionistic and other constructive logics haveithfirst home in foundations of mathematics,
their appearance in, for instance, metaphysical debatetfapm mathematics is familiar, thanks to the work
of philosophers such as Michael Dummett. In such cases gethsons offered for supposing that construc-
tive logic is correct are recognizably akin to those offelbgdnathematical constructivists. In recent times,
though, it has become increasingly common to see versioosritructive logic advocated for philosophi-
cal purpose—as part of a solution to a paradox, for instangken no appeal to constructivist motivations
is offered and no plausible one seems possible. It is notmanmn to see such proposals rejected on the
grounds of incompatibility with constructivism (“no intignist could consistently sapat’). This objection
is beside the point if the appeal to constructive logic haressuitable non-constructivist motivation—for
then the name “intuitionistic logic” (e.g.) becomes a higtal curiousity, instead of an indication of who
may appeal to that logic as the correct one. This responsieis claimed, but seldom defended. DeVidi
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described some cases of this sort, and considered the ptedpe giving a non-constructivists but philo-
sophically satisfactory defense of the claim that sometber constructive logic is the correct one for certain
purposes.

Eric Pacuit (University of Amsterdam) and Horacio Arlo-Costa (Carreeiyiellon University),Quanti-
fied Classical Modal Logic and Applications

Pacuit introduced and motivated the study of classicaksysiof first-order modal logic. In particular, he
focussed on the study of neighborhood frames with constamihs and offer a series of new completeness
results for salient classical systems of first order modgitloHe discussed general first-order neighborhood
and offer a general completeness result for all classicaesys of first-order modal logic. Finally, he showed
how to extend this analysis to freely quantified classicaflaitogic.

Graham Priest (University of Melbourne and University of St. Andrewb)any-valued modal logic

In standard modal logics, the worlds are two-valued. Thgnea reason why this has to be the case,
however: the worlds could be many-valued. In this talk, firleoked at many-valued modal logics. He
started with the general structure of such logics. To ithtst this, he considered modal logic based on
tukasiewicz’s continuum-valued logic. Priest then coesidl one many-valued modal logic in more detail:
modal First Degree Entailment (FDE). Tableaux for this asdspecial casedis and LP) were provided.
Modal many-valued logics engage with a number of philoscgdhissues. The final part of the talk illustrated
with respect to one such: the issue of future contingents.

Timothy Williamson (University of Oxford),Adding probabilities to epistemic logic

Williamson used a case study to illustrate the philosogliitarest of adding epistemic probabilities to
standard possible world models of epistemic logic. It isifeanthat the non-transitivity of the accessibility
relation between worlds corresponds to the failure of the g¢kciple—if you know, you know that you
know. How far can we turn the screw with counterexamplesédtK principle? That is, how low can your
epistemic probability that you knowgo at a world at which you do in fact knop? Answer: As close to 0
as you like. Some of the relevant models can be instantiatgdite realistic settings. Willimason considered
implications for debates about the standard of epistemitamairequired for assertion and about apparent
counterexamples to otherwise plausible closure prinsifdeknowledge.

Theories of truth and paradox

JC Beall (University of Connecticut) anMichael Glanzberg (University of California, Davis)Truth and
paradox

Beall and Glanzberg aimed to give a big-picture sketch dhtaeind paradox — chiefly, the Liar (but also
related truth-theoretic paradoxes).

Approaches to the Liar that they mentioned are all markedhbyways they navigate between complete-
ness and consistency. Some key examples of these appraacioee those which:

e Reconsider logic:

1. Paraconsistent: the Liar teaches us that EFQ fails, tima¢ sentences are true and false, but our
language is nonetheless non-trivial (i.e., some sentearegfust true’).

2. Paracomplete: the Liar teaches us that LEM fails, in somg tivat avoids a variant Liar which
reinstates the paradox.

e Reconsider the semantics:

1. Contextual: the Liar teaches us that truth is contextisghsitive, shifting the extension of ‘true’
from context to context.

2. Revision Theory: the Liar teaches us that ‘true’ is goedrhyrules of revision

Each of these options seeks to reject some portion of censigbr completeness, and yet present a coherent
and appealing environment in which logic and semantics caem@ntly proceed.

Solomon Feferman(Stanford University)A nicer formal theory of non-hierarchical truth
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A new formal theoryS of truth extendingPA is introduced, whose language is thatfef together with
one new unary predicate symto(z), for truth applied to Gdel numbers of suitable sentencesdrektended
language. Falsity aof, F'(x) is defined as truth of the negationofthen the formulaD(z) expressing that
z is a determinate meaningful sentence is defined as the digjanof 7'(xz) and F'(x). The axioms of
S are those ofPA extended by (1) full induction, (1) strong compositiortgliaxioms for D, and (IIl) the
recursive defining axioms fdF relative toD. By (ll) is meant that a sentence satisfiesf and only if all
its parts satisfyD; this holds in a slightly modified form for conditional sentes. The main result is that
has a standard model. As an improvement over earlier systenedoped by Fefermai, meets a number
of leading criteria for formal theories of truth that haveehgroposed in the recent literature, and comes
closer to realizing the informal view that the domain of theh predicate consists exactly of the determinate
meaningful sentences.

Volker Halbach (University of Oxford),The Kripke-Feferman theory of truth

Feferman proposed to axiomatize Kripke’s theory of trutblassical logic. The resulting theory is called
the Kripke-Feferman (KF) theory of truth. | argue that thisdry introduces some unwanted features because
it relies on classical logic, and that Kripke’'s theory shibbé axiomatised in partial logic.

It has been argued by Reinhardt that nevertheless KF makée &s a tool for generating theorems of a
theory of truth in partial logic by focusing on those sentsu that can be proved to be true in KF. Halbach
argued that this justification of KF fails, as a natural axadisation of Kripke’s theory in partial logic is
proof-theoretically much weaker than the theory generayeldF.

Jeff Ketland (University of Edinburgh)Truth and reflection

Say that a truth theory is deflationary if, when added to arsysafitable class of base theories, the resultis
a conservative extension. Say that a truth theory is refedtiwhen added to any of a suitable class of base
theories, the reflection principles for that theory becohmeotems. Reflective truth theories are desirable;
for, just as when we accept a statement A, we should acce tue,” similarly, when we accept a theory
T, we should accept “All axioms of" are true.” Stewart Shapiro (1998) and Ketland (1999) nofted t
these conditions are incompatible: reflective truth theere non-conservative, and thus non-deflationary.
In particular, Tarski’'s compositional theory of truth idleetive (as are more sophisticated “self-applicative”
truth theories, such as the Kripke-Feferman theory), and tton-deflationary. It seems correct to conclude
then that deflationism about truth is incompatible with Hssim mathematical logic. Several authors (Field,
Azzouni, Halbach and Tennant) have presented responsésstargument against deflationism. Ketland
surveyed these responses and offered some replies.

Greg Restall(University of Melbourne)Modal models for Bradwardine’s theory of truth

Restall introduced Stephen Read’s reconstruction of Baadine’s theory of truth, and provided it with
a simple model theory. This model theory can be used to peoxifixed-point construction to extend any
classical theory with a Bradwardine truth predicate whisteidyes from Tarskian truth only on ungrounded
sentences.

Foundations and philosophy of mathematics and computabity

Grigori Mints (Stanford University)Effective content of non-effective proofs

Methods of proof theory allow to extract effective boundmfirsome non-effective proofs and point out
possibilities of obtaining sharper bounds from mathenaaficoofs, sometimes depending of fewer parame-
ters. We survey several such applications and illustra@fiproach for a proof of Herbrand’s theorem using
compactness. A new cut elimination method (in particulaea proof of Herbrand’s Theorem) is obtained
here by “proof mining” (unwinding) from the familiar nonfettive proof. That proof begins with extract-
ing an infinite branch when the canonical search tree for angfermula of first order logic is not closed.
Our reduction of a cut does not introduce new cuts of smatlerglexity preserving instead only one of the
branches.

Wilfried Sieg (Carnegie Mellon University)Church without dogma: axioms for computability

Church’s and Turing’s theses dogmatically assert that somrimal notion of computability is captured by
a particular mathematical concept. Sieg presented ansisalfjcomputability that leads to precise concepts,
but dispenses with theses.
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To investigate computability is to analyze processes thatia principle be carried out by calculators.
Drawing on this lesson we owe to Turing and recasting workarfid@y, Sieg formulated finiteness and locality
conditions for two types of calculators, human computingrdg and mechanical computing devices; the
distinctive feature of the latter is that they can operatedrallel.

The analysis leads to axioms for discrete dynamical sysfespsesenting human and machine compu-
tations) and allows the reduction of models of these axiamBuring machines. Cellular automata and a
variety of artificial neural nets can be shown to satisfy tkieras for machine computations.

Mathematics and logic in metaphysics

Gabriel Uzquiano (University of Oxford) and Stewart Shapiro (The Ohio Statevdrsity),Ineffability and
reflection

We know that not all concepts have extensions associatéctiem. In this contribution, Uzquiano and
Shapiro explored the hypothesis that a condépacks an extension if and only #' is ineffable, by which
they mean, roughly, that no concept at least as largéiaslescribable by logical vocabulary alone. They are
interested in this hypothesis largely because it seemtn th give partial expression to the inchoate thought
that the universe is ineffable. A first approximation to tthisught takes the form of a second-order reflection
schema on which, given a concefftat least as large as a concdpto which no extension corresponds,
a sentence of pure second-order logic is true when relativia the instances dff only if it is true when
relativized to strictly fewer objects. We

One may be able to express the thought behind this reflectioensa in finite compass by a sentence
of a third-order language. However, once we allow oursetiiesresources to do this, we find ourselves
in a position to describe what is for a concept to be ineffédylehe vocabulary of pure third-order logic,
which betrays the very thought with which we started. Thigation generalizes and, in their contribution,
Uzquiano and Shapiro looked at the tension between, on th@amnd, the drive to express the ineffability of
the universe and, on the other, the constraint to remainffgito it.

Harvey Friedman (The Ohio State Universityf;oncept calculus

Friedman’s Concept Calculus provides an unexpected eracspondence between ordinary everyday
thinking about ordinary everyday things and abstract nrattis.

As an example, Friedman identified a large range of prinsipigolving just the two informal binary
relations “better than” and “much better than,” which givgerto a variety of formal systems which are
mutually interpretable with a variety of standard formadteyns from logic whose strengths range from weak
arithmetics to various large cardinals.

It appears that an enormous range of informal concepts herdgelves to closely related investigations.
For example, we have developed a kind of naive physics basédfarmal notions of time and space and
point mass, which also corresponds, by mutual interpetato these same formal systems from logic.

The hope is that concept calculus can serve as a tool for @iggrand analyzing metaphysical concepts
that is in rough analogy with the way that the Newton/Leibtaiculus serves as a tool for organizing and
analyzing physical concepts.

Philosophical issues and logic

Delia Graff Fara (Princeton University)Relative identity and de re modality

Fara defended the materialist thesis that material thinggd@ntical to the matter that composes them,
by appealing to the semantic view that names are predicaelsby proposing and investigating a version
of David Lewis’s counterpart theory that appeals, rathantto Lewis’'s own modfied similarity relation, to
relations ofrelativeidentity in the analysis ofle retemporal and modal claims. This was carried out in the
context of a metaphysics that's both actualist and thregedsionalist.

Hannes Leitgeb(University of Bristol),Applications of mathematics in philosophy: four case sadi

As we all know, mathematical methods are of crucial imparéainm science. Many believe that mathe-
matics will play a similar role for philosophy once philosopal theories have reached a sufficient degree of
complexity; to some degree, this has already happenedgdleiried to support this thesis by stating four
examples which are chosen (conveniently) from his own work:
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1. Similarity, Properties, and Hypergraphs
2. Nonmonotonic Logic and Dynamical Systems
3. Belief Revision for Conditionals and Arrow’s Theorem

4. Semantic Paradoxes and Non-sigma-Additive Probabilagsures

Yiannis Moschovakis(UCLA), Synonymy

Moschovakis discussed some historical approaches to ggmgand focussed on the mathematical prob-
lems of decidability which arise when senses are modeltgtously in formalized fragments of language.
About half of the talk was be dedicated to an exposition ofttie@ry of referential intensions, by which (in
slogan form}he sense of a term is the natural algorithm which determitsedenotation This modelling of
meanings leads to both theorems and difficult open probletrtieeilogic of synonymy.

Gillian Russell (Washington University, St. Louispne true logic?
In their 2006 booK_ogical Pluralism Beall and Restall argue that there is more than one cowgt.|
Russell examined that claim and present a different argtifoea similar view.

Kai Wehmeier (University of California, Irvine))dentity is not a relation

Frege, Russell, and the early Wittgenstein all struggletth Wie notion of a binary relation that every
object bears only to itself. In th&ractatuswe even find an outright rejection of the notion, togethehwit
some gestures as to its eliminability from predicate logjicthe talk, Wehmeier sketched what seems to be
the most promising argument against the existence of ayne#ation of numerical identity, and discuss a
few related logical issues.

Byeong-UKk Yi (University of Toronto)]s logic axiomatizable?

Yi defended the negative answer to the question in the titfelogic axiomatizable?,” by considering
sentences that involve plural constructions. He also coetgphis argument for the non-axiomatizability
of logic with the usual argument for the non-axiomatizapitf second-order logic and with Tarskis-
consequence example in the beginning of his paper “On theeprof logical consequence,” and how it
relates to David Kaplan’s proof of inexpressibility of c@rt sentences in elementary languages.

Outcomes of the Meeting

Surveys

One particular aim of the workshop was to provide the pgrdiots with a sense of the range of topics, the
state of current research, the interconnections, and theriant trends are in philosophical logic and related
areas. To this end, the organizers invited three surveg.talkhese surveys provided an overview of the
development of the field in the last 20-50 years, of the ctistate of the art, of the main open problems,
and of anticipated future trends and developments:

Branden Fitelson (University of California, Berkeley)Survey on formal epistemology: Some propa-
ganda and an example

Fitelson discussed various threads of “formal philosdidg/he prefers to call the field of formal episte-
mology. He gave a survey of the development of confirmatieophand the uses of probability theory in it,
and ended with an illustrative application of confirmatibadry to the problem of induction.

Markus Kracht (UCLA), The certain past and possible future of modal logic

The origins of modal logic are somewhere in philosophy. Hmvegfor more than fifty years there is also
a more “technocratic’; approach to the field that applieshemiatical methods. Over time, it has created its
own terminology and, inevitably, its own problems thatkel$ to deal with. Other areas of application have
also been found, for example computer science. While thentqoes and results for propositional modal
logic are by now fairly widely known even outside the circlensathematicians, in the domain of modal
predicate logic there still is some lack of knowledge trendfetween philosophers and mathematicians.
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Kracht outlined the past developments of modal logic withcsal attention to modal predicate logic, where,
he argued, the greatest promise for ‘technocratic’ modgtlis still to be found.

Stewart Shapiro(The Ohio State University),ife on the ship of Neurath: mathematics in the philosophy
of mathematics

Shapiro gave an “idiosyncratic” survey of the use of math@sado support or otherwise assess pro-
grams in the philosophy of mathematics. It covered the “higé” views that dominated thinking in the
early decades of the twentieth century: formalism, indmism, and logicism, and then moveed onto contem-
porary descendants of these viewasite remstructuralism, Scottish neo-logicism, fictionalism, aradious
reconstructive nominalisms.

Proceedings

A proceedings volume collecting selected papers from thikstmp is planned. It will apear as a special
issue of thelJournal of Philosophical Logic
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Chapter 8

Topology (07w5070)

Feb 25 - Mar 02, 2007

Organizer(s): lan Hambleton (McMaster University), Matthias Kreck (Ueiisity of Hei-
delberg), Ronald Stern (University of California, Irvine)

Introduction

The geometry and topology of manifolds is a large researeh,anaking connection with many flourishing
specialties such as algebraic topology, symplectic gegytmgauge theory, knot and links, and differential
geometry. The purpose of this meeting was to bring togethmoad selection of researchers from many
flourishing areas of current work in topology, in order tompiaie awareness of new developments across the
whole field.

This meeting was a sequel to our highly successful meetingdlbgy” 05w5067 held at BIRS (August
27 - Sept. 1, 2005), which had similar objectives and scopg® Strongly positive comments we received
from the participants at that time encouraged us to thinkamaeeting with this broader scope was a valuable
service to the mathematics research community.

The format of the meeting was designed to promote intenactial discussion, as well as exposure of
all the participants to certain themes of broad interesesghincluded the recent work of Perelman on Ricci
flow and the classification &-manifolds, as well as topics in geometric group theoryysegeometry and
topology, the Novikov conjecture, and elliptic cohomology

The proof of the Poincaré conjecture played a central rolbe conference. John Morgan from Columbia
gave three lectures with an excellent overview of the pradis led to numerous lively and fruitful discus-
sions between the participants. In general the atmosphese@ry creative, and also those who did not give
a lecture had the chance to explain their ideas in numersgssions in smaller groups. As organizers, we
were very pleased with the high scientific level of the talksd with the energy and enthusiasm of all the
participants.

We limited the talks to 5 per day and 45 minutes each, allowmgle time for informal interactions. The
speakers were asked to address a broad audience and meshafiththis very successfully. A good number
of the talks were given by younger mathematicians.

Abstracts

Adem, Alejandro, University of British Columbia: Commutin g Elements and Spaces of Homomor-
phisms Consider the space Hom(Q,G) of homomorphisms betwea discrete group Q and a Lie group
G.

87
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This talk described basic properties of these spaces anddi@ertain discrete groups their contribution
to bundle theory can be quantified using the cohomology of @will also discuss the cohomology of some
of these spaces, with particular attention to the case whisra@ree abelian group. A stable splitting for the
space of commuting elements was described. This is joirk with Fred Cohen.

Baird, Tom, University of Toronto: Moduli spaces of flat connections on nonorientable surfaces

This talk presented recent work studying the topology of aliogpaces of flat connections on nonori-
entable surfaces and described some relationships wiithcitienterparts for orientable surfaces. The main
tool used was equivariant conomology.

Bartels, Arthur, Universit at Miinster: The Farrell-Jones Conjecture in algebraic K-theory for hyper-
bolic groups.

This is joint work with Wolfgang Liick and Holger Reich. Thalk presented a proof of the Farrell-Jones
Conjecture in algebraif’-theory for hyperbolic groups in the sense of Gromov. Thiansghat the algebraic
K-theory K.(RG) of RG, for a ring R and a hyperbolic grougy, can be computed in terms &f, (RV),
whereV varies over the familiy of virtually cyclic subgroups. Thissult has (among others) applications to
Whitehead groups, the Bass conjectures and the Kaplansigatore.

Behrstock, Jason, University of Utah: Dimension and rank ofmapping class groups.

We discussed recent work with Yair Minsky towards undemitagnthe large scale geometry of the map-
ping class group. In particular, it was explained how to mbtarious topological properties of the asymptotic
cone of the mapping class group including a computatiorsaliinension. An application of this analysis is
an affirmative solution to Brock-Farb’s Rank Conjectureettasserts that MCG has quasi-flats of dimension
N if and only if it has a rankV free abelian subgroup. This talk was of interest to a broaliesmee of topol-
ogists since it contained geometric group theory, low disiamal topology, and some classical dimension
theory.

Bryan, Jim, University of British Columbia: The Quantum McK ay Correspondence.

Let G be a finite subgroup ofU(2) or SO(3). The classical McKay correspondence describes the
cohomology of the resolution of the orbifotd? /G or C3/G in terms of the representation theory Gf
We give a quantum version of this. We described the quantumroology (and, more generally, all the
Gromov-Witten invariants) of the resolution in terms of hBE root system associated ¢a

Davis, Jim, Indiana University: Mapping tori of self-homotopy equivalences of lens spaces (or - there
are no exotic beasts in Hillman’s zoo).

This is joint work with Shmuel Weinberger. We conjecturetttiee mapping torus of a self-homotopy
equivalence of three-dimensional lens spaces is homotpgyaent to a closed manifold. This talk presented
a proof of this conjecture in the case where the lens spacpritas order fundamental group. A feature of
the proof is that it uses Gauss’ Lemma on quadratic residiid@s.answers a question of Jonathan Hillman.

Brent Doran, Institute for Advanced Study, Princeton: Unipotent groups, contractible varieties, and
some classical questions in affine geometry.

The study of contractible topological spaces began in saine 935 with J.H.C. Whitehead’s construc-
tion of the Whitehead space—a counter-example to his pfabes-dimensional Poincaré conjecture. In the
1960s geometric topologists studied properties of cotibiadopological spaces in detail as a testing ground
for general theory. This talked investigated algebraigetas which are contractible from the standpoint of
algebraic geometry, formalized using tHé-homotopy theory of Morel and Voevodsky. The class of such
varieties is surprisingly rich including many smooth exdesbeyond affine spaces and, in many ways, the
theory is analogous to the theory developed for contraetipological spaces. Ovéror R, many of these
are diffeomorphic taC™ or R". We then discussed a general construction of such variasieg a version
of geometric invariant theory for unipotent groups and show they relate to, and provide a testing ground
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for, various long-standing general conjectures in algelaometry. A basic conclusion: many of our most
sophisticated invariants miss an enormous amount of strei@t algebraic geometry. Optimistic corollary:
we should look to methods of topology, adapted to algebraamgtry viad'-homotopy theory, for aid in
formulating classification theorems. Joint work with AnagtiAsok.

Other current research interests: non-reductive geotrietriant theory and applications; moduli prob-
lems, especially at the moment moduli of bundles on curvessheaves on surfaced;” 1-homotopy, mo-
tives, and motivic cohomology; intersection cohomologyompactifications of locally symmetric spaces
were discussed as well as some interesting interrelatioosig these topics.

Ebert, Johannes, Muenster: Spin structures on surface bunigs.

A spin structure on a surface bundte: £ — B with connected compact orieted fibéris a spin
structure on the vertical tangent bundigEl. We adress the question of necessary and sufficient conslitio
on the existence of a spin structure. First of all, there renit a spin structure on F' which is invariant
under the image of the monodromy homomorphisriB) — o (Dif f(F)). But this is not sufficient. For
any spin structurer on F, there exists a class ifN?(BDif f(F;c);Z/2) which is an obstruction to the
existence of a spin structure on a surface bundle whose momydixeso. We show that this obstruction
class is nonzero for any spin structure on any surface.

As necessary conditions for the existence of spin strustwve have divisibility relations for the Mum-
ford classes:,, () € H?"(B;Z). We showed that the previously known divisibility relatiowithout the
assumption of a spin structure is strengthened by the faétor. For evenn, we show that this relation is
optimal in the stable range, i.e. if the genusf F' is large compared ta.

Galatius, Soren Stanford University: The homotopy type of he cobordism category.

The d-dimensional cobordism categofy; has closedd — 1)-dimensional manifolds as objects and
compact d-dimensional cobordisms as morphisms. Thom&¢ne determines of the classifying space
BCy. This talk discussed joint work with Madsen, Tillmann andi$8ein which we determine the homotopy
type of BCy. As a corollary we presented a new proof of Madsen-Weisgirdra.

Ghiggini, Paolo, Universit du Qubec Montral: Contact structures, Heegaard Floer homology, and fi-
bred knots.

Recently | proposed a strategy to prove that knot Floer hogyatletects fibred knots using taut foliations
and contact structures. This strategy was implemented tseliniy the particular case of genus-one knots,
and by Yi Ni in the general case.

In the talk an outline the strategy was presented, as welba sints about the proof in the case of
genus-one fibred knots. It was also pointed out the diffieslthat Yi Ni had to overcome in order to arrive
to a complete proof.

Grodal, Jesper, Chicago/Copenhagen: Local-to-global priciples for classifying spaces

This showed how one can sometimes “uncomplete” the p- caswblassifying space of a finite group,
to obtain the original (non- completed) classifying spaaed hence the original finite group. This “un-
completion” process is closely related to well-known letmaglobal questions in group theory, such as the
classification of finite simple groups. The approach goethéaheory op-local finite groups, more precisely
a certain fundamental group. This talk was a report on jomtkwwith Bob Oliver.

Hanke, Bernhard, University of Munich: Enlargearbility, c oarse geometry and the Baum-Connes map

Enlargeability was introduced by Gromov and Lawson as atrottson to the existence of positive scalar
curvature metrics on closed spin manifoltis Rosenberg introduced another “universal” index theoreti
obstruction living in theK -theory of the reduced or maximal grodp-algebra of the fundamental group
w1 (M). We reported on recent work of Kotschick, Roe, Schick andetfiygroving nonvanishing of this
index obstruction for enlargeable manifolds. Our approacindependent from injectivity of the Baum-
Connes assembly map. The discussions of the reduced anthaléXi-algebra use quite different methods:
The former one has a strong coarse theoretic flavour, whétedatter one rests on the construction of a flat
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Hilbert space bundle (as twisting bundle for the Dirac ofmeran M) out of a sequence of asymptotically
flat bundles.

This construction can also be used to prove injectivity @f tbstriction of the Baum-Connes assembly
map (with values in the<-theory of the maximaC*-algebra) toK - homology classes dual to classes of
cohomological degre2. This verifies the strong Novikov conjecture for these @asand implies a result
of Mathai and Connes-Gromov Moscovici on the invarianceighér signatures associated to cohomology
classes of degrez

Hausmann, Jean-Claude, L'Universié de Gerve: The topology and geometry of Polygon spaces.

The study of polygon spaces i started two decades ago with the thesis of K. Walker {for 2).
They occur in connection with statistical shape theory ambtic. Ford = 3, they became also a chapter
of Hamiltonian geometry, as a rich source of examples, blagdated to toric manifolds. This talk was a
survey of these various aspects of polygon spaces, thesifitation and recent results.

Hedden, Matthew, Massachusetts Institute of Technology: @ knot Floer homology and algebraic
curves

It is well known that each torus knot arises as the interseatf an algebraic curve i6 with isolated
singularity at the origin with the standard three-dimensisphere. Indeed, the class of knots which arise
in this way from algebraic curves with an isolated singtjais well understood. However, by deforming
the sphere or relaxing the restriction on the curve’s siagldcus a much wider class of knots and links
is obtained. This talk discussed the question of which kadte from algebraic curves in the above sense,
focusing our attention on some results indicating connastwith the Ozsvath-Szabo Floer homology invari-
ants. More precisely, Ozsvath and Szabo introduced anigmtadenoted(K), to knots in the three-sphere
(this invariant was independently discovered by Rasmys¥éa first showed that(K') provides an obstruc-
tion to knots arising from complex curves in the above seR&stricting attention to fibered knots, we then
proved the more surprising theorem thék') detects when a fibered knot arises from a complex curve with a
certain genus constraint. Coupled with work of Ozsvath azab8 and recent independent work of Ghiggini,
Ni, and Juhasz, an immediate corollary is that any knot whitnits a lens space surgery can be realized as
the intersection of a complex curve with the three-sphere.

Ji, Lizhen, University of Michigan: Large scale geometry am topology of subgroups of Lie groups and
mapping class groups

For a discrete group, a natural problem concerns differergions of the Novikov conjecture in surgery
theory, algebraic K-theory an@x-algebras. The original Novikov conjecture on homotopyanence of
higher signatures is equivalent to the rational Novikovjeoture in surgery theory, and the integral Novikov
conjecture in surgery theory implies the stable Borel cchojes.

One approach to the Novikov conjecture uses the asymptotierssion of the group endowed with a
word metric, and another approach uses suitable compattifis of cofinite universal spaces for proper
actions. We will study the validity of the integral Novikowmjecture and the existence of cofinite universal
space for proper actions for the following closely relatéasses of groups: 1. Arithmetic groups such as
SL(n,Z), and more generally lattice subgroups of Lie groupsS2arithmetic subgroups of semisimple
algebraic groups such &4.(n, Z[1/p]), which are usually not discrete subgroups of Lie groups.ifitdly
generated subgroups@fL(n, Q). 4. Mapping class groupg¥ od, ,, of surfaces of genus g with n punctures.

Symmetric spaces, Bruhat-Tits buildings, Teichmullercggaand their compactifications were be used
together with basic tools such as the reduction theory fithhraetic subgroups. This talk also brought out
similarity of these objects.

Kreck, Matthias, University of Heidelberg: Equivariant (c 0)homology and Poincare duality

Equivariant (co)homology defined via the Borel construttoes not fulfill Poincare duality. To motivate
what | am working on consider a closed oriented free smoottimensionalz-manifold (G a compact Lie
group of dimensiom). Then the equivariant homology 8f is the homology (M /G) of M/G. By ordi-
nary Poincare duality this is isomorphic ™ ~9=*(M/G). Question: Is there an equivariant multiplicative
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cohomology theoryiy, (M) such that ifM is as above a closed free G manifold, thén( M) = H" (M /G)?
If yes we then consider the shifted equivariant homolb§y /) := H, ,(M). Poincaré duality for the
theoryh then holds for closed fre€-manifolods and one can ask if this is the case for arbitrioyedG-
manifolds.

I have constructed such a thedff,(1/) as bordism classes of freg stratifolds of dimensiomn — k
together with a proper equivariant mapitb. The corresponding homology thedty (M) of bordism classes
of free compact-stratifolds with an equivariant map @ is canonically isomorphic té7< ,(M). Thus
we obtain a geometric description of equivariant homol&gsently I’'m investigating this new cohomology
theory further and construct corresponding Bredon typévegant (co)homology theories.

Lueck, Wolfgang, Universitat Minster: Topological rigidity for non-aspherical manifolds (with M.
Kreck).

The Borel Conjecture predicts that closed aspherical mktsfare topological rigid. We want to investi-
gate when a non-aspherical oriented connected closedofdif is topological rigid in the following sense.
If f: N — M is an orientation preserving homotopy equivalence wittoaedl oriented manifold as target,
then there is an orientation preserving homeomorpllismV — M such that h and f induce up to conju-
gation the same maps on the fundamental groups. We call saclatus Borel manifolds. We gave partial
answers to this questions f6F x5, for sphere bundles over aspherical closed manifolds oédsion less
or equal to 3 and for 3-manifolds with torsionfree fundanaégtoups. We showed that this rigidity is inher-
ited under connected sums in dimensions greater or equaléelso classified manifolds of dimension 5
or 6 whose fundamental group is the one of a surface and wiess@d homotopy group is trivial.

Equivariant Chern characters

We first recall Dolds rational computation of a generalizethblogy theory in terms of singular homol-
ogy. Essentially Dold shows that the Atiyah-Hirzebruchcips sequence rationally collapses. The aim of
this talk was to generalize it to the equivariant setting. iliéeoduce the notion of an equivariant homology
theory. We explained how under certain assumptions on ta#ficients such as a Mackey structure it can
be computed in terms of Bredon homology. This has many agjics in connection with the Farrell-Jones
Conjecture, and the Baum-Connes Conjecture and leadstioaaiecomputation of the topological-theory
of BG for a discrete groug: which has a finite model for its classifying space of profeactions.

Lurie, Jacob, Harvard University: Equivariant Cohomology Theories and Algebraic Groups.

| sketched a construction which produces an equivarianbrmmiogy theory starting with an algebraic
group (in a suitable setting). | then explained how this tautsion can be used to produce equivariant
elliptic cohomology. This talk demonstrated Interactibesween homotopy theory and algebraic geometry,
elliptic conomology, geometric representation theory.

Morel, Fabien, Ludwig-Maximilians-Universit &t Munich: Towards a surgerical approach to the classi-
fication of smooth projective varieties over a field.

This talk sketched a new approach to the study of smooth gtizged ! -connected varieties over a field
inspired by the classical surgery approach in differemtipblogy. This approach relies on recent progress in
the A'-homotopy theory of smooth varieties. We explained basitsfaoncerning thel ! -fundamental group
and illustrated the slogan that it should play a major roltnis approach, as in classical differential topology.

Morgan, John, Columbia: Overview of Perelman’s proof of the Poincare Conjecture and the Ge-
ometrization Conjecture.

Starting with the Ricci flow introduced by Hamilton, Perelmshowed how to control the finite-time
singularities in 3-dimensional flows and consequentlymxiguch a flow to a Ricci with surgery defined for
all positive time. The surgeries analytically necessayeal with the finite-time singularities in fact perform
the topological operation of connected sum decompositemessary in order to simplify 3-manifolds into
prime pieces. With the existence result result for Ricci fleith surgery defined for all positive times, and a
complete understanding of the topological change at thrgesytimes, to prove the geometrization conjecture
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for a compact 3- manifold it suffices to prove it for any of then&nifolds that appear in the Ricci flow with
surgery at any later time. The proof of the Poincaré Conjects completed by showing that if the initial
3-manifold is a homotopy sphere then after some finite tineettle 3-manifold that appears in the resulting
Ricci flow with surgery is empty (and hence satisfies the Geonation Conjecture). To prove the general
geometrization conjecture requires studying the limitsia& goes to infinity in a general 3-dimensional
Ricci flow with surgery. Here is where the incompressiblé appear and according the pieces that reqsult
from cutting the manifold open along these tori are eithgrdnpolic or are collapsed. Perelman then states a
result showing that the collapsed pieces are graph masifékis allows one to prove the full geometrization
conjecture. These three lectures gave an overview of tlesided techniques that go into these arguments
and give an evaluation of the current state of confidencetieae arguments are complete and correct.

Olbermann, Martin, University of Heidelberg: Conjugation s on six-manifolds.

When we are trying to find simply-connected asymmetric ntdd#, i.e. manifolds not admitting any
non-trivial finite group action (for example among spin 6mifialds), V. Puppe’s method shows that in some
cases, the only possible action would have to be a “conjogatiConjugation spaces are spaces with invo-
lution such that the fixed point set of the involution tascohomology isomorphic to thé,- cohomology
of the space itself, with the little difference that all degs are divided by two (e.g-P" with the complex
conjugation). One also requires that a certain conjugatpration is fulfilled. This talk applied a new char-
acterization of conjugation spaces to realize conjugdiamanifolds. The main result is that for every closed
oriented 3-manifold/ there exists a simply connected spin conjugation 6-mahifath fixed point sef\/.

Pedersen, Erik, SUNY Binghamton

A few years ago T. Bauer, N. Kitchloo, D. Notbohm and | provkdttif X is a loop space and the
homology ofX is finitely generated as an abelian group tB&is homotopy equivalent to a compact, smooth,
parallelisable manifold. It is likely this result holds Witut assuming thaX is a loop space only assumitg
is anH-space. This is not even known in the simply connected casguise of our very poor understanding
of the Arf invariant. So this talk discussed how to get a attelerstanding of the Arf invariant and noted
that this is different from trying to prove the so-called Arfariant problem.

Ranicki, Andrew, University of Edinburgh: Survey of codimension one splitting.

Much of high-dimensional manifold topology depends on owmgtision 1 splitting techniques, using al-
gebraicK - and L-theory to decide if a homotopy equivalence of manifoldsleaisplit along a codimension
1 submanifold. The talk surveyed the obstruction theorglved, and some of the applications.

The geometric Hopf invariant

This is a joint project with Michael Crabb. The geometric Howariant of a stable map’ : ¥ X —
YFY is aZ,-equivariant magh « (F') which “counts the double points” df. The homotopy class dfgx (F')
is the primary obstruction t&' being homotopic to thé- fold suspensio* Fy, of an unstable mapy : X —
Y. The geometric Hopf invariant has applications to doubiats®mf immersions of manifolds, and to surgery
obstruction theory, including the non-simply connecteskesa

Rosenthal, David, St. Johns University: On thei-theory of groups with finite asymptotic dimension.

In this work it is proved that the assembly maps in algebfai@and L-theory with respect to the family
of finite subgroups is injective for groups with finite asywipt dimension that admit a finite model for
the classifying space for proper actions. The result alggiepto certain groups that admit only a finite
dimensional model for this space. In particular, it apptesliscrete subgroups of virtually connected Lie
groups. This is joint work with Arthur Bartels.

Sauer, Roman, University of Chicago: On and around proportonality of the simplicial volume of finite
volume manifolds.

The simplicial volume of compact and non-compact manifaigs behave quite differently. We gave a
criterion saying in which cases the proportionality prpieifor Riemanian finite volume manifolds holds. In
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contrast to that, the well-known proportionality theoramdlosed manifolds holds in general. Furthermore,
we explained some related results about the relation betweselocally finite and the relative simplicial
volume and the relation té2-Betti numbers. This is joint work with Clara Loeh Schomnfies, Chris
Berkeley

Stern, Ronald, University of California, Irvine

This talk presented joint work with Ron Fintushel develapiechniques that demonstrate how to change
smooth structures on a given smooth 4-manifold and how &teiafinitiely many distinct smooth structures.
This was then used to motivate the conjecture that any twadmwmanifolds are homeomorphic iff they
are obtained by a sequence of these operations.

Symington, Margaret, Mercer University: Applications of t oric geometry to more general manifolds.

This talk was an advertisement for the use of techniquesateti by toric geometry in dimension four to
study the topology four- manifolds. Toric four-manifoldeauite tame, consisting exclusively§fz.S? and
blowups ofC' P2. However, if one is willing to consider a toric structure aryopart of the manifold, one can
exploit the "local toric structure” to prove that a smoothgrry (rational blowdowns) preserves symplectic
structures.

More recently, David Gay and | relaxed the symplectic cdodibn a toric manifold to characterize "toric
near-symplectic manifolds”. Doing so provides both exasjgind tools to understand and calculate (in terms
of graphs in moment map images) emerging Gromov-Witten ityygeriants due to Taubes.

Taylor, Laurence Notre Dame: Homology with local coefficiets.

Farrell and Hsiang noticed that the action of conjugatiokMai groups implies that the geometric surgery
groups defined in Wall Chapter 9 do not have the naturalityl Waims for them. They fixed the problem.
The observation here is that the definition of geometric \§falups involves homology with local coefficients
and these also lack Wall’s claimed naturality. One wouldéthiat a geometric bordism theory involving non-
orientable manifolds would enjoy the same naturality asehgyed by homology with local coefficients.

A setting for this naturality entirely in terms of locZl coefficients is presented in this paper.

Applying this theory to the example of non-orientable Watlgps restores much of the elegance of Wall's
original approach. Even manifolds: #-dimensional, oriented manifold is even if the intersatfiorm on
the integral homology has all squares even. There is a dondin the tangent bundle which is equivalent
to even and following Lashof we can study the resulting $tmas on bundles. Several corollaries will be
given including computing the resulting bordism groupsdmis of more classical ones. The 4-manifold
case is especially interesting. Pin structures on surfalssnote records some results abpiit— structures
on surfaces that probably should have been included in Kidogtor. The action of the symplectic group is
described using quadratic enhancements. The quadraBmeament vanishes on the Lagrangian determined
on a boundary is proved as well as a bit more. The quadratiarex@ment on a dual - in an oriented
4-manifold vanishes on the image Hf is proved.

Unlu, Ozgun, McMaster University: Free actions of extraspeial p-groups on products of spheres.

Let p be an odd regular prime, we showed that the extraspgajabup of ordep? and exponent acts
freely and smoothly on two equidimensional spheres. We disnussed the problem fgrgroups of larger
order and give some partial results. (Joint work with lan iHaton.)

Vogtmann, Karen, Cornell University: Outer Spaces of Rightangled Artin groups.

Right-angled Artin groups form a bridge between free groams free abelian groups, and hence their
outer automorphism groups can be thought of as interpgldi@tweerOut(F,) andGL(n, Z). The group
Out(F,) is the group of symmetries of Outer space, a space of actibti$ @n trees, and<L(n, Z) is
a group of symmetries of the homogeneous sgaéén, R)/O(n, R), which can be described as a space
of actions of Z” on R". We define an outer space for the outer automorphism grouprigih&angled
Artin groupsG, in the case when the associated graph is connected and Hasngles, as a space of
actions ofGG on appropriate objects. We proved that this space is finiteedsional and contractible, that the
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action is proper, and we give upper and lower bounds on thealicohomological dimension of the outer
automorphism group.

Wahl, Nathalie, University of Copenhagen: Stabilizing majping class groups of 3-manifolds.

(joint work with Allen Hatcher) Let\/ be a compact, connected 3-manifold with a fixed boundaryrsphe
doM . For each prime manifol@, we consider the mapping class group of the manifdlfl obtained from
M by taking a connected sum with copies of P. We prove that th#gh homology of this mapping class
group is independent of n in the range> 2i + 1. Our theorem moreover applies to certain subgroups of the
mapping class group and include, as special cases, hornalstability for the automorphism groups of free
groups and of other free products, for the symmetric gronpdar wreath products with symmetric groups.

Williams, Bruce, University of Notre Dame: A Parametrized Sgnature Theorem with Converse.

(Joint work with Michael Weiss) Suppo$g” is an oriented n-dim Poincare complex4|f., the signature
of X, o(X) € Zis defined using symmetric structure o (X). If X is a manifold, then Hirzebruch showed
o(X) has a “local description” in terms of Pontrjagin classegsTdllows from the index theorem applied to
the signature operator. By using the symmetric structur@ @), the cellular chain complex of the universal
cover of X, Ranicki defined the (visible) symmetric signatureXfoy (X) which is a refinement of (X).

He proved that when > 4, X is homotopy equivalent to a topological manifold if and oiflyy (X) has

a local description in terms of a symmetric L-theory fundataéclass forX. If p: E — B is a fibration
with fibers n-dim Poincare complexes, thehas a parametrized (visible) symmetric signatafiep). If p

is a topological fiber bundle with closed n-dim fibers, tlwen(p) satisfies a certain fiberwise index theorem.
In this talk I'll describe a further refinement, 4 (p) of oy (p). We again get a family index theorem, but we
also get a converse whdim B < n/3, B is path connected, and ! (b) is homotopy equivalent to a smooth
manifold for some € B. Then the fibration satisfies our signature family index theorem if and only i$
fiber homotopy equivalent to a fiber bundle with fibers closetim manifolds.

List of Participants

Adem, Alejandro (PIMS)

Asok, Aravind (University of Washington)

Baird, Tom (University of Toronto)

Bartels, Arthur (Universitat Minster)

Behrstock, Jason(University of Utah)

Bryan, Jim (University of British Columbia)
Cantarero-Lopez, Jose Maria(University of British Columbia)
Davis, Jim (Indiana University)

Doran, Brent (IAS)

Ebert, Johannes(Muenster)

Galatius, Soren(Stanford University)

Ghiggini, Paolo (Université du Québec a Montréal)
Grodal, Jesper(Chicago/Copenhagen)

Hambleton, lan (McMaster University)

Hanke, Bernhard (University of Munich)

Hausmann, Jean-Clauddg’Université de Genéve)
Hedden, Matthew (Massachusetts Institute of Technology)
Ji, Lizhen (University of Michigan)

Juan-Pineda, Daniel(Universidad Nacional Autonoma de Mexico)
Kreck, Matthias (University of Heidelberg)

Lueck, Wolfgang (Universitat Munster)

Lurie, Jacob (Harvard University)

Morel, Fabien (Ludwig-Maximilians-Universitat Munich)
Morgan, John (Columbia)



Topology

Olbermann, Martin (University of Heidelberg)
Pedersen, Erik(University of Chicago at Binghamton)
Ranicki, Andrew (University of Edinburgh)
Rosenthal, David(St. Johns University)
Sauer, Roman(University of Chicago)
Schommer-Pries, Chris(Berkeley)

Stern, Ronald (University of California, Irvine)
Symington, Margaret (Mercer University)
Taylor, Laurence (Notre Dame)

Unlu, Ozgun (McMaster University)

Varisco, Marco (Binghamton University)
Vogtmann, Karen (Cornell University)

Wahl, Nathalie (University of Copenhagen)
Williams, Bruce (University of Notre Dame)

95



Chapter 9

North American Workshop on Tropical
Geometry (07w5055)

Mar 04 - Mar 09, 2007

Organizer(s): llia Itenberg (University of Strasbourg), Grigory Mikhatk(University of
Toronto), Yan Soibelman (Kansas State University)

Overview of the Field

Tropical Geometry is a branch of Geometry that has appeastdgcently. Formally, it can be viewed as a
sort of Algebraic Geometry with the underlying algebra lolhse the so-called tropical numbers. The trop-
ical numbers (the term "tropical” comes from Computer Sceeand commemorates Brazil, in particular
a contribution of the Brazilian school to the language rextian problem) are the real numbers enhanced
with negative infinity and equipped with two arithmetic ogions called tropical addition and tropical mul-
tiplication. The tropical addition is the operation of taggithe maximum. The tropical multiplication is the
conventional addition. These operations are commutatsanciative and satisfy the distribution law.

It turns out that such tropical algebra describes some mganigeometric objects, namely, the Tropical
Varieties. From the topological point of view the tropicalieties are piecewise-linear polyhedral complexes
equipped with a particular geometric structure coming frtoopical algebra. From the point of view of
Complex Geometry this geometric structure is the worst iptesslegeneration of complex structure on a
manifold. From the point of view of Symplectic Geometry thepical variety is the result of the Lagrangian
collapse of a symplectic manifold (along a singular fibnaty Lagrangian tori).

The easiest to describe are tropical varieties in dimenkja. tropical curves. These are the so-called
"metric graphs”, i.e. finite graphs equipped with an innetneesuch that all "leaves”, i.e. the edges adjacent
to 1-valent vertices have infinite length. There is a finit@ehsional moduli space of tropical curves once
we fix the number of cycles in the graph (this is the tropicalrterpart of the genus) and the number of
leaves (this is the tropical counterpart of the number ofgurres). Such a moduli space is itself a tropical
orbifold and there is a certain intersection theory on it.

From the point of view of Toric Geometry tropical varietiag imiting shapes of the amoebas of alge-
braic varieties under the deformation degenerating theraemt torus. Such degeneration can be described
by varying the base of the logarithm in the amoeba map to tgfirin toric geometry such construction is
known as "the patchworking”, it was introduced by O. Viro i87B for the needs of real algebraic geometry
to give a way to construct real forms of complex algebraigetars with controlled topology. Historically
this was perhaps the first time of implicit appearance ofit@geometry. Since this appearance there were
several discoveries and proposals that stirred the rdsealated to the area, most notably the introduction
of amoebas by I. M. Gelfand, M. Kapranov and A. Zelevinskidiim particular, the introduction of non-
Archimedean amoebas by Kapranov), the proposal to usectiopirves in the context of Mirror Symmetry
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(particularly, for computation of the Gromov-Witten iniemts) by M. Kontsevich, the introduction of the
Morse category by Fukaya and the introduction of tropicaifalism to Computational Algebraic Geometry
by B. Sturmfels. By now there exist distinct points of view dropical Geometry from different areas of
Mathematics.

Recent Developments and Open Problems

Tropical Geometry already proved to be useful in quite digtareas of Mathematics. By now it has appli-
cations in Real Algebraic Geometry, Enumerative Geom#figror Symmetry, Symplectic Geometry and
Computational/Combinatorial Geometry. The list of its gations keeps growing. E.g. most recently, Trop-
ical Geometry had a brand-new appearance in the Statiftfgadic work of R. Kenyon and A. Okounkov
where they studied mathematical model for dimers accumonlaCurrently there are several research groups
around the globe that are doing active research in Tropieah@try from somewhat different points of view.

The main developments so far concern applications of tedbgigrves. This is currently the most well-
understood case of tropical varieties. Many open problesns&rn higher-dimensional case, in particular,
tropical surfaces.

Many new developments in Tropical Geometry were presenteadgithe workshop. These developments
are described in the following section.

Presentation Highlights

Hannah Markwig gave a talk entitled’ he j-invariant of a plane tropical cubit(joint work with Eric Katz
and Thomas Markwig). Several results relate jhiavariant of an elliptic curve to the cycle length of a
tropical elliptic curve. E. Katz, H. Markwig, and T. Markwjgroved the following theorem which can be
seen as one of the justifications of the fact that the cyclgtleis the tropical counterpart of theinvariant.
Given a plane cubic over the field of Puiseux series such Heatrbpicalization of the cubic has a cycle
(and is dual to a triangulation), the cycle length is equaht® negative of the valuation of the j-invariant.
As a corollary, one obtains that the tropicalization of aicubhosej-invariant has positive (negative in
another widely-used convention) valuation does not havwgckec Possible generalizations of the theorem
(for example, for smooth elliptic curves in other toric su#s) and connections with bad reduction of elliptic
curves over discrete valuation rings are subjects to study.

Takeo Nishinou gave a talk entitle@€bunting problems in tropical geometryThe talk was devoted to a
tropical count of holomorphic discs with certain Lagramgismundary condition in a toric variety. This work
is presented in [11] and can be viewed as a relative versitireafount of tropical closed curves. In particular
the Lagrangian was assumed to be presented by a fiber in tbdiboation. Accordingly, the corresponding
tropical curve “with boundary” was allowed to have a 1-valegrtex at a finite distance (i.e. of sedentarity
0).

Eric Katz gave a talk entitledEquivariant cohomology and localization in tropical gedm&(joint work
with Sam Payne, see [7]). E. Katz and S. Payne use localizatidescribe the restriction map from equiv-
ariant Chow cohomology to ordinary Chow cohomology for ctetgtoric varieties in terms of piecewise
polynomial functions and Minkowski weights. They compuga@mples showing that this map is not surjec-
tive in general, and that its kernel is not always generatategree one. They prove a localization formula
for mixed volumes of lattice polytopes and, more generalBptt residue formula for toric vector bundles.

Askold Khovanskii gave a talk entitledElimination theory and Newton polyhedrgoint work with A.
Esterov, see [3]). The goal of elimination theory is to démgrfor an algebraic variet ¢ C™ and a
projectionr : C" — C™, the defining equations of(X) in terms of the equations of. Let a variety
X C (C*)™ be defined by equations = ... f; = 0 with given Newton polytopes and generic coefficients.
Assume thatr(X) C (C*)™ is a hypersurface given by an equatipe= 0. A. Esterov and A. Khovanskii
describe the Newton polytope and the leading coefficieht {5, the coefficients of monomials which are
on the boundary of the Newton polytope) of the Laurent poigiad g in terms of the Newton polytopes and
the leading coefficients of the Laurent polynomigls. . ., fi. Several problems related to Newton polytopes
and tropical geometry are particular cases of this versi@limination theory. This work is directly related
to the subject of the paper [21].
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Eugenii Shustin gave a talk entitledR&cursive formulas for Welschinger invariants of real Dek#o
surfaces. The Welschinger invariants are designed to bound fromehe number of real rational curves
passing through a given generic real collection of point real variety. In some cases these invariants can
be calculated using Mikhalkin’s approach which deals wittoaresponding count of tropical curves. As
is known, in certain situations (for example, in the caseeafagic collections of real points on a toric Del
Pezzo surface equipped with the tautological real strectsge [6], or in the case of generic collections of
points in the three dimensional real projective space, 2pethere is a logarithmic equivalence between the
Welschinger invariants and the corresponding genus zeomGv-Witten invariants. |. ltenberg, V. Khar-
lamov, and E. Shustin consider generic collections of realtp on the projective plane blown upateal
points in general position and, using appropriate tropagdoraso-Harris type formulas, prove that the log-
arithmic equivalence of the Welschinger and Gromov-Witteariants holds in this situation as well. More
precisely, they prove the following statemebét D be an ample divisor on the projective plane blown up at
4 real points in general position; then the Welschinger inaat W, is positive, and

logW,p = log GW,.p + O(n),

whereGW,,p stand for genus zero Gromov-Witten invarianthe proof is based on a new version of the
correspondence theorem.

The talk of Valery Alexeev was of a survey nature and dealbhwiveral classical algebro-geometric
points of view on tropical geometry. These ways include ipgs® one-parametric deformations as well as
the log-geometry. A special emphasis was made on the casedflinspaces of curves and Abelian varieties.
Interestingly enough, in the recently constructed conifieation of the moduli space of Abeian varieties
(due to the speaker [1]) tropical Abelian varieties appedurally as the boundary strata. This comes as a
special case of a more general principle that exhibits ¢tadgjeometry as the boundary of complex geometry.
Here the boundary can be interpreted either as the limitdrotie-parametric families or as the log-geometry
boundary.

Richard Kenyon gave an elegant talk presenting an appicati tropical geometry to the geometry of
statistical models, in particular, of the dimer model. Tdlk ts based on his joint work with Andrei Okounkov
[9]. They considered the dimer model on a planar hexagottadavith the edges weighted by a periodic
(more precisely, doubly periodic according to the lattizg)ction. For each (finite) size of the mesh of the
lattice we have several configurations with different plaliges. However, in the limit when this size goes
to zero there is a unique configuration with 100% probability

In the absence of boundary conditions this configuratioreimmeterized by a certain Harnack curve
([8]). (More precisely its so-called height function caites with the so-called Ronkin function of the corre-
sponding amoeba). The degree of the curve is determinedelyyettiod of the weights while the coefficients
are determined by the weights themselves.

In the presence of the boundary condition the situation ishmmore interesting, particularly in the case
when the boundary is a broken line with the three possibfgesian the real plane. The limiting configuration
has the so-called frozen boundary which comes as the log-frfothe Harnack curve responsible for the
periodic weights and another curve, responsible for thenbaty conditions, see [9]. The degree of the
second curve depends on the number of chains in the brokemdandary. The geometry of the second
curve is in a sense antipodal with respect to the geomettyedfittst curve.

There is also a “temprerature” parameter in this statistivadel. Ironically, tropical configurations in
this terminology correspond to the zero temperature (thstmegular case). The limiting configuration is
easy to find here and then one can trace the change of thamitwdten we increase the temperature.

An interesting application to classical geometry concéinting a rational curve of degrekinscribed in
a 3d-gon in the plane that comes as a projection of a closed briakein the 3-space. Here we assume that
the sides of thi8d-god are parallel to particular 3 directions in the plané #na projections of the coordinate
axes with the kernel of the projection parallel to the veciorl, 1). By a projective duality consideration
there are as many curves tangent to the lines extendingdée af the 3-gon as the number of rational curves
of degreed passing vid8d — 1 points, which is a rather large number. Nevertheless, tiseaainique curve
that is geometrically inscribed to the polygon in the casemvtie polygon isilable, in other words if there
exists a corresponding tropical inscribed curve.

The talk of Kristian Kennaway was devoted to the aspects opital Geometry motivated by Physics,
see [4]. The mathematical construction presented starts fthe consideration of the so-callatha of a
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planar curve, i.e. its image in the argument torus under thenaent map. It can be shown that in many
cases the resulting set has a certain 3-valent graph adasrdgion retract. The complement of this graph
hasd? hexagons and the graph itself a# vertices andd? edges. One can do a twist along a ribbon in
the neighborhood of each edge. This transformation pradasirface (usually of positive genus) with
boundary components. If we glue the boundary componenitsdigks we get a surface of gen@s‘lgﬂ
that may be considered as an adjoint curve. Its geometryrinsically related to the geometry of the original
curve.

The talk of Nikolai Mnev was devoted to combinatorial degtian of the Grassmannian variety,,
[15], particularly to the relatively little-understoodssk > 2. If £ = 2 the case is well-understood thanks
to the relation (up to a torus action or, more precisely, thewCquotient in the sense of Kapranov)@f, -
to the moduli spacé 1 ,,. In the general case one needs much stronger combinatmisl t

Brett Parker presented his theory of “Exploded Fibratioh7][ This theory may be considered as a
partial tropicalization. Namely, in this theory we do nowbao tropicalize a variety completely, but may
leave a part (or several parts) of it as is. We still have tpitalize the junctions between such parts and
this tropicalization works as usual and allows one to comlg curves in the initial variety if we know the
curves in the non-tropicalized parts.

Mikael Passare gave a survey of the theorgmfimoebagéor algae) [20], i.e. the argument projections of
complex algebraic and analytic varieties. It shares maatufes with the theory of amoebae, but it gives an
essentially new point of view on complex varieties. As it waswn in the talk an elegant application of this
theory gives a new computation of the value of the Riem@afunction at 2, see [18]. Namely, as it was shown
in the work of Passare and Rullgard [19] the area of the amoéh plane curve can be computed in terms
of the so-calledMonge-Ampre measure The latter can be computed by means of the area of the Newton
polygon of the curve (the proportionality coefficienti$, where the square is responsible for dimension 2
of the ambient plane). Thg2) computation comes from integration of the Taylor expansittie function
that gives one of the three arcs in the boundary of the amdeha tine. The area under (or raher over as the
corresponding function is negative) this curve is one thirthe total area of the amoeba of the Iine’{én

The area of the algae coincides with the area of the amoebme $@mve the same estimate for the area
of alga. This area accumulates the easiest in the case ohtlanurves, see [10], [14], [8], [13] as this
is the case when the argument map is birationally (from thetpd view of real geometry) a covering of
degreed?. In the talk many other interesting examples were consttjgrarticularly the amoebae and algae
of hypergeometric functions of many variables.

The talk of Andrei Losev presented a quantum mechanicsyhmamsed on tropical geometry. He argued
that passing from complex geometry to tropical geometry tmaynterpreted as passing from the quantum
field theory to quantum mechanics. In the presented matheah#iteory the states of the particles are
enhanced with the slopes (corresponding to the slopes abtiiesponding tropical rational functions on the
tropical line) and the operators of changing the slopes \wereduced. The corresponding correlators then
can be interpreted as tropical Gromov-Witten invariants.

Andrei Zelevinsky discussed tropical aspects of clustgeladas. He presented three different points of
view on cluster algebras, introduced in his joint paper\@ergey Fomin. One starts (in a simplest case)
with a skew-symmetric integer-valued matrix and assodigteup of variables. The operation of mutation
changes the matrix as well as the variables. The mutatiorbisational operation on variables. Cluster
algebra is an associative algebra generated by all mutatébies. The relation to tropical geometry comes
out from the observation that the whole theory can be deeglaver an arbitary semifield. Zelevinsky also
discussed the problem of constructing “canonical basesluster algebras and relation of this problem to
recent papers by Fock and Goncharov on Langlands dualitfdster varieties.

The talk of Yan Soibelman was devoted to his joint projecthwidaxim Kontsevich in which they
study Donaldson-Thomas invariants for 3-dimensional kiaYau varieties (possibly non-commutative). The
whole subject can be roughly described as a counting probfestable objects in a Calabi-Yau category
endowed with a stability structure (e.g. counting of spekcagrangian submanifolds in 2d Calabi-Yau
manifold). As the stability structure changes (e.g. as weaio a complexified Kahler cone toward infinity)
the (properly defined) number of stable objects can changa@asrosses some “wall” of real codimension
one. This change of numbers is described by new “wall-cngsfirmulas”. The moduli space of stability
structures resembles tropical hyperkahler variety (agkeleton of the corresponding maximally degenerate
Calabi-Yau variety introduced in the earlier paper by Kemith and Soibelman). Wall-crossing formulas
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for non-commutativéd Calabi-Yau varieties generated by a spherical collectog. (vanishing Lagrangian
spherical cycles in the geometric case) are described bgiguivith potentials, and the wall-crossing formu-
las give rise to cluster transformations.

Vladimir Berkovich discussed his approach to tropical getigntreated as geometry of analytic spaces
over the fieldF'; of one element. The latter can be thought of as a monoid withetement$), 1 with oper-
ation of multiplication. TherF';-algebras are commutative monoids. One can mimick Berkoajiproach
to the theory of analytic spaces, which is based on the natfoBerkovich spectrum of a commutative
Banach ring. The spectrum is a compact Hausdorff space ofdezlimultiplicative seminorms. In the non-
archimedean case one can glue spectra of affinoid algelimamore complcated spaces (analytic spaces).
In the case of the theory ov@t; there is are analogs of affinoid algebras, and their spentr®la-spaces
equipped with sheaves of affine functions, i.e. tropicatepaGluing procedure and hence the global theory
of suchF; -analytic spaces had not been developed by the time of thiesivop.

Talk by Yong-Geun Oh was devoted to Seidel long exact sequiemd-loer homology. Floer homology
for a pair of Lagrangian submanifolds are not always weflrasel. Aim of his talk was to construct certain ex-
act triangle in the derived Fukaya category of a generalif:dau manifold (previously Seidel considered the
case of exact Lagrangian submanifolds). More precisely, lee an exact Lagrangian sphere (parameterized,
i.e. the diffeomorphism witth™ is chosen) in a compact sympectic manifold with contact loaumn With
such data one can associate the Dehn twjsiThen for any two exact Lagrangian submanifalds L, Sei-
del constructed an exact triangle of Floer homology grouistive vertices? F'(71.(Lo), L1), HF (Lo, L1),
HF(L,Ly) ® HF (Lo, L). Y.-G. Oh described which technical difficulties one shooNgrcome (and how)
in order to generalize this result to arbitrary Calabi-Yaanifolds.

Scientific Progress and Outcome of the Meeting

The main outcome of the meeting was in new collaborationsopfe from different areas of science and
different background ranging from Combinatorics to Stritigeory. The same tropical phenomena appear in
different areas in very recent research, so it is very ingrro set up a uniform terminology and language
and it is not less important for researchers in one area to kb& developments that appear in other areas.
Grigory Mikhalkin gave an introductory talk based on [12Hda1] with the definition of tropical varieties
and other basic notions (such as tropical modifications)e tBtks were scheduled thematically each day
and were followed by informal discussions that allowed etgi@ one particular area to understand tropical
developments in other areas. (The relevant areas include@atorics, Algebraic Geometry, Symplectic
Geometry, Complex Analysis and Physics, many of these ar@ade considered as the parent fields of
Tropical Geometry.) It was crucial for the informal disciass that they were guided by such prominent
experts in these fields as Eliashberg, Hori, Khovanski, ®ird Zelevinski. In addition, recent developments
in the areas bordering Tropical Geometry (Amoebae, Algatvorking, etc) were also discussed formally
and informally. Several cross-area collaborations sfaiteing the conference.
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Chapter 10

Mathematical developments around
Hilbert’s 16th problem (07w5021)

Mar 11 - Mar 16, 2007

Organizer(s): Christiane Rousseau (Université de Montréal)

Overview of the Field

In his famous lecture of the 1900 International Congress athidmaticians, David Hilbert stated a list of 23
problems with deep significance for the advance of mathewaiatience. There has been intensive research
on these problems throughout the 20th century. Hilbertth p8oblem called “Problem of the topology of
algebraic curves and surfaces” is one of the few problemsiwis still completely open. This problem
has two parts. The first part asks for the relative positidndased ovals of an algebraic curve given by
the set of points which are solutions of a polynomial equaftiz, y) = 0. The maximum number was
given by Harnack. As for the relative positions, even if tisi@ purely algebraic problem, there has been
little progress on the general case, while there is prodogssnall values of the degree of the polynomial P
(degree less or equal to 7). The workshop “Mathematicalldpweents around Hilbert's 16th problem”, held
in BIRS on March 12-16 2007, focused on the second part of tbl@m which is a problem in ordinary
differential equations, but with the components of the eefield given by polynomials, or equivalently by
an algebraic Pfaff form. The second part of Hilbert’s 16tblpem asks for the maximal numbg&fi(n) and
relative positions of limit cycles of planar polynomial étevector fields of a given degree This problem,
opened for more than a century, has been at the center of nemejopments in differential equations. The
main difficulty of Hilbert's problem is that, although a polymial vector field is an algebraic object, its
trajectories are not algebraic. In the neighbourhood djuder points they may not even be analytic. The
fascination of Hilbert's 16th problem comes from the faditth sits at the confluence of analysis, algebra,
geometry and even logic.

As mentioned above, Hilbert's 16th problem, second partoisipletely open. It was mentioned in
Hilbert’s lecture that the problem “may be attacked by thmeanethod of continuous variation of coeffi-
cients... ”. Even if the problem was stated as early as 190@stonly in 1987 that Ecalle and llyashenko
proved independently that a polynomial vector field has aefinumber of limit cycles. Both proofs are a
real “tour de force” and each requires a 300 pages volumeiddzeis to compactify the phase space to the
Poincaré disk. Then, as limit cycles are isolated perisdiations, if there were an infinity of them, they
would need to accumulate on a graphic (also called polygy&8g blowing up the singularities it is possi-
ble to limit oneself to graphics with hyperbolic or semi-leypolic (one nonzero eigenvalue) singularities.
For such a graphic one studies the return map in the neighbdrbf the graphic and shows that it is not
oscillating.
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While the result of Ecalle and llyashenko shows that eaclvigaul polynomial vector field has a finite
number of limit cycles it is impossible to derive from it angiform estimate on the number of limit cycles.
Approachesto an accurate estimat@:) have come from two sides. On the one hand there is the cotistruc
of bounds from below. The best lower bound is of the orHén) > Cn?Inn. Such a bound was found
by Christopher and Lloyd [3] through the construction ofypamial vector fields of degree with such a
number of limit cycles. This is done with a mixture of bifuticen methods and use of symmetries. So far,
the only approaches from above are of the fdiitn) < oo also called “Existential part of Hilbert's 16th
problem” or also “Finiteness part of Hilbert’'s 16th probfern important contribution is this direction is
the program started in 1991 by Dumortier-Roussarie-R@uspg and reducing the proof thaf(2) < oo
to the proof that 121 graphics have finite cyclicity. The peog followed an idea of Roussarie [38] that,
compactifying both the phase space and the space of coefficidne global finiteness would follow from
local finiteness. Indeed limit cycles can only accumulathéproduct of phase space times parameter space
on limit periodic sets. It hence suffices to show that eaclt lr@riodic set has finite cyclicity (i.e. can give
rise to a finite number of limit cycles) inside the family ofoter fields for which finiteness is expected. This
idea of Roussarie is very powerful and has given rise to seeasearch on developing methods to prove the
finite cyclicity of limit periodic sets.

There exists many variants of Hilbert's 16th problem. Salef them consists in addressing Hilbert's
question for a simpler class of polynomial equations. Incaies the sub-questions mentioned above are
also considered namely bounds from below for the numbemndf Eycles and also the finiteness problem.
Among the subfamilies considered are Abel equations, icklssiénard equations and generalized Liénard
equations.

A very important variant of Hilbert’s problem is the “tangid’ or “infinitesimal part” of Hilbert’s 16th
problem. This problem is related to the birth of limit cycleg perturbation of an integrable system with
an annulus of periodic solutions. Under the perturbatianglly only a finite number of periodic solutions
remain. When the integrable system is Hamiltonian, themtimaber of limit cycles appearing in a small
perturbation of the system is obtained by counting the nurabeeroes of Abelian integrals, at least as long
as one remains far from polycycles. The subject is very aaivd has been covered and discussed widely
during the workshop.

It is more than a century that Hilbert’'s problem was stated &e do not yet know if there exists a
uniform upper bound for the number of limit cycles of degre&pecialists tend to believe that such a bound
exists and all efforts are in this direction. It is temptirgréto mention Khovanskii's theory of fewnomials.
Indeed the essence of Hilbert's problem is that, althoughrdgectories of a polynomial vector field are not
algebraic, the algebraic nature of the system should léafeatprints and imply finiteness properties. The
theory of fewnomials applied to Pfaff forms is remarkabléhat aspect. It proves non-oscillating properties
of separating solutions of Pfaff forms, which in itself is @estacular demonstration that the phase curves
“know” they have some kind of algebraic nature. Moreoventtethod of Khovanskii is extremely powerful
for proving existence of upper bounds on the number of smistdf equations or systems of equations.

The developments around Hilbert's 16th problem and thosmamlex dynamics, in particular Fatou and
Julia sets, had long developed in parallel, although theyeskome common problematics and methods of
solutions. On purpose, researchers representing botipgitad been invited together. In particular Adrien
Douady had been invited to the workshop. He passed away bptilue time that the workshop was planned
and the effective time of the workshop. His heritage is imggeand his far reaching ideas have had an
influence far outside his own field of complex dynamics. Irtipatar it is his idea and the thesis of Lavaurs
which made possible to identify the space of modules for ldivigs of parabolic points.

Theme and plenary lectures

The workshop brought together researchers making signifezntributions to domains of differential equa-
tions related to Hilbert's 16th problem. The focus was puttanfollowing subjects:
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(i) singularities of differential equations and complekdtons, and related normal forms,
(ii) bifurcations of differential equations and finite cigty problems,
(iii) algebro-geometric techniques in differential eqaas.

In order to present an overview of the most significant dioaxst the workshop started with invited lec-
tures given by Robert Roussarie, Pavao Mardesic, Vadilngkin, Jean-Christophe Yoccoz and Abdelraouf
Mourtada with the purpose of describing the principal bteedughs or main directions in the subject.

The lecture ofRobert Roussarieenlightened the importance of the study of singular pegdrdystems

in the study of Hilbert's 16th problem. A brilliant demoretion of this is given in the recent paper [6]
of Dumortier—Panazzolo—Roussarie where they give a coaxtmple to the celebrated conjecture of Lins
Neto-Pugh-de Melo on the number of limit cycles of classici@&nard equations stating that a classical
Liénard system of degrex or 2n + 1 has at most limit cycles. As this conjecture was cited by Smale in
his list of problems at the beginning of the twentieth cewtiiris also called Smale’s conjecture. The study
of singular perturbed systems is likely to bring new conjegs on the maximum number of limit cycles for
polynomial vector fields. Indeed, it is possible by perttidraof such systems to create exponentially small
regions in parameter space in which we observe more limiesythan those which can be created by the
standard bifurcation techniques.

The expository lecture dPavao Mardesic focused on techniques and difficulties of what is called the
infinitesimal and tangential Hilbert 16-th problem, nam#ig number of zeroes of Abelian integrals and
the number of limit cycles that can be created by perturbimtaeiltonian vector field. Pavao Mardesic
distinguished between the “tangential Hilbert 16-th pewivl which is strictly limited to the study of the
number of zeroes of Abelian integrals and the “infinitesimidtbert 16-th problem” which is concerned with
the number of limit cycles that can be created by perturbatioa polynomial Hamiltonian system. The
lecture started with the celebrated finiteness result ofhanko-Khovanskii, stating for any integar the
existence of a uniform bound for the number of zeroes of Abpeilntegrals of forms of a degree NV over
ovals of a Hamiltonian of degre€ n. The idea of the proof is to use the Picard-Fuchs equatidisfisd
by Abelian integrals and to finish the proof by a special stindre neighborhood of the polycycles. Among
the recent significant generalizations we find the resultslofirtada and Novikov, both highlights of this
workshop. An important property of Abelian integrals is @kebychev property which allows to give a
bound on the number of zeros of the Abelian integrals basgdamnthe dimension of the vector space of
these. A geometric explanation of the Chebychev propestielliptic envelopes was given, coming from the
fact that the Picard-Fuchs is 2-dimensional because thelgygroup is 2-dimensional. The generalization
for Hamiltonians of higher was discussed with known exaspled counter-examples and open problems.

To make the link with algebraic dynamical systedean-Christophe Yoccozlectured on the recent
results of Buff and Cheritat on the geometry and size of $idg&s of quadratic polynomials which allow
them in particular to find parameters for which the corresjimg Julia set has positive Lebesgue measure.
He concentrated on the case where the multiplief the quadratic polynomiaP(z) = Az + 22 is of the
form A = exp(2mia) wherea is a Liouvillian irrational number and he showed the limgtiprocess which
leads to the existence of a Julia set with positive Lebesgessore.

The lecture ofAldelraouf Mourtada summarized his immense work spread over several years ve pro
the finite cyclicity of hyperbolic polycycles in compact fdi@s of analytic vector fields on the sphesé,
including the introduction of several algebras of quastgtic functions and the use of the theory of fewno-
mials of Khovanskii. The work was started many years ago thighgeneric case of an attracting or repelling
polycycle. The proof sketched at the workshop included s avhere the polycycle is an accumulation of
cycles (it is the boundary of an annulus of periodic solugjoiThe ideas of this proof are then used to extend
the result of Khovanski-Varchenko about Abelian integridghe neighbourhood of hyperbolic polycycles.
And this gives rise to the following general result: Iétbe a Morse polynomial of degrek+ 1 which is
generic at infinity (but maybe with multiple critical valye3hen there exist a numbéf(d) (depending only
ond), such that every perturbation @f{ (of degreel and with non vanishing Abelian integrals) has at most
N(d) limit cycles on the real plane.
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The lecture oVadim Kaloshin reported on recent breakthroughs in the restricted or pBuedy prob-
lem. Among the problems discussed where the Hausdorff difroerof oscillatory motions, and the Arnold
diffusion. In private conversations, Vadim Kaloshin algscdssed recent ideas on embedding planar poly-
nomial vector fields in Hamiltonian vector fields of dimensi with the hope of using Floer homology to
obtain new lower bounds fd# (n).

Presentation highlights

The role of singular perturbations in Hilbert’'s 16th proble m

After more than a century of work on Hilbert’s 16th problenddang lasting conjectures on the maximum
number of limit cycles for some special classes of polyndsyistems it became very clear only recently that
the study of slow-fast systems is going to be one of the keyisarestimation of uniform upper bounds for
the number of limit cycles. Robert Roussarie explaineddeemt example of Daniel Pannazolo of a classical
Liénard system providing a negative answer to Smale'sgysiVhat is particularly remarkable in that case
is that no “classical method” allows to track this polynohsigstem with 5 limit cycles where only 4 were
expected by the conjecture. It gives a new light on the loagding conjecture thai (2) = 4. And it makes
the link with the remark of Joan Carlos Artés, Jaume Llibned ®ana Schlomiuk [1] that a corner of the
bifurcation diagram of quadratic systems is a very degdéeastaw-fast system.

The role of the study of singularities in Hilbert's 16th problem

A group of lectures dealt with the study of singularities ofbytic vector fields. This study is one of the
most basic and fundamental part of the subject as the siritigsgeare the organizing centers of the foliations.
Among the study of singularities lies the problem of the eentvhich is fundamental in the context of
Hilbert's 16th problem. The lecture of Emmanuel Paul sahat tontext, where he discussed the Galoisian
reducibility for a germ of quasi-homogeneous foliation.

Singularities of Fuchsian systemsThe lecture of Caroline Lambert illustrated the link betwéee unfold-
ings of the confluent hypergeometric equation and that oRtigeati equation unfolding a saddle-node. In
this lecture she showed how to cover all parameter valué®indnfluence from the hypergeometric equation
to the confluent hypergeometric equation. In particulansae the first to identify the parametric resurgence
phenomenon in this context and explain it. She could coralyletalculate the unfolding of the Martinet-
Ramis modulus for a Riccati equation unfolding a saddleenafdcodimension 1. Rodica Costin discussed
the linearization of nonlinear perturbations of Fuchsigstems.

Moduli of analytic classification of families unfolding resonant singularities. This was discussed by the
group of lectures of Loic Teyssier (modulus space for gesfmmilies unfolding saddle-nodes of codi-
mension k), Javier Ribon (analytic classification of unfoifs of resonant diffeomorphisms) and Christiane
Rousseau (analytic classification of unfoldings of resord#feomorphisms and moduli spaces in the codi-
mension 1 case). The moduli of analytic classification obnesit singularities have been a tool in Ecalle’s
proof that limit cycles of an analytic vector field cannot aewilate on a polycycle. Later. in the paper [5].
the Martinet-Ramis modulus of a saddle-node was used as @ omve the finite cyclicity of some graphics
of the DRR program [7]. While these graphics were generioettame clear that to tackle the same kind of
guestions for graphics which can produce an annulus of giergmlutions, then it was necessary to control
the behaviour in the parameter to be able to control the nuwidenit cycles which can appear in a pertur-
bation. Christiane Rousseau presented her joint work walimn@hristopher where they determine the space
of moduli of germs of generic 1-parameter families unfofpindiffeomorphism with a parabolic fixed point.
It is the first time that a space of moduli can be determinedfamily of dynamical systems. In the same
spirit the lecture of Loic Teyssier explored the higheriomehsion case for unfolding of saddle-node vector
fields. The description was based on the decomposition oighiberhood of the singularities in sectors over
which the space of leaves is given 8y Now a complete modulus of analytic equivalence or conjydas
been given for a family unfolding the codimensibsaddle-node and all the machinery is ready for attacking
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the description of the space of moduli. Javier Ribon disedgscomplete system of analytic invariants for
a germ of one-parameter family of diffeomorphisms unfajdindiffeomorphism with a parabolic point. His

results complete and extend those of [13]. In particulay toe valid for any codimension and the family
need not be generic. Better criteria for deciding the amabtgnjugacy of two such families are given.

Topology of leaves of analytic foliations on Stein manifold. This was the topic of the lecture of Tanya

Firsova. Her theorem stated that, for a generic singul&atfoh of a Stein manifold, all leaves except possibly
a countable number are topological disks and the rest aoddgigal cylinders. This result is likely to open a

new domain in analytic foliations.

Algebraic dynamical systems

The trend on algebraic dynamical systems and iterationtafmal maps, started with the lecture of Jean-
Christophe Yoccoz and was followed by the lecture of Alexéyt§uk presenting that the horospheric lam-
ination of the orbit space of a rational function is topotmdly transitive, provided that the rational function
under consideration does not belong to an explicit list @egtions.

o-minimal structures and Hilbert’'s 16th problem

o-minimal structures have been studied for several yeacsmjunction with Hilbert's 16th problem. This
comes from the fact that the properties of quasi-analytistems of analytic ordinary differential are well
captured by the language of algebra and logic, in the samewtyey can be studied by the theory of fewno-
mials of Khovanskii. For instance it is well known that thenrgpiraling leaves of real analytic foliations of
codimension 1 all belong to the same o-minimal structuren&epecialists of o-minimal sructures had to
cancel their coming to BIRS. Nevertheless the subject waesented at the workshop. As a follow-up to the
lecture of Abdelraouf Mourtada, the lecture of Reinhard&®kd, discussed how non-oscillating trajectories
of real analytic vector fields sit inside o-minimal struesirand explained that, under certain assumptions,
such a trajectory generates an o-minimal and model comgtirteture together with the analytic functions.
The proof uses the asymptotic theory of irregular singutdirary differential equations in order to establish
a quasi-analyticity result from which the main theoremdais. An application was given of an infinite fam-
ily of o-minimal structures such that any two of them do adanibmmon extension, and also an example of
non-oscillating trajectory of a real analytic vector fietddimension 5 that is not definable in any o-minimal
extension of the reals.

Extension of the Varchenko-Khovanskii theorem to the Darbaix integrable case

Dmitry Novikov presented a beautiful extension of the Vanko-Khovanskii theorem to the Darboux in-
tegrable case, yielding a bound on the number of zeroes oliakbimtegrals in the latter case. The tools
introduced for the proof of this result introduced new pergjves in tangential Hilbert's 16th problem as the
classical tools for studying Abelian integrals do not workem we switch from a Hamiltonian system to a
Darboux integrable one. In particular the Pontrjagin-Nla integrals in that case have no natural extension
to the complex domain.

Results for particular classes of polynomial vector fieldsn the spirit of Hilbert's 16th
problem.

A special emphasis was put on special subclasses of polaheedtor fields for which Hilbert's 16th problem
is much studied.

Quadratic vector fields. They have been studied very systematically by Joan CarltssAdaume Llibre
and Dana Schlomiuk for several years. They now have a coepietrcation diagrams of quadratic systems
with a weak focus of order greater or equal to 2 [1] and theyt stdacking the case of a weak focus of
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order 1. Their study of the quadratic systems with weak ood@rder 2 has enlightened some corners of
the bifurcation diagram which they conjecture will prodube larger number of limit cycles in the family
of quadratic vector fields. For their work they mix algebmegetric techniques with numerical simulations
and Joan Carlos Artés lectured on the numerous phase ifoexpected for a system with a weak focus of
order 1.

Classical Liénard systems. The recent work of Freddy Dumortier and Magdalena Caubehgivs the
existence of a uniform explicit bound for the number of ligytles of a classical Lieénard system of deguee
as long as one stays in a compact subsetof the parameter fgafcem the singular perturbed system. The
finiteness part of Hilbert’s 16th problem for this subfamgythus reduced to the proof of the finite cyclicity
of the graphics in the singular perturbed systems.

The question of the number of critical periods of a polyndmmétor field with a center is often studied
in parallel and in the same spirit as the questions on the ruofldimit cycles of a polynomial vector field.
Freddy Dumortier presented recent results with Peter Desbtdmalck on the period function of the classical
Liénard systems. Here again the problem of the existen@e wfiform bound is reduced to the study of
slow-fast systems.

Unicity of a limit cycle of a vector field and unicity of the critical period in an annulus of periodic
solutions surrounding a center. A number of results in this direction were presented. Joitladelprat
discussed the period fonction of quadratic centers. lriésgstems were discussed Jaume Llibre. An appli-
cation of results in Lienard equations to a predator-pysyesn was discussed in the lecture of Huaiping Zhu.
Abel equations were discussed by Armengol Gasull and Rafdldhs Sastre.

Recent Developments and Open Problems

The most important developments in the last years arourizeHi$ 16th problem are the following:

The role of singular perturbations for tracking additional limit cycles.

The techniques of geometric singular perturbation the@goime more and more sophisticated and permit
now to treat problems where the slow manifold has a large murablocal extrema and there are several
breaking parameters.

In this context an open problem stated by Roussarie is thaafimig: what can be said of the number and
type of fixed points of a composition of applications of thefio

Ri(z) = a; + 2"

with z > 0 anda; € R andr; > 0? Such compositions have been studied locally by Mourtadhéen
case wherey; ~ 0 and forz close to0. The new global problem appears naturally in singular pbettions
problem. Although very simple to state, very little is knoamthis problem. It seems easier to expect lower
bounds, but any result on bounds from below or bounds frometbould be welcome.

Several finiteness problems for subfamilies of polynometter fields in the spirit of Hilbert's 16th
problem have been reduced to conjectures on slow-fastregste

While the methods are becoming more sophisticated it restaancase that precise results on the number
of limit cycles are much harder to get when there is more thamlionit cycle. This comes from the fact that
the analysis must be pushed to a much finer level in order tbleet@conclude

The recent progress in the tangential (infinitesimal) Hilbet's 16th problem.

The generalization by D. Novikov of the finiteness result afdhenko-Khovanskii for zeroes of Abelian
integrals to the case of a perturbation of an integrablafioln of Darboux type is a real breakthrough.
Varchenko-Khovanskii's theorem states for any intelyethe existence of a uniform bound for the number
of zeroes of Abelian integrals of forms of a degreeN over ovals of a Hamiltonian of degree n. The
generalized theorem by Novikov states the existence of subbund when one replaces a Hamiltonian
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foliation by an integrable foliation of Darboux type. Sucloéiation has a first integral of the forfn[ P/,
where theP; are bivariate polynomials such that the algebraic cuRes: 0 are invariant for the foliation.
The existence of the uniform bound depends only on the degitbe rational form defining the foliation and
the degree of the pertubation. The difficulty of the proof esrfrom the fact that the Abelian integrals do not
satisfy any more a Picard-Fuchs equation. Also the levelesiof the first integral are no more nice Riemann
surfaces on which it is possible to extend the Abelian irglsgrThe method used for the proof is a clever
application of Khovanskii theory. As in the case of the Khaski-Varchenko theorem it uses a special study
of the asymptotic expansion of the Abelian integrals in taghborhood of the polycycles. One difficulty is
that these extensions can have small denominators. Howes@ution can be found using the fact that the
singular points in the corners of the polycycles are inteigra

This result opens the new field of the study of Abelian integaapearing in the perturbations of Darboux
integrable systems in several directions. The bound obdaby Novikov is not explicit. Also it is only
obtained under generic conditions on the first integral. Twtural generalizations are in the direction of
obtaining explicit bounds under more precise conditiors tangeneralize to the limit cases of generalized
Darboux integrable systems: these occur when two or mosbedgr invariant curves coallesce.

The first space of modulus for a germ of analytic family of vecbr fields unfolding a
resonant singularity is identified.

While it is already known for some years that the Ecalle-viimanodulus of a germ of diffeomorphism with
a parabolic fixed point or the Martinet-Ramis modulus of adéaahode can be unfolded to yield a modulus
for the unfolded system, the dependence of the unfolded lasdun the parameter was completely open.
This came from the fact that no construction of this modulmsld make a full turn in the parameter. All
constructions yield to multiple descriptions of the modufar some values of the parameter. The key for
understanding the dependence on the parameter was to expaethese two descriptions yielded the same
dynamics. This “compatibility condition” ensures thenttttee unfolded modulus waly/2-summable in the
parameter.

This result opens many questions. Several of them are coedevith the generalization to higher codi-
mension. Others concern the applications. For instance eetmawe say of the indifferent fixed points which
are born by perturbation of a parabolic fixed point. It is @ity interesting to also consider applications to
problems of finite cyclicity of graphics not satisfying a geigity condition.

The fruitful interactions of the studies of polynomial vector fields and algebraic dynamical systemsThe
common thread between these two domains is the fact thainipelarities organize the dynamics. Moreover
the study of singularities of 2-dimensional vector fields sametimes be reduced to the study of singularities
of 1-dimensional dynamical systems. Although the workshiqmiuced no specific output on this particular
item, all participants appreciated the fruitful discussi®etween the two fields.

The reduction of the finiteness part of Hilbert's 16th problem for classical Lienard equations to the
study of singular perturbations in this family. Classical Lieénard equations are ones for which the tools of
singular perturbations work quite efficiently. The redontperformed by Freddy Dumortier and Magdalena
Caubergh opens the hope that a proof of uniform finte cyglisé given soon, at least for degrees not too
high.

The better understanding of the leaves of the foliation of aaddle-node.The lecture of Loic Teyssier
was particularly impressive with his programming of thevksain the neighborhood of a saddle-node or an
unfolding of a saddle-node. In particular he illustratedhibrilliant way how the leaves near a hyperbolic
point could have both a node or saddle behaviour dependimdnich direction we approach the singular
point. Examples of his drawings appear in Figures 10.1 an2. 10

Outcome of the Meeting

The meeting was a real success. This was the opinion of atipats. Most of them really appreciated
the broad sense given to the theme and the wide spectrum eftesgs. The mixing of specialists from
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Figure 10.1: Modulus of a leaf a vector field unfolding a sadubde. The drawing justifies the terms “node
type” (on the left of the figure) and “saddle type” (on the tigiualifying the singular points.

Iyl

Figure 10.2: Another view of the same leaf.
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different areas permitted animated discussions and mixindeas during the workshop. Several talks have
been absolutely exceptional in quality, in particular thengry talks which played the role of presenting a
mature view of the state of the subject. Moreover severaigiaants were hearing for the first time the
details of some of the new significant results of the subj8ome students and young researchers attended
the workshop and could discuss and exchange with the sexgearchers. Two students: Tanya Firsova and
Caroline Lambert gave lectures. Moreover several subgrased the opportunity to start new work.

While there has been important developments around HighBsth problem in the last years, it is clear
that no complete solution is expected in the near future la@gbtis a consensus that new ideas are still needed
in order to make a breakthrough towards a complete solution.

Appendix: list of participants and titles of lectures

e Waldo Arriagada-Silva (Montreal)
e Joan C. Artés (UAB, Barcelonaduadratic vectors fields of codimension 1

e Patrick Bonckaert (Hasselt Universityjvariant manifolds close to linear non-hyperbolic singi
ties

e Magdalena Caubergh (Hasselt Universityarge Amplitude Limit Cycles for Ehard systems

e Rodica Costin (Ohio StateNonlinear perturbations of Fuchsian systems: lineariaatcriteria and
classification

e Freddy Dumortier (Hasselt Universityyhe period function of classical &nard equations

e Remy Etoua (Montrea)

e Tanya Firsova (Toronto)fopology of leaves of analytic foliations on Stein mangold

e Armengol Gasull (UAB Barcelonasome results on periodic orbits for Abel-type equations

e Alexey Glutsyuk (ENS, Lyon)On density of horospheres in dynamical laminations

e Vadim Kaloshin (Penn. State@scillatory motions and instabilities for the planar 3-bogroblem
e Caroline Lambert (MontrealConfluence of the hypergeometric equation and Riccati éguat
e Jaume Llibre (UAB, Barcelonaldn the limit cycles of the Enard differential systems

e Pavao Mardesic (Dijon)Infinitesimal and tangential 16-th Hilbert problem

e Abdelraouf Mourtada (Dijon):Hilbert's 16th problem for hyperbolic polycycles and exdiam of
Khovanskii-Varchenko theorem to algebraic polycycles

e Dmitry Novikov (Weizmann)Extension of the Varchenko-Khovanskii theorem to the iat#g case
e Emmanuel Paul (Toulouse®aloisian reducibility for a germ of quasi-homogeneougfadn

e Rafel Prohens Sastre(llles Balears, Spai@®n the number of limit cycles of some systems on the
cylinder

e Javier Ribon (IMPA)Analytic classification of unfoldings of resonant diffeaptosms
e Robert Roussarie (DijonBlow-fast systems and Sixteenth Hilbert’'s Problem

e Christiane Rousseau (Montréallhe space of modules of unfoldings of germs of generic diffieo
phisms with a parabolic point

e Reinhard Schfke (Strasbour@)uasi-analytic solutions of analytic ordinary differestequations and
o-minimal Structures
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Loc Teyssier (Strasbourgfonfluence of singular points in a family of holomorphic eedields

e Jordi Villadelprat (Universitat Rovira i Virgili,Spain)A new result on the period function of quadratic
reversible centers

Jean-Christophe Yoccoz (ENS, PariS)egel disks and Julia sets of quadratic polynomials, agicoy
to X.Buff and A.Chritat

Huaiping Zhu (York):Bifurcation of limit cycles from a Nilpotent Center in a Nedamiltonian System
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Chapter 11

Contemporary Schubert Calculus and
Schubert Geometry (07w5112)

Mar 18 - Mar 23

Organizer(s): James Carrell (University of British Columbia), Frank 3et{Texas A&M
University)

A Brief Overview of Schubert Calculus and Related Theories

Schubert calculus refers to the calculus of enumerativengéry, which is the art of counting geometric
figures determined by given incidence conditions. For exaniw many lines in projective 3-space meet
four given lines? This was developed in the 19th century aedented in the classic treatise "Kalkul der
abzahlanden Geometrie” by Herman Caser Hannibal SchiniE879. Schubert, Pieri, and Giambelli subse-
guently developed algorithms to solve enumerative geaam@imblems concerning linear subspaces of vector
spaces, which we now understand to be computations in theneollbgy ring of a Grassmannian. Their vi-
sion and technical skill exceeded the rigorous foundatadrikis subject, and Hilbert, in his 15th problem,
asked for a rigorous foundation of the subject. This waslgrgompleted by the middle of the 20th century,
based on the cohomology of rings of Grassmannians.

The basic tools of Schubert calculus are the Grassmang@iansconsisting of theé:-dimensional linear
subspaces df" and Schubert varieties, which are certain subvarieti€s,0f made up of thé-dimensional
subspaces which satisfy certain incidence relationsg@&thubert conditions) with respect to a fixed flag: A
flag inP™ is an increasing sequendé, c W, C --- C W,,_; C P" wherelV; is a linear subspace of dimen-
sioni. Given a sequence of integers< ap < a1 < - -+ < a < n, the Schubert varietQ(ao, a1, ..., ax) IS
the set of alll € Gy, for whichdim(V N W,,) > j. Another description of2(ao, a1, . .., ax) is obtained
by noting that the grouf’L,, 1 (C) of nonsingularn x n matrices acts transitively afy, ,,, and letB denote
the subgroup of all upper triangular matricesii.,, 1 (C). ThenQ(ao, a1, ..., ai) is the Zariski closure of
the orbitBV}, whereV} is the (uniquek-plane inQ2(ag, a1, . .., ar) Spanned by standard coordinate points
€aos - - - » €ay,- The key fact, known as the "Basissatz”, is that the Schulaei¢ties form a basis of the integral
homology groups o7}, ,,, and dually determine a basis of its cohomology algebra. Bdséc formulas of
Schubert calculus are given by the famous identities of ®&llirand Pieri and the determinantal formula.

By the 1940’s it had been proved that multiplication in coladmgy ring of Gy, ,, with the natural basis
formed by the classes dual to the Schubert varieties is tine s& multiplication of Schur functions in the
algebra of symmetric functions. Thatisgifao, a1, . . ., ar) denotes the class dual®iao, a1, . . ., ax) in the
cohomology algebrdl * (G, Z), then when one expresses the produgiy, a1, . .., ax)o(bo, b1, .., bx)
as asum of classescy, c1, . . ., ¢ ), the coefficient ob (¢, c1, . . ., ¢k ) is @ particular Littlewood-Richardson
coefficientcﬁ,,. To be precise, ifi is the partitionug < py < --- < g whereu; = n —i — a; + 7 andv and
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A are the partitions defined analogously fbg, b1, . . ., bx) and(co, c1, . . ., ¢k ), then

(v =

A

where{u}, {v} and{\} are the Schur functions corresponding to the three partidhis is extremely fun-
damental since the Littlewood-Richardson rule gives a doatbrial formula for thecfw in terms of Young
tableaux. Furthermore, it establishes a close relatipriséiween Schubert calculus and the representation
ring of the general linear group with its basis of irredueildVeyl modules.

In a famous unpublished 1951 paper, Chevalley proposedradahing generalization of the notion of
a Schubert variety which illuminated the close connectietween Schubert geometry and the theory of al-
gebraic groups and initiated the systematic investigatfdthe natural generalizations of Schubert varieties
for an arbitrary algebraic homogeneous space: that is, jagiiee variety of the fornG/ P, whereP is a
parabolic subgroup of a semi-simple algebraic group ovealgebraically closed field (see [6]). His major
contribution was to define Schubert varieties i@ AP as the closures aB-orbits, whereB is a Borel sub-
group ofG: that is, a maximal solvable connected subgrou@'ofThis paper motivated many, many papers
about the structure of Schubert varieties, the nature of fiegularities and the combinatorial properties
of the Weyl group ofG and its connection with the geometry of the flag variétyB. The Littlewood-
Richardson rule for the cohomology ring @f/ B in particular remains an important open question and was
one of the major problems that the workshop addressed. tntfae Littlewood-Richardson problem now
refers to the analogous question for the general cohomdlugpries relevant to algebraic geometry, such
as equivariant cohomologys'-theory and quantum cohomology, as well as equivariantisessof these
theories.

Recent Developments and Open Some Problems

In the last 20 years, Schubert calculus has come to referetsttidy of the geometric, combinatoric and
algebraic aspects of the Schubert basis in the various cologital setting mentioned above along with
their relation to the rest of mathematics. There has beexplogon of progress in the subject, especially
since the major impetus provided by the Oberwolfach workshd 997 at which people from combinatorics
and geometry met each other for the first time at the very time®v-Witten theory, quantum cohomology
and moduli spaces were being studied at a year-long meetiBg/eden. At about the same time, Knutson
and Tao [15] proved the saturation conjecture, which, withkrof Klyachko, established the Horn conjecture
about the eigenvalues of hermitian matrices. While theithmgs were purely combinatorial, the relation to
the Horn problem was through the geometry of Schubert aadcie put recent results into three categories.

The Quantum and Equivariant Schubert Calculus

Here, the highlights include proofs by Aaron Bertram of theriPGiambelli and determinantal formulas
for Grassmannians in the setting of quantum cohomologytfig;work of Allen Knutson and Ezra Miller
[14] giving a natural cohomological setting for Schubertypomials; positivity results of Graham [11] for
equivariant cohomology af// B (see also [12] and [8]); and Brion’s work on positivity in tfhé&theory of
the flag variety [2].

Generalizations of the Littlewood-Richardson Rule and Corbinatorics

The equivariant Littlewood-Richardson rule for generdi@mologies remains an important open prob-
lem where, so far, only partial results, many very recentehzeen attained. Knutson, Tao and Woodward
[16], using versions of the Littlewood-Richardson ruleethin terms of honeycombs and puzzles, re-prove
all the main theorems about eigenvalues in the context oéyawmb borders. This gives a beautiful con-
nection between the Littlewood-Richardson rule and theraiglue problem just mentioned. Also, Anders
Buch [3] has proved the Littlewood-Richardson rule for fietheory of Grassmannian; Furthermore, Ravi
Vakil, working over an arbitrary field, obtained a purely gestric proof of the Littlewood-Richardson rule
[25]. Shortly before the workshop, 1zzet Coskun annourecsalution to the Littlewood-Richardson problem
for the small quantum cohomology of a Grassmannian (see f//Key notion on the combinatorial side of
the Littlewood-Richardson problem is jeu de taqin, introgldi by Schitzenberger [22]. Recently, using the
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language ofeu de taqgin Chaput and Perrin [5] have computed the Littlewood-Ridkan constants for the
A-miniscule elements of the Weyl group introduced by Pete(see [4]). This generalizes the recent result
of Thomas and Yong proving the Littlewood-Richardson r@ledominuscule homogeneous spaces [24].

Real Schubert Calculus

Another research thrust has concerned real solutions talf®@chproblems. A by-product of Vakil's
geometric Littlewood-Richardson rule was a proof that gu@chubert problem on the Grassmannian can
have only real solutions [26]. Sottile and his collaboraf@3, 21] have studied a subtle conjecture of Boris
and Michael Shapiro and its generalizations. Eremenko aatuti€ov [9] proved it for Grassmannians of
codimension-2 planes by showing that a rational functiotinweily real critical points must be real. Just
before the workshop, Mukhin, Tarasov, and Varchenko gawne@l proof for all Grassmannians [17], and
generalized this to related geometric problems [18].

Presentation Highlights
The following talks were presented at the workshop.

Anders Buch (Rutgers)

Title: Equivariant Gromov-Witten invariants of Grassmannians

Abstract: | will speak about joint work with L. Mihalcea, inhich we prove that all equivariant (3-point,
genus zero) Gromov-Witten invariants on Grassmanniansaural to equivariant triple-intersections on two-
step flag varieties. This is a continuation of work with A. Kcba and H. Tamvakis, which established this
result for the ordinary Gromov-Witten invariants. The neguivariant case was obtained by showing that
the curves counted by a Gromov-Witten invariant are in tigecwith their kernel-span pairs, which consist
exactly of the points in a triple-intersection of two-stegh8bert varieties. Since the equivariant Gromov-
Witten invariants have no enumerative interpretation (@isd because they are defined relative to Schubert
varieties that are not in general position), the proof in ¢lgeivariant case must be based on intersection
theory. The main new construction is a blow-up of Kontsesigtoduli space that makes it possible to assign
a kernel-span pair of the expected dimensions to every c@yatilizing a construction of Chaput, Manivel,
and Perrin, these results can be extended to all (co)mifeieomogeneous spaces.

Izzet Coskun (MIT)

Title: The geometry of flag degenerations

Abstract: My goal is to explain the flat limits of certain saieties of partial flag varieties under one-
parameter specializations. | will explain how this studgds to many new Littlewood-Richardson rules. |
will try to get the audience to actively participate in théccdations, so we will have graph paper and colored
pencils.

Takeshi Ikeda (Okayama University of Science)

Title: Equivariant Schubert calculus for isotropic Grassmanisian

Abstract: We describe the torus-equivariant conomologyg of isotropic Grassmannians by using local-
ization maps to any torus-fixed point. We present two formdita equivariant Schubert classes of these
homogeneous spaces. The first formula is given as a weightadbser combinatorial ob jects which we
call excited Young diagrams. The second one is written imseof factorial Schur Q- or P -functions. As an
application, we give a Giambelli-type formula for the eqriant Schubert classes. This is a joint pro ject
with Hiroshi Naruse.

Allen Knutson (UC San Diego)

Title: Matroids, shifting, and Schubert calculus

Abstract: In A geometric Littlewood-Richardson rule, Medtiarts with an intersection of two Schubert vari-
eties in a Grassmannian, and alternately degeneratesjdtemposes into geometric components; the end
resultis a list of Schubert varieties. The primary geometiracle is that each degeneration stays generically
reduced, with the consequence that the original conomattags (the product of two Schubert classes) is
written as a multiplicity-free sum of Schubert classes. r€higs an obvious generalization of this procedure
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to the flag manifold (where the geometric miracle is as yenomkn) but it doesnt give a combinatorial rule,

just a geometric one. In this talk Ill explain how to combédlize Ravis procedure, replacing varieties with
matroids, and degeneration with shifting (originally inted by Erdos-Ko-Rado for extremal combinatorics).
One upshot will be that each of Ravis varieties is definedrmsdr equations, allowing us to extend his proof
to K-theory. Another is an easily stated conjecture for flanifold Schubert calculus.

Thomas Lam (Harvard)

Title: Affine Schubert calculus

Abstract: | will discuss some recent progress in understanthe (co)homology of the affine Grassman-
nian from the point of view of Schubert calculus. In partamll will explain how to obtain polynomial
representatives for Schubert classes and analogues oftlésr. If time permits, | hope also to explain some
connections with calculations of the (co)homology ringhad &ffine Grassmannian due to Bott, to Ginzburg,
to Bezrukavnikov, Finkelberg and Mirkovic and to Peters@®art of this talk is based on joint work with
Lapointe, Morse and Shimozono.

Cristian Lenart (SUNY Albany)

Title: K-theory and quantum K-theory of flag varieties

Abstract: | previously presented Chevalley-type multiation formulas in th€" -equivariantK’-theory of
generalized flag varietieS/ P; these formulas were derived in joint work with A. Postnikdn the first
part of this talk, | will present a model fakT" = G/P in terms of a certain braided Hopf algebra called
the Nichols-Woronowicz algebra. This model is based on thev@lley-type formulas mentioned above,
and has potential applications to deriving more generatipligiation formulas. In the second part of the
talk, | will show the way in which a presentation of the quanti(-theory of the classical flag variety leads
to the construction of certain polynomials, called quantarothendieck polynomials, that are conjectured
to represent Schubert classes. We present evidence farahjscture; this includes the fact that the quan-
tum Grothendieck polynomials satisfy a multiplicationrfarla which is the natural generalization of the
Chevalley-type formula mentioned above and of the cornedpg formula in quantum cohomology. This
talk is based on joint work with T. Maeno.

Elena Marchisotto (California State University, Norttge)

Title: Evaluating the research of Mario Pieri (1860-1913) in algaic geometry

Abstract: Mario Pieri was an active member of the researobms surrounding Corrado Segre and Giuseppe
Peano at the University of Turin around the turn of the niaeetie century. Pieri played a ma jor role in
foundations of mathematics. Can the same be said of his madgebraic geometry? Was he the first to
introduce the Schubert calculus to Italy? Did he accompishe set out to do with the appropriate rigor?
Do his papers contain there valuable ideas for contempevarl? Are his contribu- tions to enumerative
geometry limited to the multiplication formula and theoréon correspondences on an n-dimensional pro
jective space that are discussed in Fultons book on intéosetheory? In my talk | will share my initial
research in attempts to answer the above questions. | vallige an overview of Pieri the man and Pieri
the algebraic geometer. | will briefly discuss Pieris pajpe@gebraic geometry, in particular his results in
enumerative geometry and his use of the Schubert calculudl report on existent letters of Castelnuovo,
de Paolis, Enriques, Fouret, Schubert, Severi, and Zeuthen

Leonardo Mihalcea (Duke)

Title: Chern-Schwartz-MacPherson classes for Schubert cellsiGrassmannian

Abstract: A conjecture of Deligne and Grothendieck statasthere is a functorial theory of Chern classes on
possibly singular varieties, viewed as a natural transéion from the group of constructible functions to the
homology (or Chow group) of a compact variety. This conjeetuas solved in 1973 by R. MacPherson; the
classes he defined (now known as Chern-Schwarz-MacPheos@SM) turned out to be the same as those
defined by M.H. Schwartz, by different methods. In joint warith Paolo Aluffi, we give explicit formulae
for the CSM classes of the Schubert varieties in the GrassimanThe main tools used in the computation
are a new formula for the CSM classes recently discovered Byuffi and a Bott-Samelson resolution of
a Schubert variety. Given that Schubert varieties are sngan unexpected feature is a certain effectivity
satisfied by these classes; we have proved it in few case4, iarabnjectured to hold in general.
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Steve Mitchell (University of Washington)

Title: Smooth and palindromic Schubert varieties in affine Grassrizas

Abstract: The affine Grassmannian associated to a simpl@learalgebraic group G is an infinite- dimen-
sional projective variety that is very much analogous to atinary Grassmannian. In particular, it comes
equipped with a decomposition into Schubert cells whossucks are ordinary projective varieties. It turns
out that for each fixedr, only finitely many of these Schubert varieties are smoatt exceptin typed only
finitely many are even palindromic. In fact it is possible &iefmine the smooth and palindromic Schubert
varieties explicitly. For example, in type C a Schubertegris smooth if and only if it is a closed parabolic
orbit, in which case it is a symplectic Grassmannian. It isngaomic if and only if it is either smooth or

a subcomplex of the Schubert variety associated to the tom@srivial anti-dominant coroot lattice ele-
ment; this variety is just the Thom space of a line bundle @vejective space. The most eccentric type is
type A, where in each rank there are two infinite families of singplalindromics. These latter varieties
have interesting topological properties, which were stddi the 80s by myself and (independently) Graeme
Segal.

Evgeny Mukhin (IUPUI)

Title: On generalizations of the B. and M. Shapiro conjecture

Abstract: A proof of the B. and M. Shapiro conjecture is basedhe consideration of the periodic quantum
Gaudin model. We show what results are obtained in the gimidey from quasiperiodic quantum Gaudin
and from quasiperiodic XXX models.

Nicolas Perrin (Paris)

Title: Some combinatorial aspects of cominuscule geometry

Abstract: In this talk we shall explain combinatorics to@lsivers) generalising Young diagrams that appear
in the study of cominuscule homogeneous spaces. We shdibset read on these quivers some geometric
properties of the Schubert varieties like their singuisitthe fact that they are Gorenstein, locally factorial
or even that they admit or not small resolutions. These gsiigee used by A. Yong and H. Thomas for
classical Schubert calculus. We shall see how these qualgsshelp for computing some Gromov-Witten
invariants.

James Ruffo (TAMU)

Title: A straightening law for the Drinfeld Lagrangian Grassmaaumi

Abstract: We present a structured set of defining equationghe Drinfeld compactification of the space

of rational maps of a given degree in the Lagrangian Grassiaan These equations give a straightening
law on a certain ordered set, which allows the use of combiiarguments to establish useful geometric
properties of this compactification. For instance, its damate ring is Cohen-Macaulay and Koszul.

Mark Shimozono (Virginia Tech)

Title: Kac-Moody dual graded graphs and affine Schubert calculus

Abstract: Motivated by the dual Hopf algebra structures o homology and cohomology of the affine
Grassmannians, particularly their Schubert structursteons, we exhibit families of dual graded graphs (in
the sense of Fomin) associated to any Kac-Moody algebrajrdminweight and positive central element,
yielding enumerative identities involving chains in theosig and weak Bruhat orders.

Hugh Thomas (University of New Brunswick)

Title: A combinatorial rule for (co)minuscule Schubert calculus

Abstract: | will discuss a root system uniform, concise camatorial rule for Schubert calculus of minuscule

and cominuscule flag manifolds G/P . (The latter are also knasvcompact Hermitian symmetric spaces.)
We connect this geometry to work of Proctor in poset combiries, thereby generalizing Schiitzenbergers
jeu de taquin formulation of the Littlewood-Richardsonerfibr computing intersection numbers of Grass-
mannian Schubert varieties. | will explain the rule and,eipermitting, discuss ideas used in its proof,
including cominuscule recursions, a general techniqueing the Schubert constants for different Lie types.
I will also discuss cominuscule dual equivalence, a gereat@dn of a concept due to Haiman. We use this
to provide an independent proof of Proctors jeu de taquinlt®s our context.
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Julianna Tymoczko (lowa)

Title: Divided difference operators for GrassmanniaA®stract: We construct divided difference operators
for Grassmannians. More precisely, we give an explicit cotiorial formula for divided difference opera-
tors on the equivariant cohomologyGf/ P, for any parabolic subgroup and any complex reductive linear
algebraic grougz. One application generalizes a flag-variety result of SalteyB to compute the localiza-
tions of equivariant Schubert classes 9fP. Another provides equivariant Pieri rules for Grassmamsiia
These divided difference operators are constructed uskigl @soresky-Kottwitz-MacPherson) the- ory,
which gives a combinatorial construction of equivarianbh@mology for many suitably nice algebraic va-
rieties. We will focus on how the theory works for Grassmansiof k-planes in complex n-dimensional
space.

Alexander Varchenko (North Carolina)

Title: The B. and M. Shapiro conjecture in real algebraic geometg Bethe ansatz.

Abstract: | shall discuss the proof of Shapiros conjectyrertethods of math physics and representation
theory. Shapiros conjecture says the following. If the Véldan of a set of polynomials has real roots only,
then the complex span of this set of polynomials has a bassigting of polynomials with real coefficients.

Jan Verschelde (University of lllinois-Chicago)

Title: Numerical homotopy algorithms for enumerative geometry

Abstract: In a 1998 paper on Numerical Schubert Calculuk Buber, Frank Sottile, and Bernd Sturmfels
proposed numerical Pieri homotopy algorithms to solve fenmis in enumerative geometry. Im- plementa-
tions of these algorithms ran on specific examples of inttiee problems whose solution set is entirely real.
Jointly with Yusong Wang, the Pieri homotopies were appitethe output pole placement problem in linear
systems control. Following Vakils geometric proof of thetleiwood-Richardson rule, Sottile, Vakil, and |
designed deformation methods to solve general Schubdtgans. Current work is directed to implement
these new Littlewood-Richardson homotopies.

Alex Yong (University of Illinois)

Title: Governing singularities of Schubert varieties

Abstract: We present a combinatorial and computationalmatative algebra methodology for studying
singularities of Schubert varieties of flag manifolds. Wérdethe combinatorial notion of interval pattern
avoidance. For reasonable invariants P of singularitiessgaometrically prove that this governs (1) the
P -locus of a Schubert variety, and (2) which Schubert Viasedre globally not P. The prototypical case
is P=singular; classical pattern avoidance applies adryif@r this choice [Lakshmibai-Sandhya 90], but
is insufficient in general. Our approach is analyzed for sem@mon in- variants, including Kazhdan-
Lusztig polynomials, multiplicity, factoriality, and Gensteinness, extending [Woo-Yong05]; the description
of the singular locus (which was independently proved byl¢BiWarrington 03], [Cortez 03], [Kassel-
Lascoux-Reutenauer03], [Manivel01]) is also thus rejppteted. Our methods are amenable to computer
experimentation, based on computing with Kazhdan-Lugdigls (a class of generalized determinantal
ideals) using Macaulay 2. This feature is supplemented llaation of open problems and conjectures.

Scientific Progress Made

An emerging theme at the workshop was the affine Schuberntlcalc Previously, the primary focus in
Schubert calculus was on the (generalized) cohomologyg vh{jnite-dimensional flag varieti&s/ P. Work

of Lam, Shimozono, and others pointed to the possibilityrtdarstand the homology and cohomology Hopf
algebras of the infinite dimensional affine flag varieties.e TWorkshop also provided an opportunity for
some to understand Coskun’s new geometric proof of theltitidéwood-Richardson rule in the quantum
cohomology of the Grassmannian.

Outcome of the Meeting

This meeting, on the 10th anniversary of the original meetin Schubert calculus at Oberwolfach was
an opportunity for the major participants in Schubert clisio asses the current state of affairs of the



122 Five-day Workshop Reports

subject. Some of the advances since that meeting had thessigdhere. Discussions about the importance of
transversality helped inspire Mukhin, Tarasov, and Vangioés second proof of the Shapiro Conjecture [19].
Purbhoo became interested in transversality and their veordf this led to his geometric construction of the
basic algorithms of Young tableaux [20]. Subsequent to tbeting, significant progress has been made in
the equivarianf<-theory Schubert calculus; again that had some beginnirije aneeting. Also, the affine
Schubert calculus has matured since, living up to its eadgess.
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Interactions of Geometry and Topology
In Low Dimensions (07w5033)

Mar 25 - Mar 30, 2007

Organizer(s): Denis Auroux (Massachusetts Institute of Technology), $HBaden (Mc-
Master University), Olivier Collin (Université du Québa Montréal (UQAM)), John Et-
nyre (Georgia Institute of Technology)

Introduction

This workshop focussed on interactions between symplgetienetry, gauge theory, contact topology, and
applications to low-dimensional manifolds. While eachlodde areas has been very active for many years
in an independent fashion, the theory of low-dimensionatifioéds has greatly benefited from interactions
with the other subjects represented at the event. Our wopksain be seen as a follow-up to the BIRS-MSRI
Hot Topics event of November 2003 on Floer homology. Fouryaeaéter this event, it was very productive
to gather gauge theorists, contact topologists, symplgetbmeters and topologists all together to share their
insights and to foster collaborative investigation an@agsh.

One of the (pleasant) difficulties in organizing such an &w@io carefully select a group of 40 world
experts with a good balance between research areas, exgeviersus budding mathematical activity and try
to represent as accurately as possible the most importarntdirends. In the end, this was achieved with
great success. In particular, while some of the most estadadi and senior researchers were present (Kirby,
Stern, Akbulut, Boyer, Kirk, etc), it was a great inspiratio witness the emergence of young mathematicians
through their important scientific work, but also throughwvely presence at the conference, asking many
guestions, making good observations and stimulating dsouns, as exemplified by the likes of Hedden,
Perutz, Ng, Grigsby among others.

Overview of the Field

Inrecentyears collaborations between contact and sytiptEnmeters, gauge theorists, and low-dimensional
topologists have been highly fruitful, leading to solusdn long-standing conjectures in topology, illuminat-
ing the world of contact and symplectic manifolds, and pdowj new perspectives on fundamental questions
in low-dimensional topology.

For some time, gauge theory has provided geometric topsikgith powerful techniques yielding spec-
tacular results on the classification problem for 4-dimemnai manifolds, including the early 4-manifold
invariants of Donaldson, the Seiberg-Witten invariants] ¢ghe more recent invariants of Ozsvath-Szabo.
In each case, when applied to 4-manifolds with boundaryirtb&riants take values in the Floer homology
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groups of the bounding 3-manifold. These Floer homologygsoare important 3-manifold invariants in
their own right and have been applied to a variety of problesush as knot theory and the structure of the
homology cobordism group in dimension three. Frequerttlgsé invariants are easier to compute in the
presence of extra structure. For example, all the aboveiomd invariants are non-zero for symplectic 4-
manifolds. These non-vanishing results are instrumenttde interactions between contact and symplectic
geometry and low-dimensional topology.

In 2001 P. Ozsvath and Z. Szabo introduced the Heegaard Rtoeology groups. Their theory was
motivated by Seiberg-Witten theory, but is defined in a catgly different way: it is a variant of lagrangian
Floer homology that uses much of the 3-manifold topologysrdefinition (in particular a Heegaard decom-
position). In many instances, this new theory has been abikprove fundamental results obtained in gauge
theory over the last few decades and has also provided mangmglications. One of its advantages is that
there are powerful exact sequences enabling one to obtairtdyzological information. For example, it was
shown by Y. Ni that it detects if a knot if* fibres, see also [12]. This theory is conjecturally equinale
to Seiberg-Witten Floer homology by an analogue of the Atifoer conjecture, and a very interesting re-
search program of Yi Jen Lee proposes an approach for provisgonjecture. Heegaard Floer homology
is also (conjecturally) closely related to the contact htmgg groups introduced by Y. Eliashberg, H. Hofer
and others and it is possible that a tool derived from thisipethamely the embedded contact homology of
Hutchings will provide a relation between Heegaard-Floet Seiberg-Witten theories. A good explanation
of these correspondences would help determine exactly eaatly Heegaard Floer groups measure.

Emmanuel Giroux revolutionized contact geometry by prgwn equivalence between contact structures
on 3-manifolds up to isotopy and open book decompositiontougtabilization. Open book decomposi-
tions are a classical topological concept and have beerestfior some time. This result is analogous to
Simon Donaldson’s proof that symplectic 4-manifolds alsvagimit Lefschetz pencils, and the analogy is
strengthened by Bob Gompf’s proof that all Lefschetz psrailmit symplectic structures. Both these cor-
respondences relate geometric concepts to topological ameé have been the foundation for many of the
applications of symplectic geometry to questions in lomeinsional topology. For example, this corre-
spondence leads to two notable results, namely Giroux aradh KBmodman'’s positive resolution of Harer’s
conjecture that all fibered knots i#® are related by Hopf plumbings, and Ozsvath and Szabo’s mbof
Gordon’s conjecture that the unknot is the only knot on whiclurgery yields the lens spaed.(p, 1). The
correspondence also has implications in the other dinestis well. It is the basis of the non-vanishing of the
Ozsvath Szabo invariant of symplectic 4-manifolds mergéabove. It is also the key tool in Eliashberg and
John Etnyre’s proof that any symplectic filling of a contaamifold can be embedded in a closed symplectic
manifold. This result in turn is an integral part of Peter Kineimer and Tom Mrowka’s proof of the Property
P conjecture that a nontrivial surgery on a nontrivial kmo$# has nontrivial fundamental group or tHap®
cannot be obtained by Dehn surgery along a non-trivial km&ti

Recent Developments and Open Problems

There were many active areas represented at the workshippbessed to determine one or two where the
breakthroughs have been most important recently, one waaud to look in the direction of combinatorial
approaches to Heegaard-Floer homology and the impact gflegtic field theory ideas in the contact world
through the embedded contact homology of Hutchings, wigieeted applications to 3-manifold topology.

The problem of combinatorially constructing HeegaardeFroups without resorting to counting pseudo-
holomorphic curves had taken a very promising turn a few m®before the workshop when knot Floer
homology was given a purely combinatorial interpretatidhis was an underlying theme in several of the
talks at the workshop, in particular Ng's talk focused onleapions of these ideas to the classification of
transverse knots in contact manifolds (see [13]), whilerilaevskaya explained how the Heegaard-Floer
contact invariant can be defined in the combinatorial cdrdEManolescu, Ozsvath and Sarkar, see [58].

Further, as the knot Heegaard Floer homology categorifeeé\texander polynomial in much the same
way that Khovanov cohomology categorifies the Jones polyalpamn interesting open problem is to relate
the Heegaard Floer and Khovanov cohomologies. A few of ths &t the workshop focused on this aspect,
and the most recent result along these lines is the existdracspectral sequence interpolating between the
two theories.
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A few months before the conference, Taubes took everyonatpyise in the area of symplectic topology
by proving in [15] the 3-dimensional case of the Weinsteinjeoture (for any compact oriented 3-manifold
M anda a contact 1-form onV/, the vector field that generates the kernel of the 2-fdrmhas at least
one closed integral curve). The proof in [15] involved a celbaek of the Seiberg-Witten equations, but it
also gave very good reasons to focus on further propertidseofmbedded contact homology@ H). In
turn, Taubes’ proof can be seen as a step towards showing/that is isomorphic to Seiberg-Witten-Floer
homology.

Another example of the interactions between the subjegiesented at the workshop is the study of
slice numbers of knots. Many talks at the event (Owens, Byigdabuka, Hedden, Chantraine) involved
work on the slice number of classes of knots. The tools fatyshg this are today quite varied - Heegaard-
Floer homology, classical gauge theory, contact topologyhwds - and there was much discussion at the
conference about these problems, including recent worksafal (January 2007) on the very classical slice-
ribbon conjecture (every slice knot i? is a ribbon knot) which settled the issue in the case of 2¢erid
knots.

Presentation Highlights

The meeting featured 22 one-hour talks on various aspecddsdifhensional and 4-dimensional manifold
theory. The central themes were:

¢ 4-manifolds, smooth and symplectic structures(Talks 1, 2, 5, 12, 19, 20)

3-manifolds, contact structures and invariants.(Talks 3, 6, 7, 8, 9, 10, 14, 15, 17, 18, 22)

Heegaard-Floer homology and analoguegTalks 6, 7, 10, 11, 13, 14, 15, 16, 18, 21)

Knots and invariants (especially the knot concordance prolem). (Talks 4, 6, 11, 15, 16, 21)
Below is a detailed list of speakers, titles, and brief dipsions of their talks.

1. Scott Baldridge (Louisiana Statesmall symplectic building blocks and the geography problem
Constructions were given of many simply connected and moplg connected symplectic and smooth
manifolds, including a minimal symplectic manifold homemnphic to (CIP’Q#3(@2) containing a
symplectic genus 2 surface with simply connected complémen

2. Inanc Baykur (Michigan State)Y-olded-Kéahler structures on 4-manifolds
This talk focused on the existence of a generalization of@gatic structures on arbitrary closed
smooth oriented 4-manifolds, called “folded-Kahler stures”. This result comes with a decompo-
sition theorem, which states that every closed smooth @ieA-manifold can be decomposed into
two compact Stein manifolds (one with reversed orienttisuch that the induced contact structures
agree on a separating convex hypersurface. There is alstumht@mpological counterpart for these
structures: “folded Lefschetz fibrations”.

3. Steven Boyer(lUQAM) On families of virtually fibred Montesinos link exteriors
William Thurston conjectured over twenty years ago thatyeempact hyperbolic 3-manifold whose
boundary is a possibly empty union of tori is virtually fibreHat is, has a finite cover which fibres
over the circle. If true, it provides a significant amount tdlzal information about the topology of
such manifolds. To date, there has been remarkably litideece to support the conjecture. For
instance, there is only one published non-trivial exampedosed virtually fibred hyperbolic rational
homology 3-sphere. (Non-trivial in this context means thatmanifold neither fibres nor semi-fibres.)

This talk outlined a proof of this conjecture for the extesiof many Montesinos links and constructed
an infinite family of closed virtually fibred hyperbolic ratial homology 3-spheres. As a result, one
obtains a finite index bi-orderable subgroup in the fundaaiemoups of the exteriors of many Mon-
tesinos links.
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. Baptiste Chantraine (UQAM) Cobordisms of Legendrian knots

One generalization of cobordism theory of knots in the Lelyam category is asking that such cobor-
disms are realised by Lagrangian surfaces in the sympégictiz From a study of relative Gromov-

Lee theorems and the behaviour of the classical invariangs,sees that this relation is rigid (unlike

in the topological case where only the Thom-Pontryagin taocson is needed). The first step in

studying this relation (and the relation of Lagrangian aydence) is to show that Legendrian-isotopic
knots are Lagrangian concordant. This talk gave the ba§ititiens and theorems which are the start-
ing point of the theory and provided non-trivial examplesafrangian cobordisms implying that this

relation is non-symmetric. As an application, a contagietogy proof of the local Thom conjecture

was obtained.

. Stefan Friedl (UQAM) Symplectic 4-manifolds with a free circle action

Let W be a symplectic 4-manifold with free circle action. lasvshown that if the fundamental group
of the orbit space satisfied certain separability propgrtieen the orbit space fibers ovgr . Using
the Lubotzky alternative, the same result can be provectittnonical class is trivial.

. Julia Grigsby (Columbia)Knot concordance and Heegaard Floer homology invariantsanched

covers
The smooth concordance order of a kiidis defined as the smallest positive integeior which the
connected sum of copies of K bounds a smoothly-embedded disk in the four ball. This telicdbed
two new invariants which yield an obstruction to a knot hgvinite smooth concordance order. These
invariants are defined by examining analogues of “classtidakgaard Floer homology invariants in
the double-branched cover &f. Using a simple combinatorial description of these invadan the
case whereX is a two-bridge knot, we are able to conclude that all twalipei knots of 12 or fewer
crossings for which the concordance order was previoustmonn have infinite concordance order.

. Matthew Hedden (MIT) Lens space surgeries, contact structures, the braid gaad@lgebraic curves

This talk gave a proof of the following statement: If Dehnggeny on a knots yields a lens space, then
K arises as the transverse intersection of an algebraic au@&with the three-sphere. Furthermore,
the genus of the piece of the curve inside the four-ball isaskgpthe Seifert genus df’. Knots arising

in this way are more general than the well-understood lifikgngularities, as their singular sets may be
more complicated. The result follows from a theorem stativeg an invariant defined using Ozsvath-
Szabo theory detects when fibered knots arise from algetuaies with a genus constraint as above.
This theorem, in turn, follows from connections betweenvats-Szabo theory and Giroux’s work on
three-dimensional contact geometry, and work of Rudolfdtirey the knot theory of algebraic curves
to the braid group.

. Benjamin Himpel (Bonn) A splitting formula for spectral flow and the SU(3) Cassonairiant for

spliced sums

TheSU (3) Casson Invariant does not behave well under spliced sumevew, for splicings of com-
plements of torus knots, there is a conjectured formulainglahe SU(3) Casson invariant to the
SU(2) Casson invariant of the two knots. A proof of this conjectwees presented, and the main tool
for this is a splitting formula for theu(n) spectral flow of the twisted odd signature for 3-manifolds
cut along a torus coupled to a path$i(n) connections.

. Ko Honda (Southern Californiajnvariants of exact Lagrangian cobordisms

Constructions of exact Lagrangian cobordisms between tegehdrian knots in the symplectization
of the standard conta® were given, and invariants arising from Legendrian conttachology and
Khovanov homology were discussed.

Michael Hutchings (UC Berkeley)Embedded contact homology

The goal of this talk was to interpret Seiberg-Witten andv@#s-Szabo Floer homology via contact
geometry in 3-dimensions anf-holomorphic curves in 4-dimensions. The candidate théosm-
bedded contact homology (ECH), which is a kind of Floer thyetefined for a contact 3-manifold ,
whose differential counts certain embedded pseudoholphiocurves in the symplectizatidhx Y .
This talk defined the theory and discussed some associagedpopblems and conjectures.
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13.

14.

15.

16.

17.

18.

Stanislav Jabuka(Nevada, RenoKnot concordance and Heegaard Floer homology

After describing some of the open questions for knot conaocd, some of them dating back to the
seminal work of J. Milnor and R. Fox in the mid 1960’s, some nmegults obtained using Heegaard
Floer homology were presented. An obstruction for a knotdmbordern > 0 in the concordance
group was defined and examined for small crossing knots (#gsfvriting there are still 8-crossing
knots with unknown concordance order), this work obviolmsing related to the problem of existence
of n-torsion knots for> 2 in the concordance group. Also presented was a Heegaard pioef

of a theorem first obtained by Fintushel and Stern accordinghich the only 3-stranded pretzel knot
K (p, q,r) (with p, ¢, r odd) with trivial Alexander polynomial and which is of finitencordance order,
is the unknot. Generalizations of this result to pretzeltkmath nontrivial Alexander polynomial were
given.

Hee Jung Kim (McMaster) Topological triviality of smoothly knotted surfaces in 4amifolds

Some generalizations and variations of the FintushelrSter surgery are known to produce smoothly
knotted surfaces. If the fundamental groups of their complets are cyclic, then these surfaces are
topologically unknotted. Using a twist-spinning constiae from high-dimensional knot theory, ex-
amples of knotted surfaces whose complements have cydiiafuental groups were constructed.

Thomas Mark (Virginia) On perturbed Heegaard Floer invariants

This talk constructed a version of Heegaard Floer homolaitly eoefficients in certain Novikov rings
depending on a choice of perturbation, namely a 2-dimeasieal cohomology class. For nontrivial
perturbations, the reducible part of the Floer homologyistaes, in close analogy with Seiberg-Witten
theory. This leads to analogues of the Ozsvath-Szabo asrfor closed 4-manifolds witht > 0
and well-behaved relative invariants for 4-manifolds wittundary.

Gordana Matic (Georgia)Open books and contact class in Heegaard Floer Homology

An alternate, simple description of the Ozsvath-Szaboamirdlass in Heegaard Floer homology for
a closed contact 3-manifold was given, and some consegsiefntas approach were discussed. This
variant of the contact class was extended to define a new caritess for a contact manifold with
convex boundary which lives in Juhasz's sutured Floer homol

Lenhard Ng (Duke) Transverse knots and Heegaard Floer homology

The recently discovered combinatorial form for knot Floentology has an unexpected application
in contact geometry. In fact, one can use knot Floer homotogyroduce an effective invariant of
transverse knots, and this talk gave several new examptesnsiversely non-simple knot types.

Brendan Owens(Louisiana Stateyplicing numbers of knots

The slicing numbe,(K) of a knotK in S? is the least number of crossing changes to conkert
to a slice knot. This gives an upper bound for the slice gen(&). Livingston defined an invariant
Us(K) which takes into account signs of crossings, with< U, < u,. Heegaard Floer theory and
also Donaldson’s theorem can be used to give informatiohesetnumbers, and this talk described an
infinite family of knotsK,, with slice genus andU; > n.

Tim Perutz (Cambridge)A symplectic Gysin sequence and the Floer homology of caedesims

This talk described a project to study the structure of syei models for gauge-theoretic TQFTs on
singularly-fibred 3-and 4-manifolds. The Gysin sequencédHie cohomology of a sphere-bundle has
a symplectic Floer-theoretic counterpart, which in turpriscisely analogous to a sequence describing
Floer homology for connected sums of 3-manifolds.

Olga PlamenevskaydSUNY Stony Brook)A combinatorial description of the Heegaard Floer contact
invariant

Manolescu, Ozsvath, and Sarkar recently proved that cétieégaard Floer homologies admit a purely
combinatorial description. In particular, Sarkar and Waegeloped an algorithm to modify a given
Heegaard diagram for a 3-manifold so that the holomorptsksican be combinatorially understood.
Using the geometric description of the contact invariarg thuHonda, Kazez, and Matic, a version
of this algorithm was described in the context of open bookshbw that the Heegaard Floer contact
invariant is combinatorial.



130

19.

20.

21.

22.

Five-day Workshop Reports

Nikolai Saveliev(Miami) Dirac operators on manifolds with periodic ends

This talk focused on relationships between classical iaws of low-dimensional topology and certain
invariants arising in 4-dimensional gauge theory, and iig@aar on Dirac operators on non-compact
spin manifolds with periodic ends of dimension at least f@unecessary and sufficient condition for
such an operator to be Fredholm for a generic endperiodideneas given, and these end-periodic
Dirac operators were used to prove that an invariant inttediy Cappell and Shaneson in the 1970’s
provides an obstruction to the existence of metrics of p@s#icalar curvature on some non-orientable
4-manifolds. As an application, it was shown that some ex¢tmanifolds do not admit a metric of
positive scalar curvature (in some cases, even if theintaten double covers do).

Ron Stern (UC Irvine) Reverse engineering and smooth structures on simply-cteshemooth man-
ifolds

This talk introduced a procedure called “reverse engingérivhich can be used to construct infinite
families of smooth 4-manifolds in a given homeomorphisnetyphis is a very general technique that
recovers many of the known techniques for producing smdatictsires on a given simply-connected
4-manifold.

Reverse engineering is a three step process for consgunfinite families of distinct smooth struc-
tures on simply connected 4-manifolds. One starts with aghmdnifold which has nontrivial Seiberg-
Witten invariant and the same euler number and signatureeasimply connected manifold that one
is trying to construct, but witlh; > 0. The second step is to firld essential tori that carry generators
of H; and to surger each of these tori in order to Kill and, in favorable circumstances, to kil].
The third step is to compute Seiberg-Witten invariants.eA&iach surgery one needs to be careful to
preserve the fact that the Seiberg-Witten invariant is romzOne can construct exotic structures on
many simply-connected smooth manifolds starting with eggiular complex surface.

Hao Wu (Massachusetts)he Khovanov-Rozansky cohomology and Bennequin inegeslit
Bennequin type inequalities were established using van@usions of the Khovanov- Rozansky co-
homology. A new proof of a Bennequin type inequality was leisthed and new Bennequin type in-
equalities for knots using Gornik’s version of the KhovafiRezansky cohomology were given. These
generalize results by Shumakovitch, Plamenevskaya anéiawa using the Rasmussen invariant.

Chris Wendl (MIT) Intersection theory and compactness for holomorphic airvéow dimensions
This talk described a recent result strengthening the atanmbmpactness theorem for a geometrically
natural class of embedded holomorphic curves in contacafiwlds: it turns out the intersection
theory of punctured holomorphic curves can be used to rufemultiple covers in the limit, so that
transversality is never a problem. This has applicatiorteédheory of finite energy foliations (gener-
alizations of planar open book decompositions), and alggests an approach for defining distinctly
low dimensional versions of Contact Homology and SFT. Alseatlibed were some related results in
symplectic 4-manifolds and nontrivial symplectic cobards. These are part of a larger program to
justify the statement that “nice holomorphic curves degateenicely”.

Scientific Progress Made

The workshop brought together leading experts from sedéffatent areas, and this sparked much scientific
interaction. Despite the large number of proposed talksptyanizers were committed to the idea that such a
workshop based in interactions between subjects shouklrave than enough scheduled time for scientific
discussions. This was accomplished thanks to a carefutlsting of long breaks at the lunch period and not
overloading the talk timetable so that informal discussimere many during the evenings. In some instances
this also provided valuable time for teams of researchesnately get to meet to work together.

The meeting also established several collaborations tnag hlready born fruit. Two examples readily
come to mind. One evening while discussing in the BIRS loutigepost-doctoral researcher Paolo Ghiggini
and Ph.D. student Jeremy van Horn-Morris elaborated withignda a way to prove that Giroux torsion kills
the contact invariant of Ozsvath-Szabo (see [4] for a witefitheir results) and since then, Ghiggini and
Honda have been working on extensions of this work to the caseisted coefficients.
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The workshop was also the perfect stage for intense dismssiround the classification problem for
smooth structures and the geography problem for sympléatianifolds. In the weeks leading to the con-
ference, many independent approaches to these problemespweforward in the form of preprints, with
competing claims made by various authors. A large groupefakearchers involved in these developements
attended the workshop: Scott Baldridge, Inanc Baykur, Rald, Doug Park, and Ron Stern. It was at this
BIRS meeting that many issues about rigorous proofs wesedaind discussions between the various teams
sorted out the details and even brought many of the key pdaggether in collaboration, as evidenced by the
recent papers [1, 2].

We conclude with the following bibliography which is far frobeing extensive, its goal being mostly to
provide some background articles, all of them still in piepform, to some of the latest topics discussed
at the workshop and articles that have emerged since themsuimg these articles and, in turn, their own
references will give a much broader perspective on the varwoeas represented at the event.
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Stochastic Dynamical Systems and
Climate Modeling (07w5007)

Apr 15 - Apr 20, 2007

Organizer(s): Jingiao Duan (lllinois Institute of Technology), Boualenind&uider (Uni-
versity of Victoria), Richard Kleeman (Courant Institutdew York University), Adam
Monahan (University of Victoria)

Overview

The workshop on Stochastic Dynamical Systems and Climatgelog gathered about 11 mathematicians
and 15 geoscientists, from around the world, to talk abaatetstic dynamical systems and their application
to atmosphere and ocean sciences. At least 9 of the geastsemork for a government lab and thus use
stochastic and/or probabilistic methods in real world aggpions for climate predictions and/or day-to-day
weather forecasts. On top of that 14 students and post-doesditended the workshop. There were 7 women

participants.
The speakers have covered a quite rich and diverse sciguiifgram, ranging from pure mathematical
issues in the new area of stochastic dynamical systemsasich

e Lyapunov exponents for random dynamical systems,

e dynamical boundary conditions,

e synchronization in stochastic dynamical systems,

e singular perturbation theory and Navier-Stokes shell nede
e stochastic mode reduction in large deterministic systems,

to systematic applied math strategies for modelling andikiting geophysical flow phenomena based on
stochastic and statistical techniques:

e mode reduction and hidden Markov techniques for atmosph@si frequency variability and for the
predictability of the associated annular modes,

o first passage time for stochastic climate models,
e nonlinear optimal perturbation for prediction and ensenibtecast,

e stochastic models for unresolved processes such as waddrgecumulus convection, and the under-
lying moist dynamics
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to application of those techniques in the reality of climatedictions and day to day weather forecast and to
explore the variability in the coupled atmosphere-oceaitesy, including:

e sea-surface temperature and sea surface winds,
e El Nineo-Southern Oscillation,

e low stratospheric dynamics,

e quasi-geostrophic turbulence,

e climate predictability,

e data assimilation,

e model error in weather and climate models,

e regimes and metastability in atmospheric dynamics, etc.

Some specific main topics

Mode reduction and hidden Markov chains

Given a dynamical system with a large number of dynamicabbées. Imagine that we only are interested
in the large scale/low-frequency variability associatéthwhis system. This is particularly typical for cli-
mate predictions. Common sense suggests that in a suitabéble—coordinate system only a few 'slow’
variables are capable are enough to capture at least aajivaltbehaviour of those large scale/low-frequency
features. However, often in practise the 'fast’ variablaesehaffect the slow dynamics. How many mode
should be considered and what should one with the fast \tlagaye some of the questions the system-
atic mode reduction techniques try to answer. This was omeftopics addressed by Andrew J. Majda
from Courant Institute (NYU). His lecture was about systéoraathematical strategies for low-dimensional
mode reduction for large dimensional dynamical systemgustochastic methods and their application for
low frequency variability. The main idea is to exploit wetdw teleconnection patterns that dominate the
atmospheric low frequency variance in the Northern hemg@spland use them as basis functions to develop
cheap climate predictability models with highly reducedres of freedom. To explain the basics of the
stochastic mode reduction technique, he started his ketith a simple solvable pedagogical model with
three modes to explain the underlying MTV (for Majda-Timgde-Vanden Ejden, see Timofeyev's talk) the-
ory. Then, he showed how the feasibility of the mode redunatiben applied to an actual atmospheric model
with a thousand degrees of freedom effectively reduced timehastic model will only ten modes, which
captures the essential statistical dynamics. The restedetiture was devoted to investigating the existence
of metastable states in atmospheric low-frequency vditallespite the nearly Gaussian behaviour in the as-
sociated probability distribution, through a techniquewras the hidden Markov chains (HMV, see Franke’s
talk). Apparently, those metastable regimes are not pahefow-frequency dynamics but related to turbu-
lent effect from high frequency mode. However, the mode cédo methods were capable in capturing those
metastable low frequency regimes when both a suitable meelity and a multiplicative noise were added
into the stochastic differential equation.

Ilya Timofeyev, from U of Houston, explained that the modéuetion techniques, introduced earlier by
Majda, consists on reducing a large dimensional dynamystém into a few stochastic differential equations
for the slow variables, under the assumptions of ergotanity a time scale separation, between the slow and
fast variables. This is demonstrated by using a truncateuf-Bargers (THB) equation system as a test case.
The THB obtained basically by using discrete Fourier trarmet for the Hopf-Burger equation and non-
paying attention to the aliasing errors introduced by theesolved non-linear interaction, which introduce
a huge amount of noise into the discretized system. He theweshhow the MTV method is applied to
derive a reduced number of differential equations wherentiise carried by the high frequency modes is
represented by a stochastic noise. He also demonstratedpgbeiance of the scale separation by artificially
increasing the timescale gap between the slow and fastlesia
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Christian Franzke from the National Center for Atmosph&w#search, used the hidden Markov model
(HMM) technique, discussed in Majda talk, to identify mstable states in time series (data) taken from
different atmospheric models. According to Christian thdM approach is useful for describing situations
where we are given a time series of a zonal flow, for e.g., biltawit knowledge of other flow fields which are
crucial for dynamics of the given variable. Those ’'hiddamiknown variables are represented by a Markov
chain, whose probability density function is calculatezhfrthe given time series. It turns out that even if the
“observed’—given time series has a nearly Gaussian disiwib the hidden Markov chain can exhibit meta-
stable states. Tests are then carried for some atmosphedielsg such as a barotropic flow over topography
and multilayer quasi-geostrophic flow, with well know atrmpberic flow patterns, and the HMM technique
was able to effectively describe those regimes.

Stochastic models for cumulus convection

The physical processes associated with clouds occur ahlang time scales ranging from a few millimeters
and a few fractions of seconds for the droplet growth and &ion to a few kilometers and a few hours for
the updrafts and downdrafts in convective cells includiagous intermediate radiative and turbulent effects.
This particularly makes it impossible in practice to reprgsall those processes, from first principle, on a
single grid. Rather, the grid is truncated at a certain level all the unresolved feature are represented by
often ad hoc or empirical set of equations called a paransat@n. In typical general circulation model
(GCM) used for climate and long range weather predictidms,grid resolution varies from 10 km to 200
km. At this level even the convective cell and the associkttsht heat release feeding back into the large
scale—resolved variables need to be parameterised. Thfteis referred to as the cumulus or convective
parameterisation problem. The latent heat release from demevective clouds is the main heat source that
drives tropical atmospheric circulation and storms.

Two talks at this meeting were concerned with convectivapeterisations using stochastic models. The
first talk was by George Craig from DLR, Germany. In his grahgy propose a statistical mechanic model
based on an equilibrium—canonical distribution for thevemtive upward mass flux of an an ensemble of
non-interacting clouds, given the cloud base mass flux wbéchbe estimated from the large scale thermo-
dynamics. He then presented some (direct) numerical stionlasing cloud resolving modeling—where the
convection is explicitly represented, to demonstrateltleeretical predictions. He particularly put emphasis
on the fact the simulated results approach the theory whemstternal forcing (here radiation) is increased
so that the convective clouds are not strongly linked wittheshey appear and disappear in almost ad hoc
fashion. This is known as the unorganized convection regas®pposed to the organized convection were
clouds clusters and superclusters as seen to form and @aepagpecially in the tropical region. Finally, G.
C. stressed on the efforts his group are putting togethguptyahis model in a realistic GCM simulation.

The second talk on this subject was by Boualem Khouider fdrenWniversity of Victoria, and was
on his joint work with A. Majda on birth-death stochastic netsifor convective inhibition. Convective
inhibition refers to a stable layer located above the mixeghiolary layer, where convective parcels typically
originate. It constitutes an energy barrier for the risimgael to reach it level of free convection where it
becomes positively buoyant through condensational hgafihey propose a simple order parameter defined
on microscopic sites 1 to 10 km apart and takes values 1 ordrdiog to whether convection is inhibited
or there is potential for deep convection. The sites intandth each other and with the ambient (external)
large-scale variables in manner similar to the Ising modebufor magnetization and phase transition, i.e,
via a Hamiltonian and an invariant Gibs measure. The reguftiicroscopic stochastic model evolves in time
according to some intuitive spin-flip rules so that convattwvill preserve its organization character. B.K then
derived a coarse grained-stochastic birth-death progeasdraging the microscopic model on the "GCM”
grid box. The resulting model is then tested on a toy GCM muitdl a bad convective parametrization and
showed how the stochastic model can change the model rasdltsapable to drive the system back and forth
to a climate regime know to persist in the tropics. MoreoBeK. showed some new results exploring some
interesting parameter regimes with metastable stategatirny the behavior seen in his simulations.
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Data assimilation and predictability

Cecile Penland (Climate Diagnostics Center, CIRES, Usitief Colorado and Physical Sciences Divi-
sion/ESRL/NOAA) presented her research on adaptive sttichaodeling using data assimilation. Most
operational centers are at least investigating stochpat@meterizations of unresolved processes in the en-
semble forecasts, and ECMWF has already implemented awdtsiincreasing their ensemble spread. The
problem is that stochastic modeling is a real pain. To dghtiiwe need to look into issues of both parameter
estimation and numerical integration. She and Jim Hansdrcame up with a neat way to approach both
problems at once and figured out why it worked.

Adam Monahan from the University of Victoria presented same results regarding the probability
density function of sea-surface momentum fluxes. Thesaseirhomentum exchanges, which exert a drag
on surface winds and play an essential role in driving thenagrculation, are largely determined by the
surface wind field itself. Starting from previous work in whithe pdf of surface vector winds was charac-
terised, Monahan presented empirical and mechanistic imofi¢he pdf of surface momentum fluxes. He
demonstrated that the simulation of the first four momentsamstandard deviation, skewness, and kurtosis,
the last two of which may be parameterised in terms of the fafshe surface vector wind field is sufficient
to characterise these moments of the momentum fluxes. Fomtie, an idealised stochastic boundary layer
model was shown to provide a qualitatively accurate charaettion of the relationships between momentum
flux moments seen in observations.

Mu Mu (Institute of Atmospheric Physics, Chinese Academysoiences) reported his recent work on
conditional nonlinear optimal perturbation and its apgiicns in predictability study, ensemble forecast, and
adaptive observation.

Peter C. Chu (Department of Oceanography, Naval Postgradaenool, USA) reported his work on
the first passage time for climate index and model predict@limate variability is simply represented by
teleconnection patterns such as the Arctic Oscillation )(Antarctic Oscillation (AAO), North Atlantic
Oscillation (NAO), Pacific/North American Pattern (PNApcaSouthern Oscillation (SO) with associated
indices. Two approaches can be used to predict the indioesafd and backward methods. The forward
method is commonly used to predict the index fluctuationmagti with a given temporal increment . Using
this method, it was found that the index (such as for NAO) hasBrownian fluctuations. On the base of the
first passage time (FPT) concept, the backward method sdated in this study to predict the typical time
span () needed to generate a fluctuation in the index of a giaament . After the five monthly indices
(AO, AAO, NAO, PNA, SO) running through the past history, fABT density functions (inverse Gaussian
distribution) are obtained. FPT presents a new way to détedemporal variability of the climate indices.

FPT can also be used as metrics to evaluate climate moddtiaieitity. FPT is defined as the time
period when the prediction error first exceeds a pre-detexdhériterion (i.e., the tolerance level). It depends
not only on the instantaneous error growth, but also on thserievel, the initial error, and tolerance level.
The model predictability skill is then represented by a Ersgalar, FPT. The longer the FPT, the higher the
model predictability skill is. A theoretical framework omet base of the backward Fokker-Planck equation is
developed to determine FPT.

Youmin Tang (University of Northern BC) and Richard Kleen{@ourant Institute, NYU) presented their
work on comparison of information-based measures of ptakiicty in ensemble ENSO prediction. Ensem-
ble predictions of the El Nino Southern Oscillation (ENSGrevconducted for the period from 1981-1998
using two hybrid coupled models. Several recently propasiadmation-based measures of predictability,
including relative entropyR), predictive information PI), predictive power P P) and mutual information
(M), were explored in terms of their ability of estimatingr@ori the predictive skill of the ENSO ensemble
predictions. The address was put on examining the reldtipfetween these measures of predictability that
do not use observations and the model prediction skills oktation and root mean square error (RMSE) that
make use of observations. The relationship identified hiéeesoa practical means of estimating the potential
predictability and the confidence level of an individualgiotion.

It was found that the\/ I is a good indicator of overall skill. When it is large, the giction system
has high prediction skill whereas small I often corresponds to a low prediction skill. In a perfect rlod
scenario, this suggests th& to be a good indicator of the actual skill of the models. Theand PI
have a nearly identical average (over all predictions) asilshbe the case in theory. Comparing the different
information-based measures reveals R a better predictor of prediction skill tha andP P, especially
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when correlation-based metrics are used to evaluate mkilebs triangular relationship” emerges between
R and the model skill, namely that whdnis large, the prediction is likely to be reliable whereas wiie

is small, the prediction skill is much variable. A smallis often accompanied by a relatively weak ENSO
variability. The possible reasons wliyis superior toPI and PP as a measure of ENSO predictability will
also be discussed.

Stochastic modeling and parameterizations

Geoff Vallis (Princeton University) discussed about deti@istic and stochastic variability in the coupled
atmosphere-ocean-climate system. Geoff also presentedtarn the dynamics of the NAO and annular
modes with insight from stochastic models.

Prashant Sardeshmukh (Climate Diagnostics Center, CIRBBgrsity of Colorado and Physical Sci-
ences Division/ESRL/NOAA) discussed how to reconcile @@aussian climate statistics with linear dynam-
ics.

Juan Restrepo (University of Arizona) presented his rebaam stochastic parametrization of wave break-
ing.

Balasubramanya Nadiga (Los Alamos National Laboratorgguised stochastic parameterizations of
unresolved scales in geophysical large scale flows, in thiegbof large eddy simulations.

The immense number of degrees of freedom in large scalel&mtilows as encountered in the world
oceans and atmosphere makes it impossible to simulateftbesdn all their detail in the foreseeable future.
On the other hand, it is essential to represent these flovgemaaly accurately in Ocean and Atmospheric
General Circulation Models (OGCMs and AGCMSs) so as to imprihe confidence in these model compo-
nents of the earth system in ongoing effort to study climattits variability. Furthermore, it is very often
the case that in highly resolved computations, a ratherajsptionately large fraction of the computational
effort is expended on the small scales) whereas a largedraat the energy resides in the large scales. Itis
for these reasons that the ideas of Large Eddy Simulatiosf:Evherein the large scale unsteady motions
driven by specifics of the flow are explicitly computed, bwg #mall (and presumably more universal) scales
are modelled—are natural in this context.

Given the great interest in large scale geophysical flowss itstsmall vertical to horizontal aspect ratio,
we restrict ourselves to two-dimensional or quasi two-disienal flows. Previous models of the small
scales in how they affect the large scales in the momentumtieqs or equivalently the vorticity equation in
incompressible settings have mostly been confined to ameeldaddy viscosity or nonlinear eddy viscosity
like that of Smagorinsky or biharmonic viscosity. Given then-unique nature of the small scales with
respectto the large scales, the aforementioned use ofiiatstic and dissipative closures seem rather highly
restrictive. On the other hand, it would seem desirable tioadly represent a population of eddies that satisfy
overall constraints of the flow rather than make flow specifi@metric assumptions. This has led to recent
investigations of the possibility of using stochastic msses to model the effects of unresolved scales in
geophysical flows. More recently, subgrid scale (SGS) séiebiave been analysed in simple but resolved
flows as a possible way to suggest stochastic parameterizail hese efforts have been preceded, of course
by various attempts to model anomalies in geophysical flostesys as linear Langevin equations and the
analysis of stochastic models in isotropic and homogengwas dimensional turbulence.

Nadiga (with Jingiao Duan) analyzed the stochastic apfré@parameterization in the barotropic vor-
ticity equation and show that (i) if the stochastic parametdion approximates the SGS stresses, then the
stochastic large eddy solution approximates the “truelittmh at appropriate scale sizes; and that (ii) when
the filter scale size approaches zero, then the solutioredttichastic LES approaches the true solution.

Leslie Smith (University of Wisconsin) reported researahreduced models for wave and vortical inter-
actions in stochastically forced dispersive systems.

Timothy DelSole (George Mason University) presented higkven stochastic models of quasigeostrophic
turbulence.

Judith Berner (European Centre for Medium-Range Weatheedasts, UK) talked about stochastic
parametrizations for representing model error in weathdrimate models.

Jingiao Duan (lllinois Institute of Technology, Chicagdsh) discussed about a stochastic approach for
parameterizing unresolved scales in a simple system withexintegral memory term. When applying to
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more complicated systems relevant to climate dynamicsnioted that more physical mechanisms should be
incorporated.

Philip Sura (Climate Diagnostics Center, CIRES, Univgrsit Colorado and Physical Sciences Divi-
sion/ESRL/NOAA) talked about non-Gaussian SST variahilit

Paul Williams (University of Reading, UK) presented work moise-induced phenomena in low-order
stratospheric dynamics.

Recent advances in random dynamical systems

Kening Lu (Brigham Young University, USA) presented a newitrg result on multiplicative ergodic the-
orem for random dynamical systems in a Banach space. Thisheefoundation for further study of random
dynamical systems in infinite dimensions.

Bjorn Schmalfuss (University of Paderborn, Germany) tdlkbout stochastic partial differential equa-
tions models with dynamical boundary conditions. The rtssuiclude random attractors and asymptotic
dynamics.

Tomas Caraballo (Universidad de Sevilla, Spain) discuss@dhronization of a stochastic reaction-
diffusion system on a thin two-layer domain.

Hakima Bessaih (University of Wyoming, USA) discussed dlasiochastic shell model, i.e., the stochas-
tic Gledzer-Ohkitani-Yamada model. It is a simplified Feursystem. the topics include existence and
unigueness of invariant measure, non-viscous limit anchasgtic exponents.

Barbara Gentz (University of Bielefeld, Germany) discasaegeometric singular perturbation theory
with application to simple stochastic climate models. Tikia constructive approach to the quantitative de-
scription of the effect of noise on multiscale dynamicalteyss. This method, developed in collaboration
with Nils Berglund (CPT-CNRS Marseille, France), consistshe construction of small sets in which the
sample paths of the corresponding coupled system of stichiféerential equations are typically concen-
trated, and provides precise bounds on the exponentiatiyl pmobability to observe atypical behaviour.

A variant of Stommel’'s box model for the North-Atlantic theohaline circulation served as our key
example. We first showed how to estimate the effect of randastuhtions on the fast variable which
models the difference in temperature between boxes. Tlowslto study the reduced system for the slow
variable, modelling the difference in salinity between thexes. Depending on the freshwater flux, the
salinity difference may approach a bifurcation point. Irtlswa situation, due to noise, a transition to a
different stable regime may occur even before the detestigriifurcation point is reached. The presented
approach yields qualitative estimates on such transitineg and probabilities.
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The Many Strands of the Braid Groups
(07w5104)

Apr 22 - Apr 27, 2007

Organizer(s): Joan Birman (Barnard College, Columbia University), Ra&tiDehornoy
(University of Caen), Roger Fenn (University of Sussex)uifaan Jones (University of
California, Berkeley), Dale Rolfsen (University of BritisColumbia)

The meeting gathered mathematicians from nine countrieziBCanada, France, Great Britain, Japan,
Korea, New Zealand, Spain, United States. It was devoteeld®nt progress and new interactions involving
Artin’s braid groups (see below for a synopsis).

The very intense scientific program comprised thirty-twikdaof twenty-five and forty-five minutes,
plus a problem session, and a recollection of the work aedlifX.S.Lin (1957-2007), to whose memory
the meeting was dedicated. In order to take advantage ofatheections between talks, the schedule was
organized to provide homogeneous sessions, each devated frarticular aspect.

According to the feedback from most participants, the nngetias a great success. In particular, the
problem session opened promising perspectives for fugweldpments (see below).

The more detailed report below has four parts.

1. A mathematical synopsis of the scientific theme of the mget
2. The schedule of the talks and their abstracts.

3. The list of questions raised in the problem session.

4. The complete list of participants to the meeting.

Braid groups: definitions and results

The braid groups3,, were introduced by E. Artin in 1926 [1] (see also [2]). Theyd&deen of importance
in many fields — algebra, analysis, cryptography, dynantayslogy, representation theory, mathematical
physics — and many of these aspects were represented in R& wdrkshop. This workshop involved not
only leading experts in the field, but also, importantly, antwer of young researchers, postdoctoral fellows
and several graduate students. This made for an excitingéordhative mix of ideas on the subject. Female
mathematicians were well represented, and were amongatmtecontributors.

Many equivalent definitions

The importance of the braid groups is based, in part, on the/mvays in which they can be defined. Below
are six different definitions of the braid groups.

Definition 1: Braids as particle dances.Considern particles located at distinct points in a plane. To
be definite, suppose they begin at the integer pdints. ., n} in the complex plan€. Now let them move
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around in trajectories
B(t) = (Bi(t),...,Bu(t), Bi()eC, 0<t<1

A braid is then such a time history with the proviso that the parsielee noncolliding:

Bi(t) # B(t) if i
and end at the spots they began, but possibly permuted:

If one braid can be deformed continuously into another (igtothe class of braids), the two are considered
equivalent — we will say equal.

Braidsa and s can be multiplied: one dance following the other, each abtkepeed. The product is
associative but not in general commutative. The identityceds to stand still, and each dance has an inverse;
doing the dance in reverse time. These (deformation clagyesnces form the group,,.

A braid 5 defines a permutatioh — 3;(1) which is a well-defined element of the permutation group
3., This is a homomorphism with kernel, by definition, the suhgrP, of purebraids. P,, is sometimes
called thecoloredbraid group, as the particles can be regarded as havingtidenor colors.P, is of course
normal inB,,, of indexn!, and there is an exact sequence

1—- P, > B, >, — 1

Definition 2: Braids as strings in 3-D.This is the usual and visually appealing picture. A braid lsan
viewed as the graph, or timeline, of a braid as in the first d&fm drawn in real:, y, t-space, monotone in
thet direction. The complex part is described as usuat byy+/—1. The product is then a concatenation of
braided strings.

This viewpoint provides the connection with knots. A braidlefines a knot or link3, its closure, by
connecting the endpoints in a standard way so that no newingssare introduced. J. W. Alexander showed
that all knots arise as the closure of some braid and by a¢heof Markov (see [5] for a discussion and
proof) two braids close to equivalent knots if and only ifyttege related by a finite sequence of moves and
their inverses: conjugation in the braid group and a stadtilbn, which increases the number of strings.

Definition 3: B,, as a fundamental group of a configuration spaceln complexn-spaceC™ consider
the big diagonal

A={(z1,...,2n); 2z =2, some i<j}CC"

Using the basepoirit, 2, ...,n), we see that
P, =m(C"\ A).

In other words, pure braid groups are fundamental groupswiptements of a special sort of complex
hyperplane arrangemeritself a deep and complicated subject.

To get the full braid group we need to take the fundamentalgad theconfiguration spaceof orbits of
the obvious action of},, uponC”™ \ A. Thus

B, = m((C"\ A)/S,).
Notice that since the singularities have been removed,ritjegtion
C"\A — (C"\A)/%,

is actually a covering map. As is well-known, covering mapduice injective homomorphisms at the
level, so this is another way to think of the inclusibp C B,,.

Finally, we note that the spa¢€™ \ A)/%,, can be identified with the space of all complex polynomials
of degreen which are monic and havedistinct roots

p(z) = (z=r1)-- (2= 7n).
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This is one way in which the braid groups play a role in clessédgebraic geometry, as fundamental
group of the space of such polynomials.

Definition 4: The algebraic braid group. B,, can be regarded algebraically as the group presented with
generators,...,0,_1, Whereog; is the braid with one crossing, with the string at levetossing over the
one at level + 1 and the other strings going straight across.

These generators are subject to the relations

0i0; = 004, |Z—]| > 1,

00404 = 050,03, |Z—j|:1

We can take a whole countable set of generatqrs, ... subject to the above relations, to define
the infinite braid groupB... If we consider the (non-normal) subgroup generatedrhy .., o, 1, these
algebraically defind3,,. Notice that this convention gives “natural” inclusioBs C B,,+1 andP,, C P,41.

Definition 5: B,, as a mapping class groupGoing back to the first definition, imagine the particles are
in a sort of planar jello and pull their surroundings withrthas they dance about. Topologically speaking,
the motion of the particles extends to a continuous familjh@iheomorphisms of the plane (or of a disk,
fixed on the boundary). This describes an equivalence batWgend the mapping class @1,,, the diskD
with n punctures (marked points). That iB,, can be considered as the group of homeomorphisnis,of
fixing 9D and permuting the punctures, modulo isotopy fixhg U {1, ..., n}.

Definition 6: B,, as a group of automorphisms.A mapping classh|, whereh : D,, — D,,, gives rise
to an automorphism,, : F,, — F,, of free groups, becausg, is the fundamental group of the punctured
disk. Using the interpretation of braids as mapping clagbésdefines a homomorphism

B, — Aut(F,),

which Artin showed to be faithful, i. e. injective.
The generatos; acts as

—1. . . .o
Ti = TiTip1T; 5 Tigl —> Ty T = xy,  J A+ L

ThusB,, may be considered a group of automorphismslof(F,,) satisfying a condition made precise
by Artin.

Representations of the braid groups

One of the most active aspects of braid theory is the studineat representations. A major breakthrough
has been the proof in 2000 by S. Bigelow [4] and D. Krammer [df5{he long-standing conjecture that
Artin’s braid groupsB,, are linear groups. That is, there exists a faithful repriegem of B,, in a finite-
dimensional linear group. The Lawrence—Krammer represient that provides a linear representation of
B,, has dimensiom(n — 1)/2. After the result was established, considerable efforte lteeen made to
better understand the algebraic underlying socle on wiietlrépresentations arise. The general question is
to identify the non-trivial finite-dimensional quotientstbe group algebr& B,,, on the shape of the Iwahori—
Hecke algebra investigated in the past decades. The ggaigl@dophy is: the bigger the quotient algebra,
the better the results. Until recently, the biggest knovgehta was the Birman—Murakami—Wenz| algebra
[7].

I. Marin discussed the image of representations of the lgr@idps and certain generalizationgii (V)
and showed that their images are Zariski-dense. This hasrtang algebraic consequences, discussed in his
abstract listed below.

By way of representations which are not linear, F. Casteéresd certain faithful representationsigf in
mapping class groups of surfaces. He showed that in some,skase constitute all the possible embeddings,
utilizing Nielsen-Thurston theory of surface automorpissand rigidity of the embeddings involved.
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Applications to knot theory

The most obvious applications of braid theory are to theystidknots. About two decades ago, work of V.
Jones [10] established a new powerful knot invariant viaesgntations of3,,. This work led to exciting
and unsuspected connections with operator theory, statishechanics and other aspects of mathematical
physics. It was also generalized to the so-called HOMFLYBlympomial, the Kauffman polynomial and a
plethora of other knot invariants.

An outstanding open question is whether the Jones polyraiacts the unknot. In other words, if the
Jones polynomidlk (t) of a knotK is trivial, does it imply thatX” is unknotted? The corresponding question
for links of two or more components was settled very recebylyEliahou, Kauffman and Thistlethwaite
[10], who displayed infinite families of links with the samengs polynomial as the unlink, but which are
nontrivially linked.

It is also well-known that there are many examples of distkmots with the same Jones (and HOM-
FLYPT) polynomial, using various techniques: Conway motata construction of Kanenobu (producing
an infinite family with common Jones polynomial), etc. H. Mwor showed that, in the presence of extra
symmetry, mutant knots have satellites which (unlike kimoigeneral) also cannot be distinguished by their
HOMFLYPT polynomials. Representation theory providedttha for Morton’s proof.

J. Birman spoke of the fascinating connection between aiogamily of knots which arise in dynamical
systems, called Lorenz knots, and number theory. Thess eyt originally studied as closed trajectories of
a 3-dimensional dynamical system defined by the meteorsti&giLorenz in 1963, contained in a celebrated
“strange attractor.” Work by Etienne Ghys, showing that/thgse in a certain “modular flow” has inspired
renewed interest in this family of knots. A wonderful expiasi of this is in [13].

Knot homology theories

It was shown recently by Khovanov that the Jones polynonaiake considered as a sort of Euler characteris-
tic of a homology theory related to a given knot. Several eftdiks focussed on Khovanov theory, including
a presentation by L. Watson of knots which cannot be distsigad by their Khovanov homology and a proof
of a functoriality property by S. Morrison. Przytycki det@d a relationship between Khovanov homology
and the more classical Hochschild homology theory. Anoteeent, and very fruitful, development in low-
dimensional topology is Heegaard-Floer homology. Oritjyrdefined using methods of complex analysis, a
new combinatorial version of this homology theory was pnésé by D. Thurston at the meeting.

Three-dimensional manifolds and TQFT’s

Topological quantum field theory was codified by Atiyah [3dawitten [16] in 1988. Witten showed that
the Jones polynomial, originally defined using represématof the braid groups, could also be expressed
as a certain configuration space integral. One of the mosbritapt tools in the study o3-manifolds is
the Casson invariant(1/), defined by A. Casson for any integral homologsgphereM. The original
definition by Casson in 1984 involved countis@/ (2) representations of the fundamental group\6f G.
Kuperberg and D. Thurston showed, in 1999, how to expkéa$) as a configuration space integral. Other
new invariants of manifolds have been devised using TQFThats, and the connection between TQFT
and braid theory remains an active area of research. Loagespd configuration spaces were shown at the
meeting by T. Kohno to be instrumental in developing newiiraras of knots and links.

Finite-type invariants, following Vassiliev, have beerrerely important in the study of knots and 3-
manifolds. C. Lescop presented surgery formulas for fityipe invariants associated with rational homology
3-spheres, that is, orientable 3-manifolds with trividiomal homology in dimension one.

Braids, combinatorics and algorithms

A very active area which was well-represented at the confereoncerns ideas surrounding Garside’s 1969
solution to the word and conjugacy problems in the braid gsdd2]. An equivalent way of describing the
framework is to introduce the notion of a Garside groupoidd} catgeory where all arrows are invertible).
Technically, an extended Garside structure is specifiedxiynaatizing the intervalsa, aA] of a Garside
monoid, whereA is a Garside element. The main interest of this extendedewark is to make it possible
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to define completely new Garside structures on braid groupsé;-possibly, on more general mapping class
groups, but this remains a conjecture. The constructiatsstath considering the braid group,, as acting
on a disk withn punctures, as in Definition 5 above.

Now, the new ingredient is to adgdmarked points on the boundary circle. By considering certail
decompositions of such "bi-punctured” disks (puncturethminterior and on the boundary) up to isotopy,
one obtains a lattice and, under a convenient version of Bétatf-twist in which the boundary punctures
are shifted, one obtains an action of the braid gréjpon that lattice. In the casg = 2 (only the North
and the South poles of the disk are marked), the action islgitrgnsitive, and one obtains the standard
Garside structure oB,,. Forq > 3, the action is not transitive, and one obtains a completely structure.

In particular, for¢ = 3 (3 punctures on the boundary disk), the lattice can be de=trexplicitly, and,
surprisingly enough, the famous MacLane pentagon showandy,more generally, the intervals aA] are
closely related with the Stasheff associahedra. This opemsw, fascinating connection between Artin’s
braid group and Richard Thompson’s groups, and certainlgtnnoore is still to come.

The word and conjugacy problems in the braid groups have iitapce for their role in public key cryp-
tography. It is well known that the complexity of the word plem in the braid groug,, is (|W|?n), where
|W| is word length andh is braid index, whereas all solutions to the conjugacy pobknown at this time
are exponential. Codes have been designed which are baskd assumption that the conjugacy problem
is fundamentally exponential, so a polynomial solutionht® tonjugacy problem would be of major impor-
tance. J. Gonzalez-Meneses outlined an ambitious progwétn,J. Birman and V. Gebhardt, to develop a
polynomial-time algorithm to solve the conjugacy problembraid groups, as well as the closely-related
conjugacy search problem.

Generalizations of the braid groups

Because of the many definitions of the braid groups, thergaieus natural ways to generalize them, some
of which have far-reaching applications. Several such geizations were considered in the BIRS workshop,
namely Artin groups (an algebraic generalization), magmiass groups (also known as modular groups),
configuration spaces and their algebraic properties.

Artin groups and reflection groups

Deligne [13] and Brieskorn-Saito [6], introduced a familywreferred to as Artin groups, which generalizes
the braid groups and is also closely related to the so-céltedeter groups which arise in the study of Lie
groups and symmetries of Euclidean space. For a fixed pesittegern, consider am by n matrix M =
{mi;}, wherem,;; is a positive integer oso, with the assumption that;; = m;; > 2 andm;; = 1. The
corresponding Artin group has a presentation with genesata . .., z,, and, for each pait, j there is a
relation:

a:l-xjxi QRS IinSCj e

where the product on each side has length (m;; = oo indicates no relation is present). If one adjoins
relationsz? = 1, the result is the so-called Coxeter group corresponditige@iven matrix.

In this context, thex + 1 by n + 1 matrix with entries equal to 3 just above and below the diayjand
2 in entries farther from the diagonal, corresponds exdotihe braid group,,; in this case the Coxeter
group is the symmetric group,,. The Artin groups for which the corresponding Coxeter grisuinite are
an important subclass, referred to as “spherical.” As whth lbraid groups, Artin groups of spherical type
correspond to fundamental groups of configuration spacsexided to hyperplane arrangements.

The finite Coxeter groups can be considered as groups of tieflecof R", acting on configuration
spaces, as described in Definition 3 for the case of the braighg. Periodic elements in the sphrical Artin
groups were described at the meeting by D. Bessis. B. Widkhed algorithmic solutions of the conjugacy
problem in an important class of Artin groups, called righgled as their corresponding reflection groups
involve right angles.
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Mapping class groups

The mapping class groull od(S) of an orientable surfacé is well-known to be generated by Dehn twists
about simple closed curves fi An important subgroup of this is the Torelli subgroup, dstiisg of (classes
of) homeomorphisms which induce the identity on the homglof.S. In particular, the subgroui’ of
Mod(S) generated by twists along separating curveS,afalled the Johnson kernel, lies in the Torelli sub-
group. An important advance in our understanding of thisilfaof groups was described by D. Margalit,
who gave an explicit calculation of the cohomological disien of the Torelli group. Another aspect which
promises to be quite fruitful was discussed by D. Kraamen siowed that the Torelli groups can be ana-
lyzed using a structure similar to that used by Garside teesthle conjugacy problem in braid groups.

J. Marché’s talk dealt with so-called quantum represénatof M od(S), showing that asymptotically
they are faithful, converging in a certain sense to the spaoegular functions on a certain character variety.

Surface braid groups, string links and orderings

If S is a Riemann surface, one can consider braids in the produgtwaith an interval, just as classical
braids are defined over the disk. This defines surface braidpgiB,,(S), codified by Fox and Neuwirth
[11] in 1962. Many aspects of these surface braid groupstélract well understood. It is known that the
only surfaces whose braid groups contain elements of finderare the sphere and projective plane. At the
conference J. Guaschi and D. Goncalves described theintreoepilation of exactly which finite groups
which can occur as subgroups of the braid group of the sphere.

String links are another generalization of braid groupsyiich the strands are no longer required to
be monotone in the “time” direction. Just as braids, they t@ynultiplied by concatenation, but they no
longer form a group, as inverses do not always exist. N. Hgéregnd X.-S. Lin (in whose memory the
conference was dedecated) showed that under J. Milnorismof link homotopy, in which one allows
strands to pass through themselves but not each otheg $itrtks do form a group. They also derived an
algorithm for comparing string links. The student K. Yurasicaya discussed her recent work, showing that
the groups of homotopy string links can be endowed with atstoital ordering which is invariant under
left-multiplication. This was inspired by the celebrategdult of P. Dehornoy that the classical braid groups
are left-orderable. Another student, A. Clay, presentsdairk showing the seemingly paradoxical result
that, although the Dehornoy ordering is discrete (in thesseaf orderings), certain important subgroups —
for example the commutator subgroup®f are order-dense, under the same ordering. An important open
question is whetheB,, (.9) is left-orderable for surfaces of positive genus.

The above discussion is just a sample of the progress in tira@y discussed at the BIRS conference.
Further details may be found in the abstracts which are diedow.

The talks

General organization

As mentioned above, we managed to organize, as much as lpossimogeneous sessions. Roughly speak-
ing, the themes were as follows:

- Monday morning: applications of braids to knot theory (Bs3

- Monday afternoon: algebraic properties of braids (4 falks

- Tuesday morning: connections with Heegard and Floer hogyo4 talks),

- Tuesday afternoon: geometric aspects of braids (5 talks),

- Wednesday morning: Garside’s theory of braids (4 talks),

- Thursday morning: braids and mapping class groups (4)talks

- Thursday afternoon: more on Garside’s theory (4 talks),

- Friday morning: geometric and ordered aspects of braidsikg).

Schedule

Here is the complete schedule and the abstracts of the talks.
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Monday

9:15-9:45

10:00-10:25
11:00-11:45
12:00-12:25

14:45-15:30
16:00-16:25
16:45-17:30
17:45-18:10

Tuesday

9:00-9:45

10:00-10:25
10:50-11:35
11:45-12:30

14:45-15:30
16:00-16:25
16:35-17:00
17:10-17:35
17:45-18:10

Wednesday

9:00-9:45

10:00-10:25
10:50-11:35
11:45-12:30

Thursday

9:00-9:45

10:00-10:25
11:00-11:45
12:00-12:25

14:45-15:30
16:00-16:25
16:45-17:30
17:40-18:05

20:00-21:30
Friday
9:00-9:25
9:40-10:05

10:30-10:55
11:00-11:25

Five-day Workshop Reports

Recollection of X.Lin and his work, by Joan Birman
H.Morton, Mutants with symmetry

H.Murakami, On a generalization of the volume conjecture
G.Zhang, Concordance crosscap humber of a knot

P.Dehornoy, Alternating normal forms of braids

A.Clay, Normal subgroups of the braid groups and the Dehpondering
J.Guaschi & D.Goncalves, Finite subgroups of the spheiid graups
S.Humphries, Subgroups of braid groups generated by pa#&shn twists

J.Przytycki, Two—braid intersection of Hochschild and Kaweov homologies
L.Watson, Knots with identical Khovanov homology

D.Thurston, Combinatorial Heegard—Floer homology fortknada grid diagrams
S.Morrison, Functoriality for Khovanov homology &7

C.Lescop, Surgery formulae for finite type invariants ofaaal homology3—spheres
W.Menasco, A calculus for Legendrian and transversal knots

R.Fenn, Welded braids, links, their configuration spacelscdner properties
H.Matsuda, A calculus on links via closed braids

J.Birman, Lorenz knots, templates and closed braids

D.Krammer, A Garside type structure on the Torelli group

D.Margalit, Dimension of the Torelli group

D.Bessis, Periodic elements in spherical type Artin groups

J.Gonzalez—Meneses, A project to find a polynomial solutiche conjugacy problem
in braid groups

J.Marché, On asymptotics of quantum representations pping class groups via skein theory
K.Kawamuro, Braid index and algebraic crossing number

F.Castel, Rigidity of the representations of the braid griouthe mapping class group
S.Kamada, On braid presentation of knotted surfaces anehthredoping monoidal quandle

S.Lee, Translation numbers in Garside groups

E.Lee, Super summit property of abelian subgroups of Gaigidups

I.Marin, Generalized braid groups as Zariski-dense supgofG Ly

B.Wiest, The conjugacy problem in right—angled Artin gre@md their subgroups

Problem session

E.Kin, The ratio of the topological entropy to the volume pseudo—-Anosov braids
T.Kohno, Loop spaces of configuration spaces and link invasi

E.Yurasovskaya, String links and orderability

D.Rolfsen, Ordered groups and pseudo-Anosov maps
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Abstracts

Here are (in alphabetic order by speaker surname) the atsstfthese talks.

SpeakerDavid Bessis(Ecole Normale Supérieure, Paris, France)

Title: Periodic elements in spherical type Artin groups

Abstract: In the braid group on n strings, the classificatibiperiodic elements (elements with a central
power) follows from a classical theorem of Kerekjarto. Wagalize this to the other spherical type Artin
groups and obtain a complete description of periodic elésyémeir conjugacy classes and their centralizers.
A key ingredient is a categorical reformulation of a theotgnBestvina.

SpeakerJoan Birman (Columbia University, New York, USA)

Title: Lorenz knots, templates and closed braids

Abstract: Lorenz knots were first defined in a 1983 paper ttodt Williams and | wrote. They arise as the
periodic orbits in the flow associated to solutions to a palér ODE in 3-space which has since become a
paradigm for chaos. They are of renewed interest right navalxee of work by Etienne Ghys, who proved
that the identical family of knots (and their defining ‘terat@d’) are as the closed orbits in the classical mod-
ular flow on the complement of the trefoil knot.

Speakerfabrice Castel(Université de Dijon, France)

Title: Rigidity of the representations of the braid group in the piag class group

Abstract: In 1995, Perron and Vannier proved that the memtifom the braid group into the mapping class
group of an orientable surface, that sends the generatding difraid group on Dehn twists, is injective. We
show that under some restrictions on the genus, the emlg=ld@tween these two groups arise all from the
embedding defined by Perron and Vannier. Using the rigidisush embeddings, one can for instance com-
pute the group of automorphisms of the braid group as welhagtoup of automorphisms of the mapping
class group. The proof of the theorem is based on Nielsemstdnutheory and of a simultaneous action of
the mapping class group on itself, on the complex of curvesoarthe complex of subsurfaces.

SpeakerAdam Clay (University of British Columbia, Vancouver, Canada)

Title: Normal subgroups of the braid groups and the Dehornoy ordagri

Abstract: The braid groups admit a left-ordering, disceddsy Dehornoy, which is discrete as an ordering. |
will show that normal subgroups interact with the Dehornodensing in such a way that “nearly all” normal
subgroups of the braid groups are densely ordered with cespéhis ordering. In particular, some popular
normal subgroups—such as the commutator subgroup andkefrike Burau representations—can be easily
analyzed. This is joint work with Dale Rolfsen.

SpeakerAlissa Crans(Loyola Marymount University, Los Angeles, USA)—talk catled due to illness

Title: Analogues of self-distributivity

Abstract: This is joint work with Scott Carter, Mohamed Eifdadi, and Masahico Saito. Self-distributive
binary operations have appeared extensively in knot theascent years, specifically in algebraic structures
called ‘quandles.” A quandle is a set equipped with two birgrerations satisfying axioms that capture the
essential properties of the operations of conjugation imaau@ The self-distributive axioms of a quandle
correspond to the third Reidemeister move in knot theorusThuandles give a solution to the Yang-Baxter
equation, which is an algebraic distillation of the thirdidReneister move. We formulate analogues of self-
distributivity in the categories of coalgebras and Hopgal@as and use these to construct additional solutions
to the Yang-Baxter equation.

SpeakerPatrick Dehornoy (Université de Caen, France)

Title: Alternating normal forms of braids

Abstract: We describe new types of normal forms for braid aids, Artin-Tits monoids, and, more gen-
erally, all monoids in which divisibility has some convenii¢attice properties (“locally Garside monoids”).
We show that, in the case of braids, one of these normal founns out to coincide with the normal form
introduced by Burckel and deduce that the latter can be ctedmasily. This approach leads to a new, simple
description for the canonical well-order Bf! in terms of that of3;"_, which, in turn, leads to unprovability
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statements for certain games involving braids.

SpeakerRoger Fenn(University of Sussex, Brighton, GB)

Title: Welded braids, links, their configuration spaces and otheperties

Abstract: Configuration spaces of the classical braids ai kmown. A configuration space for welded
braids is given with a suggestion for possible invariants.

Speaker:Daciberg Lima Goncalves(Universidade de Sao Paulo, Brazil) ®hn Guaschi(Université de
Toulouse, France)

Title: Finite subgroups of the sphere braid groups

Abstract: It is well known that the sphere braid groups(S?) have torsion elements. Such elements were
characterised by Murasugi. In this talk, we classify thedisubgroups of3,,(S?). Our work is partly mo-
tivated by the study of the generalisation of the Fadell\Meth short exact sequence for pure braid groups
to the ‘mixed’ subgroups of the full braid groups. By givingpdicit constructions, we prove that for all
n > 3, B,(S?) contains subgroups isomorphic to the dicyclic groups o&ote and4(n — 2). It follows
that B,,(.5?) contains two non-conjugate copies of the quaternion grdwpder8 for all n > 4 even, one

of which lies in the commutator subgroup Bf,(S?), the other not. Finally we classify the finite subgroups
of B, (S?): the maximal finite subgroups d#,,(S5?) are either cyclic, dicyclic or binary polyhedral groups
(their realisation depending or). Two corollaries of this classification are: a) the binagtrahedral group

is a subgroup of3,,(5?) for all n > 4 even; b) ifn is odd then the finite subgroups B%,(5?) are cyclic or
dicyclic.

SpeakerJuan Gonzalez-Menese@University of Seville, Spain)

Title: A project to find a polynomial solution to the conjugacy peshlin braid groups

Abstract: This is a joint work with Joan S. Birman and Volkeelfhardt. We present a project to find a
polynomial solution to the conjugacy decision problem amal ¢tonjugacy search problem in braid groups,
whose outline is the following. First we need to determiredleometric type of the braids involved, that is,
to classify a given braid as periodic, reducible or pseud@gdv. In the periodic case, we give a polynomial
solution by using some Garside structures of the braid graumgol of Artin-Tits groups of type B. In the re-
ducible case, one needs to find the reducing curves, andoedsdvie the question of finding the generators of
the centralizer of a braid. In the pseudo-Anosov case, we $loev one can simplify the situation by taking
powers of the original braids, and reducing the problem éoctbnjugacy search problem for “rigid” braids.
We will present our achievements, together with the opeblpros that remain.

SpeakerStephen Humphries(Brigham Young University, Utah, USA)

Title: Subgroups of braid groups generated by powers of Dehn twists

Abstract: LetF' =< zq,...,x, > be the free group on generators and le®, =< Ajg,..., A1 >

be the pure braid group with its standard (Dehn twist) genesa We identify F,, with the subgroup

< Aipt1,---, Ay > of Py, We are interested in the related questions: (1) when is greup of

F,, which is generated by a set of powers of conjugates,of. ., z,,, of finite index in F,,; and (2) when

is a subgroup of’,, which is generated by a set of powers of conjugated @f. .., A,,_1 5, of finite in-
dex in P,? For example, we give necessary and sufficient conditiona feubgroup ofP, of the form

< AfH,..., A7 > to have finite index inP,. The answer to question (1) involves Schur’s theory of
S-rings.

SpeakerSeiichi Kamada(Hiroshima University, Japan)

Title: On braid presentation of knotted surfaces and the envegppionoidal quandle

Abstract: We introduce a method to describe a knotted seiifad-space by a sequence of braids, Alexan-
der’s and Markov’s theorem in dimension 4. It is natural tgaml such a sequence as an element of the
enveloping monoidal quandle in the sense of Kamada and Mhaitisu

SpeakerKeiko Kawamuro (Rice University, Houston, USA)
Title: Braid index and algebraic crossing number
Abstract: | will discuss a conjecture that the maximal Bequie number of a knot is realized at its minimal
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braid representatives.

SpeakerEiko Kin (Tokyo Institute of Technology, Japan)

Title: The ratio of the topological entropy to the volume for psetAitosov braids

Abstract: We consider two invariants of pseudo-Anosov nrapplasses. One is the dilatation of pseudo—
Anosov homeomorphisms and the other comes from the volumepping tori. Both invariants measure a
kind of complexity of pseudo—Anosov mapping classes. Thepimay class group on the-punctured disk is
identified with then—braid group up to full twist braids, and it makes to sensepak of the dilatation and
the volume for pseudo—Anosov braids. We are interested éation of these two invariants, the dilatation
and the volume. In this talk we focus on the ratio of the lotani of the dilatation namely the (topological)
entropy to the volume. We show that there is a constan®) such that the ratio of the entropy to the volume
for the pseudo—Anosd+braids is greater than We also extend this result for a family of pseudo—Anosov
braids with many strands. This is a joint work with Mitsuhikakasawa (Tokyo Institute of Technoloty).

SpeakerToshitake Kohno (University of Tokyo, Japan)

Title: Loop spaces of configuration spaces and link invariants

Abstract: Itis know by F. Cohen and S. Gitler that the homplofthe loop spaces of configuration spaces of
ordered points in the Euclidean space is a graded algebredddy infinitesimal pure braid relations. Based

on this result we give a description of a link homotopy ingatias an integral of de Rham cohomology class
of the loop space of a configuration space.

SpeakerDaan Krammer (University of Warwick, GB)

Title: A Garside type structure on the Torelli group

Abstract: In 1969, Garside solved the word and conjugacylpros for braid groups. We now say that
he proved braid groups to be Garside groups. In 1998 anotheside structure on the braid group was
discovered by Birman-Ko-Lee (BKL).

A well-known class of groups generalising braid groups laessurface mapping class groups. The Torelli
group of a surface is the subgroup of the mapping class grbthmee elements which act trivially on the
first homologyH, (S, Z) of the surface.

I will present a Garside type structure on the Torelli groltgdepends on the choice of a lexicographic
total ordering onH (S, 7). It is a close relative of the BKL Garside structure on thedgaoup.

It is not precisely a Garside structure for a number of resson

(1) Rather than as a group, it should be regarded as a groupaise object set looks a lot like a topo-
logical space;

(2) The distinguished path between two points in generabhasfinite number of intermediate stops in
a mild way.

Still, the most important properties of Garside groupshsasthe grid property, still hold.

SpeakerEon-Kyung Lee (Sejong University, Seoul, Korea)

Title: Super summit property of abelian subgroups of Garside ggoup

Abstract: Garside groups provide a lattice-theoretic gaimation of braid groups and finite type Artin
groups. In the talk, we show that for every abelian subgrupf a Garside group, some conjugate! Hx
consists of super summit elements. Using this property,agvghat the centralizer off is a finite index
subgroup of the normalizer di. Combining with the results on translation numbers in Gergiroups, we
obtain an easy proof of the algebraic flat torus theorem fosi@a groups.

SpeakerSangjin Lee (Konkuk University, Korea)

Title: Garside groups and translation numbers

Abstract: The translation number of an element in a combiatgroup is defined as the asymptotic word
length of the element. The discreteness properties oflatimis numbers have been studied for geometric
groups such as biautomatic groups and hyperbolic groupsGHnside group is a lattice-theoretic generaliza-
tion of braid groups and Artin groups of finite type. In thitktave discuss recent results on the discreteness
properties of translation numbers in Garside groups, aeid #pplications to the conjugacy problem.
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SpeakerChristine Lescop (Université of Grenoble, France)

Title: Surgery formulae for finite type invariants of rational hdomy 3-spheres

Abstract: | wish to present four graphic surgery formulae tfte degreen part Z,, of the Kontsevich-
Kuperberg-Thurston universal finite type invariant ofeatl homology spheres. Each of these four formulae
determines an alternate sum of the foE}CJV(—l)WZn(MI) whereN is a set of disjoint operations to be
performed on a rational homology spheérg andM; denotes the manifold resulting from the operations in
1. The first formula treats the case whahis a set of2n Lagrangian-preserving surgeriesl{agrangian-
preserving surgeryeplaces a rational homology handlebody by another sudiowitchanging the linking
numbers of curves in its exterior). In the second formdlas a set of: rational surgeries on the components
of a boundary link. The third formula deals with the casenfsurgeries on the components of an alge-
braically split link. The fourth formula is fo2n surgeries on the components of an algebraically split link
in which all Milnor triple linking numbers vanish. In the easf homology spheres, these formulae can be
seen as a refinement of the Garoufalidis-Goussarov-Pobyakarison of different filtrations of the rational
vector space freely generated by oriented homology spliepds orientation-preserving homeomorphisms).

SpeakerJulien March é (Université Paris 7, France)

Title: On asymptotics of quantum representations of mapping gamsgs via skein theory

Abstract: We explain a simple proof of the asymptotic faithess of quantum representations of the map-
ping class group of a surface The idea is to show that in some sense, the quantum repatis@stconverge

to the representatioH (S), where H(S) is the space of regular functions on the character variety of
SL(2,C).

SpeakerDan Margalit (University of Utah, USA)

Title: Dimension of the Torelli group

Abstract: In joint work with Mladen Bestvina and Kai-Uwe Buxe prove that the cohomological dimension
of the Torelli group for a closed surface of genuat least2 is equal to3g — 5.

Speakerivan Marin (Université Paris 7, France)

Title: Generalized braid groups as Zariski-dense subgroups bf;

Abstract: Embeddings of every (irreducible) sphericgetirtin group in somé& Ly have been described in
recent years. We show that these embedings have Zarisked®age, and use this to prove group-theoretical
results on Artin groups. In particular we show that theseigsare residually torsion-free nilpotent, and com-
pute their Frattini and Fitting subgroups. We also geneeadi classical result of D. Long which says that
normal subgroups of braid groups which are not included éncnter intersect non-trivially. The density
result is based on a simple interpretation of these embgdd@isa monodromy representations, that we shall
describe if time permits.

SpeakerHiroshi Matsuda (Columbia University, New York, USA)
Title: A calculus on links via closed braids
Abstract: We improve “Markov Theorem Without Stabilizatiamf Birman and Menasco.

SpeakerWilliam Menasco (University at Buffalo, USA)

Title: A calculus for Legendrian and transversal knots

Abstract: Using an extended example of the Etnyre-Hond® &bling of the (2,3) torus knot we discuss a
calculus of isotopies associated with Legendrian and wesal knots in the standard contact structur§of
(Joint work with Douglas Lafountain, University at Buffalo

SpeakerScott Morrison (University of California, Berkeley, USA)

Title: Functoriality for Khovanov homology if®

Abstract: (Joint work with Kevin Walker.) I'll tell you whdtmean by the Khovanov homology of a knot in
53 (as opposed to the usuBP). We can show that Khovanov homology is still functorialliistcase, but it
takes a bit more work beyond checking the 15 movie moves nfedéunctoriality in B3.

SpeakerHugh Morton (University of Liverpool, GB)
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Title: Mutants with symmetry

Abstract: Mutants with certain extra symmetry, for exanple pretzel knotd (a4, ..., ar) with £ and all

a; odd, can be shown to share many more of their Homfly sateflitariants than is the case for a general
mutant. The proofs make use of representation theory oftquasi(N') modules.

SpeakerHitoshi Murakami (Tokyo Institute of Technology, Japan)

Title: On a generalization of the volume conjecture

Abstract: The volume conjecture says that the large N lirhthe N-colored Jones polynomial of a knot
evaluated at théV-th root of unity would determine the volume of the knot coemeént. In this talk we will
consider what happens if we change the evaluation.

SpeakerJozef Przytycki (George Washington University, Washington DC, USA)

Title: Two-braid intersection of Hochschild and Khovanov homisg

Abstract: We show that Khovanov homology and Hochschild blogy theories share common structure. In
fact they overlap: Khovanov homology of 2 n)-torus link can be interpreted as a Hochschild homology of
the algebra underlining the Khovanov homology. In the it@adsase of Khovanov homology we prove the
concrete connection. In the general case of Khovanov-Ré®asi(n), homology and their deformations we
conjecture the connection. The best framework to explorédmas is to use a comultiplication-free version
of Khovanov homology for graphs developed by L. Helme-Goiaad Y. Rong and extended herei6-
reduced case, and in the case of a polygon to noncommutédiseras. In this framework we prove that for
any unital algebral the Hochschild homology ofl is isomorphic to graph cohomology ovérof a polygon.

SpeakerDale Rolfsen(University of British Columbia, Vancouver, Canada)

Title: Ordered groups and pseudo-Anosov maps

Abstract: This is a report on work in progress regarding figddrderings of groups invariant under a given
automorphism. One goal is to show that for a pseudo-Anosaveloonorphism of a surface, there is an
ordering of the surface group invariant under the actiorhefinduced mapping. This would imply the bi-
orderability of fundamental groups of hyperbolic 3-matdwhich fibre over the circle.

SpeakerDylan Thurston (Barnard College, Columbia University, New York, USA)

Title: Combinatorial Heegaard-Floer homology for knots via gridgiams

Abstract: We give a combinatorial definition of Heegaardeflhomology. In particular, this yields a very
simple algorithm for computing the knot genus. Our methdabised on grid diagrams, a representation for
knots that, with restrictions on the allowed moves, alstdgieransverse or Legendrian knots or closed braids
up to isotopy.

Speakerliam Watson (Université du Québec Montréal, Canada)

Title: Knots with identical Khovanov homology

Abstract: While it is well know that mutation is not detectgdthe Jones polynomial, it is presently unknown
if mutation of knots preserves Khovanov homology. In thik tae will present a technique for producing

pairs of distinct knots that cannot be distinguished by Kdmmw homology. As an application, this construc-
tion may be applied to produce families of examples of mypant that have identical Khovanov homology.

SpeakerBert Wiest (Université de Rennes, France)

Title: The conjugacy problem in right-angled Artin groups and ttseibgroups

Abstract: We prove that the conjugacy problem in right-adgArtin groups and a large class of their sub-
groups can be solved in linear time. This concerns in pdatiall graph braid groups. Some of this talk is
joint work with J.Crisp, some with J.Crisp and E.Godelle.

SpeakerEkaterina Yurasovskaya(University of British Columbia, Vancouver, Canada)

Title: String links and orderability

Abstract: The group of homotopy classes of string lifk&:) has first been described by Nathan Habegger
and Xiao-Song Lin in 1990 and provided the main tool to cfgsénks up to link-homotopy. Since then

H (k) became an object of interest in itself. | shall disci&g:) as an example of orderable groups appearing
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in topology.

SpeakerGengyu Zhang(Tokyo Institute of Technology, Japan)

Title: Concordance crosscap number of a knot

Abstract: We define the concordance crosscap number of adsnibite minimum crosscap number among
all the knots concordant to the knot. The four-dimensionaéscap number is the minimum first Betti num-
ber of non-orientable surfaces smoothly embedded in 44usineal ball, bounding the knot. Clearly the
4-dimensional crosscap number is smaller than or equaktedhcordance crosscap number. We construct
two infinite sequences of knots for which the 4-dimensioma& i strictly smaller than the concordance one.
In particular, the knot, is one of the examples.

The problem session

The problem session on Thursday night was a great momenthMlethat the following list, which grew
out of the discussion and was subsequently elaboratedjiosnery interesting and deep problems.

Question 1 Famous open question Is it true that if two elements”df,, do not commute, then they
generate a free group?

Question 2Joan S. Birman What are the (interesting) finite quotient®8,g? Find a constructive proof
of the known fact that the braid group, are residually finite. That is, a proof that produces (irggng)
finite quotients ofB3,,.

Question 3J6zef H. Przytycki What if we adjoin the relatief = 1 andA* = 1 to B,,? (For whichn,

p is the quotient finite?)

Question 4Dan Margalit LetB” be the subgroup aB,, fixing the firstk punctures. Note thag® = B,

B} = A(B,), B»~! = B" = PB,. What isAut(BF)? (The answer is known in the aforementioned cases
[Dyer-Grossman, Ivanov, Charney-Crisp, Bell-Margaliell-Margalit proved thatdut(B~) surjects onto
Aut(B¥/Z(BF)), i.e. the automorphism group can exchange any of the fixedtpras with the boundary

of the disk.

Question 5Dan Margalit Define théth term of term of the Johnson filtration to be the kernel ofrttep
B,, — Aut(F, /F¥), whereF?* is thekth term of the lower central series 6F,. What is this filtration? Note
that the first two terms arB,, and PB,,. (Proposed generating set: push punctures about elenfefifs)o

Question 6lvan Marin What is the topological closure of the Lawrencedimer representation éf,,,
depending on the two complex parameters?

Question 7Joan S. Birman An open problem is whether there is a solutiothé conjugacy search
problem in the braid groups which is polynomial both in thairindex and word length of a braid. If one
wishes to use the Nielsen-Thurston classification, therbgusestion concerns its complexity. We suggest as
a starting point to compute the complexity of the existingpaithms to decide the Nielsen-Thurston type of
a braid. If it turns out that none of the existing algorithnaséthe desired polynomial properties, we suggest
that this problem be studied.

Question 8Patrick Dehornoy Lef\/,, be the incidence matrix for the standard greedy normal fafm o
braids, i.e., the matrix with rows and columns indexed byrpeation braids such that thie, y)-entry is1 if
(z,y) is left weighted, and otherwise. Is the spectrum éf,, included in the spectrum a¥/,,.,? (true for
n < 13; ref: J. Combinatorial Th. Series A; 114 (2007) 389-409.)

Question 9Juan Gonzalez-Meneses What is a pseudo-Anosov elementAntia-Tits group? (There
are natural definitions of reducible and periodic elememthése groups, but pseudo-Anosov ones are just
defined as “none of the above”. Some Artin-Tits groups embgxthe braid group, so this can give a partial
answer. The others embedffy. So the question could be: What is a pseudo-Anosov elemdriif?nBut a
general answer would be much better.)

Question 10Stephen Humphries Does the Artin-Tits groig embed inAut(F,,) for somen? (A
positive answer would solve the previous question, sinceleament ofEs would be pseudo-Anosov just as
maps to an infinite order, irreducible automorphisn¥pj

Question 11Dale Rolfsen Are spherical type Artin-Tits groups left-erdble? (true provided it is true
for Es)



The Many Strands of the Braid Groups 153

Question 12Ivan Marin Do the exceptional type pure spherical ArtinsTgroups admit non-abelian free
normal subgroups?

Question 13lvan Marin Can they be decomposed as an iterated semi-giredtict of free groups?

Question 14Fabrice Castel What is the kernel of the standard embeddinggin-Tits groupsEs, Er
and Es in a mapping class group? What are the outer automorphisthesé groups?

Question 15Dan Margalit LetB* be the subgroup a8, fixing the firstk punctures. Note that® = B,

Bl = A(B,), B*~! = B" = PB,. What isAut(B¥)? (The answer is known in the aforementioned cases
[Dyer-Grossman, Ivanov, Charney-Crisp, Bell-Margaliell-Margalit proved thatdut(B~) surjects onto
Aut(BE/Z(BE)).

Question 16Seiichi Kamada Is there an algorithm to decide if two givetuples of elements of a group
G are in the same orbit under the Hurwitz action®f on G™? (specially forG = B,, andG = MCG(X))

Question 17Daciberg Lima Goncalves For which integers< n is B,,(5?%) a subgroup of3,,(5?)?
Form = 3 itis known to be true if and only if. = 0,2 (mod 3).

Question 18Daan Krammer Luis Paris proved that Artin monoids embed gntups, but his proof is
rather indirect. Distill a combinatorial proof from his rheds.

Question 19Daan Krammer Is every Garside group linear? (Guess: nojl éémbinatorial necessary
conditions for a Garside group to be linear (more precidelyjt to have a faithful representation over a
totally ordered field which realises the Garside structure)

Question 20Daan Krammer One of the equivalent definitions of Garsideigsqnamely, the grid prop-
erty) is a combinatorial analog of convex sets in real vesparces, or equivalently, in real hyperbolic space.
Weaken Garside groups by modelling them on convex sets iplnhyperbolic space.

Question 20lvan Marin Is the Frattini subgroup of a Garside group alwiiygal/central?

Question 21Dale Rolfsen Assum& is a surface of positive genus. B, (X) left orderable? P, (%) is
bi-orderable]

Question 22Joan Birman Can one find a bound on the volume of the compleofi@ntorentz knot?

Question 23Hugh Morton Let us regard a Lorentz knot as a framed knot (kytéimplate); describe a
Lorentz pattern as a framed pattern in the standard annylircluding the Lorentz pattern in the annulus.
If a Lorentz knot is a satellite, is it constructed as a siedlf a Lorentz knot using a Lorentz pattern? (the
satellite of any Lorentz knot using a Lorentz pattern is gsva Lorentz knot).

Question 24Roger Fenn Are there interesting polynomials that are iamés of welded links (other than
the Alexander...)? R

Question 25Dale Rolfsen Is there a practical algorithm to decide forads whethers is fibred?

Question 26Michel Boileau What are the positive braid presentationa ¢érus knot? (think of the
Lorentz presentations)

Question 27Michel Boileau Let® be a closed surface, a pseudo-Anosov homeomorphismdaf Then
%% 81 has arepresentation iaS L(2, C) which induces a representatipof 71 (3) in PSL(2,C). Consider
H, (%) with coefficients twisted by*. Look at the action of on H; (X). It is described by a matri’/ ()
which is nontrivial. What doe8/(y) say about the dynamics of?

Question 28Patrick Dehornoy Can one (fruitfully) use self-distritugtisystems that are not racks in knot
theory? (In other words: algebraic systems that encodeian@e under Reidemeister move lll, but not
necessarily move Il; comment: highly non-trivial exampdésuch systems are known.)
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Chapter 15

New Applications and Generalizations of
Floer Theory (07w5010)

May 13 - May 18, 2007

Organizer(s): Octav Cornea (Universite de Montreal), Viktor Ginzburg {(émsity of
California Santa Cruz), Ely Kerman (University of lllinasUrbana-Champaign), Francois
Lalonde (Universite de Montreal)

Overview of the Field

In the mid-eighties, Vladimir Arnold made several seminahjectures which predicted that the number of
fixed points of Hamiltonian diffeomorphisms, and more gatigintersection points of Lagrangian subman-
ifolds, should be greater than the bounds that one obtaims $tandard differential topology, [Ar]. These
conjectures signaled the beginning of the study of symiglémpology and motivated much of the remarkable
progress which has taken place in this active field durindritezvening years.

One of the most important outcomes of this activity was AadrEloer’'s development of his homology
theory, [FI1, FI2, FI3, Fl4, FI5]. In essence, Floer themyaiset of techniques which makes it possible to
extend certain aspects of the Morse theory of finite-din@radimanifolds to infinite dimensional examples.
Within symplectic topology, Floer used Gromov’s notion sépdo-holomorphic curves to develop the Morse
theory of the variational principles which underlie the Hiomian fixed-point and Lagrangian intersection
problems. Instead of considering the total gradient flonhefd¢orresponding functionals, Floer theory uses
only those gradient trajectories with finite energy. It ieéfls great insight that these trajectories can be
viewed as perturbed holomorphic curves, and that, undetgaiassumptions, Gromov’s compactness theo-
rem provides the space of finite energy trajectories witratgebraic structure necessary to construct a chain
complex whose homology is (an often rich) invariant. Witls ttemarkable new tool, Floer proved some of
the most significant of Arnold’s conjectures under certajpological hypotheses.

The ground-breaking methods developed by Floer have hasfauprd influence on many areas of mathe-
matics and mathematical physics. They have been appliég t6ang-Mills functional by Floer and Donald-
son, and most recently to Seiberg- Witten theory in the wdtkronheimer and Mrowka. Another primary
example of this influence is Heegaard Floer theory of OszaathSzabo which is a prominent new tool in
low dimensional topology. Symplectic versions of Floerdhehave also had a profound influence on other
areas. For instance, the new and rapidly developing fieldriofgstopology is deeply related with the Floer
homology of cotangent bundles and the symplectic field theéunit cotangent bundles via the work of
Viterbo, Salamon-Weber, Abbondandolo-Schwarz and Qelelatchev.
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State of the field and open questions

Floer homology is still the most important tool in sympledbpology. Recently, there has been a great deal
of activity in the field to generalize Floer theory and to gpiplin new ways and in new settings. Many of
these efforts focus on the analytic underpinnings of Flbeoty with the intention of overcoming several
natural restrictions of the original theory. Other effartsicern applications of the rich algebraic structures
of Floer theories, which arise from its compactness statésn&here is also a great effort to utilize the ideas
of Floer theory to address new questions in Hamiltonian dyioa and symplectic rigidity. This workshop
brought together researchers at the forefront of many sitldevelopments.

Presentation Highlights
The following sixteen talks were delivered at the meeting.

A non-displaceable Lagrangian torus inT*S?
Peter Albers

Abstract: Leonid Polterovich exhibited a beautiful Lagyim torus irl"*S? and asked if this torus is Hamil-
tonianly displaceable. In joint work with Urs Frauenfeldes prove that the Lagrangian Floer homology
does not vanish, indeed equals the singular homology obtlus t In particular, this gives a negative answer
to Polterovich’s question. In the talk, we will describe tanstruction of the Lagrangian torus and present
the computation of the Lagrangian Floer homology which sdoleon an symmetry argument.

An exact sequence for symplectic and contact homology
Frederic Bourgeois

Abstract: Given a symplectic manifoldV, w) with contact type boundarfM/, £), one can define the sym-
plectic homology of(W, w) and the linearized contact homology @¥/, &) with respect to its filling. We
introduce a Gysin-type exact sequence relating theseiamtarand describe one of the maps therein in terms
of rational holomorphic curves in the symplectization( 8f, £). This is joint work with Alexandru Oancea.

Floer-Novikov homology and Lagrangian embeddings in the cangent bundle
Mihai Damian

Abstract: We use a non-Hamiltonian version of Floer theorgdtablish some obstructions on the existence
of exact Lagrangian embeddings in the cotangent bundle @ rdfold which fibers over the circle.

Intersection rigidity in symplectic topology: some rigid sts are more rigid than the others
Michael Entov

Abstract: A central and well-known rigidity phenomenon ym®lectic topology says that certain sets in
symplectic manifolds cannot be displaced by a Hamiltonsatapy (even though they can be displaced by
a smooth one). The talk will concern an hierarchy of intetisacrigidity properties of sets beyond such a
non-displaceability by a Hamiltonian isotopy: as it turng,csome sets cannot be displaced by symplec-
tomorphisms (including non-Hamiltonian ones!) from moetssthan the others. | will also present new
examples of rigidity of intersections involving, in parilar, specific fibers of moment maps of Hamiltonian
torus actions, monotone Lagrangian submanifolds (fobhmathe previous work of Peter Albers) as well as
certain, possibly singular, sets defined in terms of Poiggonmutative subalgebras of smooth functions.

The results are based on the machinery of partial symplgutisi-states. These are certain real-valued
non-linear functionals on the space of all continuous fiamst on a closed symplectic manifold which are
constructed by means of the Hamiltonian Floer theory anadfvbonveniently encode a part of information
contained in it.

This is a joint work with Leonid Polterovich.

Trivial Curves in Symplectic Field Theory
Oliver Fabert
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Abstract: Unlike trivial cylinders themselves, branchegers of trivial cylinders might come with the right
index to contribute to the algebraic invariants of SFT. Hegreone has to add abstract perturbations to the
Cauchy-Riemann operator, using e.g. the polyfold theoridbfer, Wysocki and Zehnder, before counting
these curves. Using obstruction bundles we prove that thétieg relative virtual moduli cycles are zero. In
particular, we show how to deal with the codimension one ldamynof moduli spaces of punctured curves in
order to define Euler numbers for Fredholm problems. It fediohat the differential in SFT is indeed strictly
(1) decreasing with respect to the natural action filtration

Rabinowitz’s action functional for very negative line bundes
Urs Frauenfelder

Abstract: This is joint work with Kai Cieliebak. The motivan for this work comes from an alternative
attempt to prove the Arnold conjecture, avoiding abstractysbation theory. We consider a very negative
line bundle over an integral symplectic manifold. Such a lindle is itself a symplectic manifold allowing a
Hamiltonian circle action coming from rotations in the fibréts Marsden-Weinstein quotient is conformally
symplectomorphic to the base symplectic manifold. Rabitmsvaction functional is a Lagrange multiplier
functional whose critical points lie in the Marsden-We@istquotient and project down to critical points
of the action functional of classical mechanics. If the Imandle is negative enough there are generically
no holomorphic spheres in the line bundle so that Rabin&néetion functional has better compactness
properties than the action functional of classical meatgni

Normally polynomial perturbation : revisited
Kenji Fukaya

Abstract: In this talk | will explain the first half of Chapt8rof our book on Lagrangian Floer theory written
jointly with Oh, Ohta, and Ono. There the construction okfiftd A-infinity algebras over the integers is
given for semi-positive Lagrangian submanifolds. The nrt of the construction is to use single-valued
abstract perturbations of the Kuranishi map of the Kurarsstucture constructed on the moduli space of
pseudo-holomorphic discs. Various techniques are usetthifopurpose including representation theory of
groups, real algebraic geometry, and the Whitney stratificaf vector bundles over a stack.

The Generalized Weinstein-Moser Theorem and Periodic Orlis of Twisted Geodesic Flows
Basak Gurel

Abstract: The Weinstein—Moser theorem asserts the existefha certain number of distinct periodic orbits
of an autonomous Hamiltonian flow on a symplectic Euclideaaice on every energy level near a non-
degenerate extremum. A similar question is of interest aslideen extensively studied in the case where
the Euclidean space is replaced by any symplectic manifuddtlae non-degenerate extremum at a point is
replaced by a Morse-Bott non-degenerate symplectic extnem

Along these lines, in a recent joint work with Viktor Ginzlgymwe prove the existence of periodic or-
bits of an autonomous Hamiltonian flow on all energy levelarreMorse—Bott non-degenerate symplectic
extremum of the Hamiltonian, provided that the ambient fimdchimeets certain topological conditions.

As an immediate application of the generalized Weinsteiosé theorem, we establish the existence of
periodic orbits of a twisted geodesic flow on all low energxels, provided that the “magnetic field” form is
symplectic and spherically rational.

In this talk | will discuss these results and outline the frafdhe main theorem.

Gluing pseudoholomorphic curves along branched covered tinders
Michael Hutchings

Abstract: We discuss how to glue together two pseudoholphiocurves in the symplectization of a contact
3-manifold together with an index zero branched cover dkanvariant cylinder between them. The number
of such gluings is given by a count of zeroes of a certain gaaf an obstruction bundle over a noncompact
moduli space of branched covers. We obtain a combinataniaddla for this count. We deduce thé&t = 0

in embedded contact homology. (joint work with Cliff Taubes
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From Monopoles to curves on manifolds with cylindrical ends
Yi-Jen Lee

Abstract: | will describe an extension of Taubes$lW — Gr” theorem in the context of manifolds with
cylindrical ends. The key new ingredient of the proof is atineste of the Seiberg- Witten “topological
energy”, which grows linearly with—the parameter of perturbation—for langeln fact, its asymptotic slope

is preciselyl/4x of a Gromov notion of energy by Bourgeois-Eliashberg-Ha#isocki-Zehnder. This
technical result is useful for a program towards the prodhefequivalence of Seiberg-Witten and Heegaard
Floer homologies.

Spectral invariants in Lagrangian Floer homology
Remi Leclercq

Abstract : We generalize the spectral invariants introduneY.-G. Oh and M. Schwarz to the case of La-

grangian intersections Floer theory. They are the homoédgbunterpart of Lagrangian spectral invariants of
higher order that we also introduce. We provide a way tortistish one from the other via a purely topolog-

ical object and estimate their differences in terms of a gggamquantity. We show that this property induces
interesting corollaries regarding the homological inaats. Finally, we show that they carry strictly more

information than their homological counterpart, even ia liorse case, by making explicit computations in
a particular case.

A structure equation for moduli spaces of holomorphic discs
Klaus Mohnke

Abstract: The moduli spaces of holomorphic discs with baugicn a Lagrangian submanifold define an
element in the String Topology algebra of the submanifokis Element satisfies an equation similar to the
Maurer-Cartan equations. This was observed and explojtéd BFukaya. He pointed out that this element
can be viewed as a flat connection, and applications ariseeipplies gauge theoretic arguments. | will try
to shed some light on these ideas.

Monotone Lagrangian tori in CP™
Felix Schlenk

Abstract: We construct many (abadiy) different monotone Lagrangian tori iiP". This is work joint with
Yuri Chekanov.

The ring isomorphism between the pair-of-pants and the ChasSullivan product
Matthias Schwarz

Abstract: This joint work with Alberto Abbondandolo estables an explicit ring isomorphism between
Floer homology on cotangent bundles with the pair-of-pantsluct and the Chas-Sullivan product on the
free loop space. We consider also the more general caseaflidmology for paths with conormal boundary
conditions.

Floer field theory and Lagrangian correspondences
Katrin Wehrheim

Abstract: In joint work with Chris Woodward we prove an isampleism of Floer homologies for embed-
ded composition of Lagrangian correspondences. This igolnigm is obstructed by a novel type of bubble,
which can however be excluded in monotone settings. Thimasphism is the crucial step in building a
symplectic 2-category whose morphism spaces are Dondleiskaya-type categories of (generalized) La-
grangian correspondences and Floer homology classes. |géleraic structures are defined by counts of
“pseudoholomorphic quilts”. We also obtain a “categorifiza 2-functor”. One application is a general
machinery for constructing new topological invariants bgaciating smooth Lagrangian correspondences to
“simple morphisms” (e.g. 3-cobordisms or tangles with origcal point) and checking that the Cerf moves
(which connect equivalent decompositions into simple rhmms) correspond to embedded composition of
Lagrangian correspondences.
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Exact triangles for fibered Dehn twists
Chris Woodward

Abstract: Seidel proved an exact triangle for Dehn twistSlaer homology which is a key ingredient in his
computational algorithm for computing the Fukaya categdyefschetz fibrations. | will discuss a general-
ization of this triangle to the case of fibered Dehn twistgigasted by Seidel-Smith, and its applications to
exact triangles for various Floer theories suctb&gn) knot homology. The proof uses pseudoholomorphic
quilts. This is joint work with Katrin Wehrheim.

Outcome of the Meeting

The talks given at the workshop represented a broad rangese&rch programs which concern or utilize
Floer homology.

Various aspects of the analytic underpinnings of Floer mheeere addressed in the talks of Fabert,
Fukaya, Hutchings, and Lee. Kenji Fukaya presented thetla@velopments in his joint work with Oh,
Ohta and Ono to use Floer theory to associate a filtdr&dalgebra to a semi-positive Lagrangian subman-
ifold. This construction plays a major role in the field of kir Symmetry. In his talk, Fukaya described a
new approach to the transversality problem for the undaglgipaces of holomorphic curves, which uses a
variety of techniques. Michael Hutchings presented a n@equure for enumerating the number of ways of
gluing holomorphic curves in symplectizations along bretR-invariant holomorphic cylinders of index
zero. This is animportant step in his joint project with Tasibo construct Embedded Contact Homology and
to prove that it agrees with an appropriate version of SgiWitten Floer homology. In particular, this gluing
result implies that the square of the differential is zera.a@0elated topic, Oliver Fabert presented a proof that
branched-invariant holomorphic cylinders of index zero do not cimite the differential Symplectic Field
theory. One important implication of this result is that thiferential preserves the action filtration Yi-Jen
Lee presented new energy estimates which will play a cruaialin her program to relate the Seiberg-Witten
and Ozsvath-Szabo Floer theories.

In another direction, Urs Frauenfelder described a joinjgmt with Kai Cieliebak aiming at making use
of Rabinowitz’s action functional to overcome analyticfidiflties in the proof of Arnold’s conjecture.

The talks of Bourgeois, Leclercq, Mohnke and Schwarz desdrinew applications and constructions
involving the algebraic structure of Floer theory. Fred&ourgeois described his joint work with Oancea to
construct an exact sequence relating the symplectic hayaba symplectic manifold with the linearized
contact homology of its boundary. Remi Leclercq outlinedoastruction of new spectral invariants for
Lagrangian manifolds generalizing spectral invariantéagrangian Floer homology. The talk of Klaus
Mohnke focused on the structure of the string theory algebelLagrangian submanifold, generalizing its
Lagrangian Floer homology. Matthias Schwarz describecamorphism between the ring of Hamiltonian
Floer homology of a cotangent bundle and the homology of dlo@ lspace of the base equipped with the
Chas—Sullivan product.

The talk of Felix Schlenk concerned his joint project witheBanov to construct and classify monotone
Lagrangian tori, which are central objects in the study afriamgian Floer homology. Peter Albers reported
on a new computation of Lagrangian Floer homology, obtaimitd Urs Frauenfelder, which is relevant to
recent work of Eliashberg, Kim, and Polterovich.

There were also several talks concerning new applicatibR&er homology to Hamiltonian dynamical
systems and symplectic intersection phenomena. Basal @esented a solution, obtained in collaboration
with Viktor Ginzburg, of an old problem of Arnold concernittte existence of periodic orbits for low energy
charged particles moving in a nondegenerate magnetic fididai Damian described new obstructions to
exact Lagrangian embeddings into cotangent bundles @ataising Floer homology for symplectic maps
which are not isotopic to the identity. Michael Entov dissed a hierarchy of symplectic intersection results,
obtained, together with Leonid Polterovich, using thewlyedeveloped theory of partial symplectic quasi-
states.
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Introduction

The focus of this workshop was the mathematics associateécgwiarray of cutting edge problems in polymer
physics and molecular biology showing promise for immeslabgress at the interfaces between mathemat-
ics and the physical and life sciences.

The first targeted area concerns the presence of knotting\# D living cells at a steady-state level
lower than the thermodynamic equilibrium expected for aesysin which inter-segmental passages within
long DNA molecules occurs at random. Can one develop a sgsieapproach to understanding the wide
range of potential topoisomerase mechanisms and theiicapph in diverse settings? Is there a selective
topoisomerase mechanism by which knotting is kept belowpaltmical equilibrium or are there specific
constraining mechanisms promoting this relaxation of &Adthe study of the characteristics of the equilib-
rium now include geometric, spatial, and topological atgp#tat may be implicated in these mechanisms as
well as the characteristics of polymers, for example unuetat conditions. Computational, experimental and
theoretical aspects of this area were featured in many githgentations and discussions.

The second targeted area concerns the mathematicaltisétiand computational tools under develop-
ment for the study of knotting and linking of open and closextromolecules. One example is the collection
of strategies developed to quantify and characterize tt@ngiement, e.g. knotting and linking, of open
macromolecules which show promise for practical applicatf polymers. Another is the development of
different methods for the selection of random equilatesdygons, with respect to the natural measure on the
space of equilateral polygons. With efforts to quantify @eviange of new spatial features of these random
equilateral polygons, greater care is necessary in ordégrwonstrate that the selection process is sufficient
to provide statistically accurate estimations of critigahntities. Still another concerns the methods used to
identify the topological type of the knotted polygons. Marfyhese methods are based on calculations of the
Alexander polynomial or the more recent Jones and HOMFLYpaials. While these have worked well
to date, research questions are now moving into the rang&Qtf édges (or Kuhn statistical segments) and,
therefore, many thousands of crossings in a generic profecstill another, distinct, computational thrust
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concerns efforts to achieve optimal spatial configuratishen measured by the ropelength. With effort by
several teams, this work faces challenging theoreticatantputational obstacles.

The third focus is the application of the theory and methdusva to the study of macromolecules in
confined geometries, for example polymers between two lpaphnes as in models of steric stabilization
of dispersions or in DNA molecules contained in a capsid. idamlecules so confined exhibit significantly
different average and individual structures in comparisith those in free environments. Effective confining
arises in the case of macromolecules that have specific plidlic and hydophilic regions or when regions
have restricted flexibility or torsion. While, in generaheomight expect that much is now known concerning
the knotting of macromolecules in such environments, itlfdie is known rigorously and many fundamental
guestions appear to be beyond immediate reach, both thedhebr via numerical studies.

Knotting in DNA and polymers

One of the key themes of this workshop was the focus upon tpédations of experimental results in the
context of theoretical models to understand them and thwejisiplogical implications. Setting the theme,
Lynn Zechiedrich’s opening session described the role of knotting on genetilwm by leading to a sig-
nificant increase in mutation. DNA must be long enough to dedor the complexity of an organism, yet
thin and flexible enough to fit within the cell. The combinatif these properties greatly favors DNA colli-
sions, which can tangle the DNA. Despite the well-accepteggnsity of cellular DNA to collide and react
with itself, it is not clear what the physiological conseqoes are. When cells are broken open, the clas-
sified knots have all been found to be the mathematicallyestang twist knots. These remarkable knots
can have very high knotting node numbers (complexity), lntlze untied in only one strand passage event.
Zechiedrich’s group used the Hin site-specific recombamasiystem to tie twist knots in plasmids in E. coli
cells to assess the effect of knots on the function of a gemetkblock DNA replication and transcription.
In addition, knots promote DNA rearrangements at a rate éoders of magnitude higher than an unknot-
ted plasmid. These results show that knots are potentialig,tand may help drive genetic evolution. The
enzymes that untie knots are the type Il topoisomerases. tHeyvcarry out their function to unknot and
not knot DNA is largely unknown. Although domains of typedpbisomerases have been crystallized and
the atomic structures solved, no complete, intact, actiayme structure is known and no co-crystals with
DNA have been obtained. Zechiedrich’s group used electrypongicroscopy (CryoEM) to generate the first
three-dimensional structure of any intact, active typ@fidisomerase. The data suggest a simple one-gate
mechanism for enzyme function.

Jennifer Mann described how human topoisomerasevltesolves DNA twist knots in a single step.
Cellular DNA knotting is driven by DNA compaction, topoisenization, replication, supercoiling-promoted
strand collision, and DNA self-interactions resultingfréransposition, site-specific recombination, and tran-
scription. Type Il topoisomerases are ubiquitous, esakatizymes that inter-convert DNA topoisomers to
resolve knots. These enzymes pass one DNA helix througlihanby creating an enzyme-bridged transient
break. How type Il topoisomerases accomplish their unkmpfieat is a central question. Will a type I
topoisomerase resolve a DNA twist knot in one cycle of a@i&ach crossing reversal performed by a type
Il topoisomerase requires energy. Within the cell, DNA lenatight be pulled tight by forces such as those
which accompany transcription, replication, and segiegathus increasing the likelihood of DNA damage.
The results show DNA knots can be lethal and promote mutstidherefore, it would be advantageous for
type Il topoisomerases to resolve DNA knots in the most efficmanner. Mann’s data show that purified
five- and seven-noded twist knots are converted to the uriignbtiman topoisomerasedl with no appear-
ance of either trefoils or five-noded twist knots which areimediates if the enzyme acted on one of the
inter-wound nodes.

Dorothy Buck presented a topological model that predicts which knotslarkg are the products of
site-specific recombination. Buck described the topolofijav DNA knots and links are formed as a
result of a single recombination event, or multiple rounfigoocessive) recombination events, starting with
substrate(s) consisting of an unknot, an unlink, ¢2.a:)-torus knot or link. The model relies on only three
assumptions and Buck provided biological evidence for ed¢hese assumptions. This talk presented the
biological background, evidence, and applications of tloelehthat was further explored in the talk of Erica
Flapan. The biological determination is accomplished bgcdbing the topology of how DNA knots and
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links are formed as a result of a single recombination ewgmhultiple rounds of (processive) recombination
events, starting with substrate(s) consisting of an unkarotinlink, or a2, n)-torus knot or link.

Giovanni Dietler reported on the properties of knotted DNA in respect to tlitecat exponents and the
localization of the knot crossings. He showed that probalty universality classes exist in this case and
that localization of the knot crossings could explain theviyg of the topoisomerases. Gel electrophoresis
of DNA knots was discussed and simulations as well as expatisnwere presented in which the knot com-
plexity and its topology play an essential role. Some hygnagnics experiments with knots were presented
at the end.

Mathematical, statistical, and computational methods

Discussing models employed in modeling DNA molecufdsxander

Vologodskii put the attention on the discrete worm-like chain, a calefakted model that leads to a reliable
analysis of enzymatic topological transformations. Finstdescribed what exactly can be computed by the
method, and how the computational results can be used ta festicular model of the enzyme action used
in the simulation. He showed how two kinds of experimentahdzn be compared with the simulation
results and discussed the major assumptions and thebtetges of the approach. Then the key elements of
the simulation were briefly considered. This general dpson of the approach was illustrated by specific
examples.

Hue Sun Chandescribed the statistical mechanics of how recognitioncdill DNA juxtaposition geom-
etry may underlie the unknotting and decatenating actidrgp® 1l topoisomerases. Topoisomerases may
unknot and decatenate by recognizing specific DNA juxtajmos. The statistical mechanical viability of
this hypothesis was investigated by considering latticel@®of single-loop conformations and two-loop
configurations of ring polymers. Using exact enumeratiors lonte Carlo sampling, the statistical rela-
tionship between the local geometry of a juxtaposition af thain segments on one hand, and whether a
single loop was knotted or whether two loops were linked gligton the other was determined; and it was
ascertained how the knot/unknot topology and global ligkirere altered by a topoisomerase-like segment
passage at the juxtaposition. Presented results showesktiraent passages at a “free” juxtaposition tend to
increase knot probability but segment passages at a “hégkddposition cause more transitions from knot
to unknot than vice versa, resulting in a steady-state kradigbility far lower than that at topological equi-
librium. Similarly, the selective segment passage at hdgletapositions can lower catenane populations
significantly. A general exhaustive analysis of 6,000 défe juxtaposition geometries showed that the abil-
ity of a segment passage to unknot and decatenate corrstedegly with a juxtaposition’s “hookedness.”
Most remarkably, and consistent with earlier experimentsype 1l topoisomerases from different organ-
isms, the unknotting potential of a juxtaposition geomaétrthe presented model correlates almost perfectly
with its corresponding decatenation potential. These titaéime findings suggest that it is possible for type
Il topoisomerases to disentangle by acting selectivelyugtapositions with hook-like geometries.

Andrzej Stasiak presented another perspective on a model of selective ifitafibn of DNA topol-
ogy by DNA topoisomerases. The presented model tested {hethgsis that type || DNA topoisomerases
maintain the steady state level of DNA knotting below theti@dynamic equilibrium by acting as topolog-
ical filters that recognize preferentially certain geongairarrangements of juxtaposed segments, “hooked
relationships”. It was shown that such specificity can reisutwo interrelated topological consequences:
maintaining the steady-state knot probability level betbe/topological equilibrium and selecting a specific
way of relaxation of more complex knots. It was observed dditon, that local structures in random con-
figurations of a given knot statistically behave as analsdocal structures in ideal geometric configurations
of the corresponding knot types.

Mariel Vazquez contributed to the theme of modeling DNA topology simplifioa. Random cyclization
of linear DNA can result in knotted DNA circles. ExperimentsDNA confined inside P4 viral capsids have
found knotting probabilities as high as 0.95. A full destidp of the complicated knots remains unavailable.
Type |l topoisomerases unknot DNA very efficiently by penfiiamg strand-passage on DNA strands. Moti-
vated by these biological observations, Vazquez and @pllesstudied random state transitions in knot space
for all prime knots with 8 or fewer crossings and fixed lengithe main goal was to quantify unknotting
under different geometrical constraints. The long term go® understand the mechanism of action of type
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Il topoisomerases, and to characterize the knots extrdiciedthe P4 capsids. They used the Monte Carlo
based BFACF algorithm to generate ensembles of self-avpjablygons (SAP) itz with identical knot type
and fixed length. The BFACF algorithm produces a reduciblekishachain whose ergodicity classes are the
knot types. They performed random strand-passage on thesg kkomputed state transitions between knot
types, and steady-state distributions after repeateddsfpassages. Introducing different topological biases
resulted in various probability distributions. The largeaunt of knots used in their model made it possible
to gather additional information regarding knots and tpedjections. They computed minimal lattice knots,
and in some cases improve existing lower bounds. They at®saded other physical measures such as the
writhe and average crossing number. Finally, using an dlgorthat removes Reidemeister | and Il moves
simultaneously, they computed the average number of crgssiefore and after Reidemeister removal.

Christine Soteros discussed the asymptotics of knotting after a local straamb@ge. On the macro-
scopic scale, circular DNA can be viewed simply as a ring pay Experimental evidence indicates that
topoisomerases act locally in DNA allowing two strands @& BNA which are close together to pass through
one another (i.e. enabling a “local” strand passage) inradaldisentangle the DNA. This has inspired in-
vestigation of the following question about self-avoidpmlygon (SAP) models: Given a SAP with a fixed
knot type, how does the distribution of knots after a locedrstl passage depend on the initial knot type of
the SAP, the length of the SAP, and on the specific details@ftrand passage such as where the strand
passage occurs and the number of edges altered in the sassage? In 2000, graduate student M. Szafron
introduced a model of unknotted ring polymers in dilute Solufor which it is assumed that two segments of
the polymer have already been brought close together fquuhgoses of performing a local strand passage.
The conformations of the ring polymer are represented-eglge unknotted polygons containing a specific
pattern (designed to facilitate a strand passage in whiabtlxtwo segments of the polygon pass through
each other) on the simple cubic lattice. Based on the assamthiat each such SAP conformation is equally
likely, Soteros and Szafron investigated, both theorlyiegad numerically, the distribution of knots after a
strand passage has been performed at the location of thielgmettern. The talk reviewed the theoretical and
numerical (via Markov Chain Monte Carlo) results for thisaebwith emphasis on the asymptotic properties
asn increases. In addition, results for the extension of theehtwdother knot types such as the figure-eight
knot were presented.

Enzo Orlandini discussed the topological effects of knotting on the dyraroi polymers. Knots are
frequent in long polymer rings at equilibrium and it is nowlhestablished that their presence can affect
the static properties of the polymer. On the other hand, legpcal constraints (knots) influence also the
dynamical properties of a polymer. This has been shown ienteexperiments where the motion of a single
knotted DNA has been followed within a viscous solution amdhie presence of a stretching force. These
experiments raise interesting challenges to the theatetilerstanding of the problem, an issue that s still in
its infancy. As a first step towards the understanding of teelmnism underlying the mobility of a knot, the
relaxation and diffusion dynamics of flexible knotted ringgquilibrium under good solvent conditions was
investigated by Monte Carlo simulations. By focusing omm@iknots and using a knot detection algorithm
it was possible to monitor the diffusion in space of the kedtpart of the ring, and observe in time the
fluctuations of its length along the backbone. This idemtifienovel, slow topological time-scale, and to
show that it is related to a self-reptation of the knottedargFor open chains, knotted configurations do not
represent an equilibrium state any more. However, undéatsiei conditions (for example very tight knots
or quite rigid chains), knotted metastable states persisafvery long time and a statistical description of
their dynamical properties is then possible. By perfornoffgattice molecular dynamic simulations of a
semiflexible polymer, an estimate was obtained of the aecliaigg time and the stability of these states as
a function of the initial conditions (size of the initial kiy@and of the rigidity of the chain.

Carla Tesi discussed the probability of knotting of polygons underratshing force. Knots are prac-
tically unavoidable in long polymer rings and influence thgioperties. This has been witnessed by an
increasing number of experiments that can nowadays prabeetailed properties of knotted molecules. In
particular micro-manipulation techniques enable direeasurements of mechanical properties of a single
molecule, and it is also possible to probe the behavior dfcatly knotted DNA. It is becoming important
to study theoretically how, for example, the presence oblgical constraints (knots) can affect the me-
chanical or elastic responses of knotted molecules underrex{ forces. As a first step in this direction Tesi
and colleagues considered first the problem of looking at theentanglement complexity in ring polymers
can be affected by the presence of a tensile or contractive foA possible experimental realization of this
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problem could be bacterial (or mitochondrial) DNA in sotutiwith topoisomerases that are subjected to an
external force (AFM or optical tweezers) or to flow files (sh#aw for example). In this work stretched
ring polymers are modeled by polygons in the cubic latticegived by a fugacity coupled to its span along
a given direction. By performing extensive Monte Carlo dimions on this system they have been able to
estimate how the knotting probability and the knot speotg@ethds on the force strength, both in the extensile
and in the contractile regime. These findings were compartdracent rigorous results on similar models
of stretched polygons.

Isabel Darcy described the modeling of protein-DNA complexes in threaatisions using TopolCE
(Topological Interactive Construction Engine). ProtBINA complexes have been modeled using tangles.
A tangle consists of arcs properly embedded in a 3-dimeaslwall. The protein is modeled by the 3D ball
while the segments of DNA bound by the protein can be thoutis arcs embedded within the protein ball.
This is a very simple model of protein-DNA binding, but frohg simple model, much information can be
gained. The mainidea is that when modeling protein-DNAtieas, one would like to know how to draw the
DNA. For example, are there any crossings trapped by theiprobmplex? How do the DNA strands exit the
complex? Is there significant bending? Tangle analysisaaagtermine the exact geometry of the protein-
bound DNA, but it can determine the overall entanglemenhisf DNA, after which other techniques may
be used to more precisely determine the geometry. Knot@éogloped by Rob Scharein, is an interactive
3D program for visualizing and manipulating knots. Topot&HEs a subroutine within KnotPlot for solving
tangle equations modeling topoisomerase reactions.

Eric Flapan described the topological faces of the model for DNA knattéimd linking developed jointly
with Dorothy Buck. Flapan presented a topological modet giradicts which knots and links can be the
products of site-specific recombination. This is done bycdbmg the topology of how DNA knots and
links are formed as a result of a single recombination ewenmhultiple rounds of (processive) recombination
events, starting with substrate(s) consisting of an unkarotinlink, or a2, n)-torus knot or link. The model
relies on only three assumptions and we give biologicalexvig for each of these assumptions.

Alexander Grosberg described metastable tight knots as a worm-like polymeiseBan an estimate
of the knot entropy of a worm-like chain. Grosberg and cgless predict that the interplay of bending
energy and confinement entropy will result in a compact nieltdes configuration of the knot that will diffuse,
without spreading, along the contour of the semi-flexiblyper until it reaches one of the chain ends. The
estimate of the size of the knot as a function of its topolagitvariant (ideal aspect ratio) agrees with recent
experimental results of knotted dsDNA. Further experirakeists of these ideas were proposed.

Bertrand Duplantier discussed random linking of curves and manifolds. Dupdauptioposed a formal-
ism for evaluating random linking integrals of closed cwireR? or, more generally, manifolds iR, all in
relative motions. It is based on the existence of universahggtric characteristic functions for each closed
curve or manifold separately. It allows further averagingrdhe possible random shapes of those curves and
manifolds.

Tetsuo Deguchidiscussed the dynamics and statistical mechanics of lhdtig polymers in solution
using a simulations approach toward an experimental coafiom of topological effects. Deguchi described
how topological effects may give nontrivial results on thaamscopic behavior of ring polymers in solution
and how one can confirm them experimentally. Numerical etadas of some characteristic physical quan-
tities of the solution that can be measured in polymer expenis were presented. This study was strongly
motivated by recent experimental developments for syighmgsring polymers with large molecular weights.
Numerical results on dynamical and statistical propexifes dilute solution of ring polymers where topo-
logical constraints play a central role were presented. dbyinal quantities such as the diffusion constants
of ring polymers in solution and the viscosity of the ringhpuoer solution were discussed. These show their
difference from those of the corresponding linear polyméth the same molecular weights. Secondly, the
osmotic pressure of the ring-polymer solution reflects tipological interaction among ring polymers. It
was numerically evaluated in terms of the random linkingbaility. Thirdly, the mean square radius of
gyration of ring polymers under a topological constrairttjetr is one of the most fundamental quantities in
the physics of knotted ring polymers, can be measured indhttesing experiment. The single-chain static
structure factor, i.e. the scattering function, can be iobthexperimentally for ring polymers with fixed
topology, from which one derives the mean square radius Htmyn. It is therefore important to evaluate
numerically the scattering function of a knotted ring pogmn solution. Some theoretical and simulational
results on the scattering functions were discussed.
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Kenneth Millett discussed the problem of estimating the number of distojblbgical knot types and
their proportion in the space of (equilateral) polygonabtswith a fixed number of edges. For very small
numbers of edges, one knows the number of knot types and tiamags their proportion but, for larger
numbers of edges, only rough estimates are available. &stserive from Monte Carlo explorations of
the (equilateral) polygonal knot space and an analysisgusia HOMFLY polynomial as a surrogate for
the topological knot type. As a consequence, one is inealdatknowing how large a sample of knots is
needed to give a good estimate of the number of topologicat types as detected by distinct HOMFLY
polynomials. Some theoretical and experimental efforteeoning this question were discussed.

Rob Kusner discussed the geometric problems for embedded bands ir.spast as one can minimize
the ropelength for knotted or linked space curves, one cem rainimize the analogous “bandlength” for
smoothly framed curves, either within a framed isotopylas with a pointwise constraint on the framing
(which we view as a normal vector field along the correspogtdands). As a limiting case where the framing
for the bands is constant, one gets knotted or linked “ragsWia the plane, a flattened analogue of knotted
or linked “ropes” in space. Kusner showed that the bandreofytaceways grows at least as fast as the square
root of crossing number (recall that for ropes one had imstea three-fourths power) and that this power
is sharp. Kusner also commented on the shapes of length imingrraceways, and speculated on bands or
raceways as models for folded or packed proteins.

Atillio Stella discussed how the probability of realization of configuwas with specific knots in closed
random chains play a major role in topological polymer stat$ and in its applications to macromolecular
and biological physics. A problem of considerable curre¢riest is that of comparing the knot spectra
obtained for random models with those analyzed by electrastis for the DNA extracted from viral capsids.
This comparison should help in identifying specific meckars of knot formation in the biological context.
In the case of collapsed polymer rings, interest in the kpetsum is also enhanced by the recent discovery
that knots are fully delocalized along the backbone. Urtdading if, and up to what extent, topological
invariants can affect the globular state in such conditiera intriguing fundamental issue. An analysis of
extensive Monte Carlo simulations of interacting selfidireg polygons on cubic lattice was presented. The
results showed that the frequencies of different knotszedlin a random, collapsed polymer ring decrease
as a power (about -0.6) of the ranking order. This Zipf typdaof also suggests that the total number of
different knots realized grows exponentially with the chlingth. Relative frequencies of specific knots
converge to definite ratios for long chains, because of #ednergy per monomer and its leading finite size
corrections do not depend on the ring topology, while a aaditey correction only depends on the minimal
crossing number of the knots. This topological invariargesrs to play a fundamental role in the statistics
of collapsed polymers.

Jon Simondiscussed the problem of measuring tangling in a large fitaragstem. Imagine a protein
or other polymer filament (or several) entangled in some dizated way, perhaps with tens or hundreds of
crossings. Now imagine a second example with similarlydagtanglement. Can one say something useful
to distinguish the tangling in the two examples? For reddyigmall systems, topological knotting and linking
is a powerful tool, witness the success of “topological enalpgy”. But for large systems, calculating exact
knotting and linking may be computationally impracticdlgte are uncertainties in how to deal with open
filaments; and knowing that one is knot 10.156 and the othdi50Omight not tell us much about the physical
properties of the given system. Simon proposed that desgrénd quantifying tangling in large filament
systems should be one of the important next-stage problemthé field of physical knots. To describe
shapes of proteins (in static conformations), severahrebers have developed numerical descriptors based
on variations of Gausss linking-number integrals; thegerelated to average crossing number. Simon has
begun studying another modification of average crossingaauialled the average bridging number. This is
a simple idea, but when taken together with average crossimper, it seems to distinguish nicely between
different kinds of packings for long filaments. And there ears to be reasonable stability of the relationship
under random perturbations, so this approach may be usefsidtistical ensembles as well as for individual
conformations.

Jason Cantarellagave a talk intended as an (mostly expository) invitatiotheocommunity interested
in modeling large molecules to consider an alternate madiiead framework for their work: modeling large
macromolecules as divergence-free vector fields instead ofirves, polygons, chains, or tubes. From this
point of view, the actual topological knot type of a very largnd complicated curve will be seen as less
important than its average entanglement complexity. THeitdroduced this framework, reviewed some
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older results about the helicity of vector fields (which meas a kind of average linking number of integral
curves), outlined some speculative applications to maoteoules, and introduced some work in progress
reformulating the helicity of vector fields from a more mod@erspective. Cantarella’s reformulation of
helicity opens the possibility of constructing a family @féheralized helicity” integrals analogous to finite-
type invariants for knots.

Claus Ernst gave a summary of what is currently known about the topokdgispects of lattice knots
such as their length and curvature. The length as braidsascainsidered.

Eric Rawdon presented computer simulations to examine the equilibtangth of random equilateral
polygons with respect to different spatial quantities, antigular with respect to the total curvature and total
torsion of the polygons. Rawdon and colleagues use Markai¥lonte Carlo methods to determine likely
scaling profiles and error bars for the equilibrium lengtitekations

John Maddocksdiscussed the optimal packing of tube&ihandS?3, contacts sets iR?, and connections
with sedimentation dynamics.

Henryk Gerlach described the optimal packing of curves$h both families of circles and open curves.
Stuart Whittington reviewed some results about lattice models of ring polypferising on rigorous
asymptotic results about the knot probability as a functiblength, the topological and geometrical entan-
glement complexity and the relative frequency of occureswitdifferent link types. He discussed a number
of open questions. For instance, we know that the knot piibityapoes to unity exponentially rapidly as
the size of the lattice polygon goes to infinity but we know @étnothing (rigorously) about the constant
appearing in the exponential term. Similarly, although wew that all non-trivial link types where both
polygons are knotted grow at the same exponential rate, e kiothing about the sub-exponential terms.

Macromolecules in confined geometries

Javier Arsuagadiscussed the topological considerations of the integhasleus. During the early phase of
the cell cycle (GO/G1) chromosomes are confined to sphaggans within the nucleus called chromosome
territories. The position of these territories is impottiara number of biological processes (e.g. transcription,
replication and DNA repair) and has important implicatiomiuman genetic diseases, in cancer and in the
formation of chromosome aberrations after exposure to DEaling agents. Recently, a model has been
proposed for the interface region between territories inctvichromosomes overlap and intermingle. This
new model naturally raises the question of whether chromesare linked or not. Motivated by this problem
Arsuaga and colleagues investigated the linking of curmesonfined volumes. Arsuaga presented recent
results using the uniform random polygon model. First, willy, they showed that the linking probability
between a fixed closed curve and a random polygon of lengttreases as — O((%)%). Next, numerically
that the linking probability between two polygons of lengithandm increase ad — O((%)%). They
extended these results to the case when two polygons hawxlatermined overlapping volume (as is the
case in experimental observations). Arsuaga concluddd avidliscussion of potential extensions to other
polymer models and biological implications.

Buks Janse van Rensburgliscussed the properties of lattice polygons of fixed knpesgyin a slab of
width, w, by using scaling arguments and presented numerical sefsoih Monte Carlo simulations using
the BFACF algorithm. Ip,, (K') is the number of polygons of lengthand of knot typek’ in the cubic lattice,
then it is known thatlim M = log(py) exists, wherek = {) is the unknot, andiy is the growth

n—roo

constant of unknotted polygons in the cubic lattice. Supplbatp,, (K, w) is the number of knotted polygons
of lengthn and of knot typeX in a slab of widthw in the cubic lattice. The generating function of this model
is given bygx (w; t) = Xp,(K,w) t"*, wheret is a generating variable conjugate to the length of the pigg
The mean length: n > ., of polygons of knot typeX’ in a slab of widthw may be estimated from (.,
using the BFACF algorithm. The dependencewof >k ., onw was estimated for = Mw_l, and the results
were compared to predictions of scaling arguments. In eadihumerical results for the metric properties
of knotted polygons in this ensemble were presented.

De Witt Sumners discussed why DNA knots reveal chiral packing of DNA in phagpsids. Bacterio-
phages are viruses that infect bacteria. They pack theibldestranded DNA genomes to near-crystalline
density in viral capsids and achieve one of the highest$avEDNA condensation found in nature. Despite
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numerous studies, some essential properties of the packggometry of the DNA inside the phage cap-
sid are still unknown. Although viral DNA is linear doublestded with sticky ends, the linear viral DNA

quickly becomes cyclic when removed from the capsid, anddone viral DNA the observed knot proba-
bility is an astounding 95%. Sumners discussed comparistimeoobserved viral knot spectrum with the
simulated knot spectrum, concluding that the packing gégneé the DNA inside the capsid is non-random
and writhe-directed.

Cristian Micheletti discussed the knotting of ring polymers in confined spacésch@stic simulations
were used to characterize the knotting distributions oflcem ring polymers confined in spheres of various
radii. The approach was based on the use of multiple Markainshand reweighting techniques, combined
with effective strategies for simplifying the geometricalmplexity of ring conformations without altering
their knot type. By these means, Micheletti and colleagxésneled previous studies and characterized in
detail how the probability to form a given prime or compositet behaves in terms of the number of ring
segments and confining radiug. For50 <n< 450 they showed that the probability of forming a composite
knot rises significantly with the confinement, while the atence probability of prime knots are, in general,
nonmonotonic functions of% The dependence of other geometrical indicators, suchittsanand chirality,
in terms of R andn was also characterized. It was found that the writhe distidn broadens as the confining
sphere narrows

Yuanan Diao discussed the sampling of large random knots in a confinecespRiao proposed 2-
dimensional uniform random polygons as an alternative otethf sampling large random knot diagrams.
In fact, the 2-dimensional uniform random polygons allove @@ sample knot diagrams with large crossing
numbers that are diagrammatically prime since one canaigdy prove that the probability that a randomly
selected 2D uniform random polygon ofvertices is almost diagrammatically prime (in the senseé ttha
diagram becomes a reduced prime diagram after a few thirdeReister moves) goes to onexagoes
to infinity, and that the average number of crossings in sudigram is on the order ab(n?). This
strongly suggests that the 2- dimensional uniform randolygoms are good candidates if one is interested
in sampling large (prime) knots. Numerical studies on thewliorm random polygons show that these
polygons for complicated knots even when they have religtsmall number of vertices.

Andrew Rechnitzer talked about the mean unknotting times of random knots awnd &mbeddings by
crossing reversals, in a problem motivated by DNA entangl@mJsing self-avoiding polygons (SAPs) and
self-avoiding polygon trails (SAPTSs) Rechnitzer and cajjees proved that the mean unknotting time grows
exponentially in the length of the SAPT and at least expaaliytvith the length of the SAP. The proof uses
Kesten’s pattern theorem, together with results for meat-passage times in the two-parameter Ehrenfest
urn model. They used the pivot algorithm to generate rand&TS of up to 3000 steps, calculated the
corresponding unknotting times, and found that the meanaitikg time grows very slowly even at moderate
lengths. These methods are quite general—for examplew® lnound on the mean unknotting time applies
also to Gaussian random polygons. This work was accomjplisheollaboration with Aleks Owcarek and
Yao-ban Chan at the University of Melbourne, and Gord SladeeaUniversity of British Columbia.
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Chapter 17

Modular Forms: Arithmetic and
Computation (07w5065)

Jun 03 - Jun 08, 2007

Organizer(s): John Cremona (University of Nottingham), Henri Darmon (MEGni-
versity), Kenneth Ribet (University of California at Bel&g), Romyar Sharifi (McMaster
University), William Stein (University of Washington)

Overview of the Field

Modular forms are functions on the extensilri = H U Q U {co} of the complex upper half-plarid that
are holomorphic oI, transform well under the action of a subgroumak (Z), and satisfy certain growth
conditions at the cuspQ U {oc}. In particular, for some leveN > 1 and weightt > 2, a modular form
should satisfy

F(E5) =t

(‘z Z) €T (N),

wherel'; () is the congurence subgroupSits (Z) consisting of matrices as above with- 1, ¢, andd — 1
divisible by N. Modular forms play a central role in number theory, one dagér than that which the scope
of any week-long workshop might hope to cover. Our workstauéed on algebraic aspects of their study,
especially those amenable to computation.
A modular formf comes endowed with g-expansion, which is essentially its Taylor series ahaut
One often writes as itsg-expansion:
f = Z anqn7
n=0

whereq = e2™#. We say thatf is a cusp form if it vanishes at all cusps, which in particuaplies that

ap = 0. The modular curveX; (V) is a Riemann surface that arises as the quotied ofvith respect to
the action ofl’; (V), with a certain topology. Modular forms of leval and weight: may be also viewed as
sections of the line bund[é’;gQN)/c of higher differentials on the modular cursg (N). Certain commuting
Hecke operator¥;, with n > ﬁ act on the space of modular forms of a given weight and level ane says
that f is a (normalized) eigenform if,, f = a,, f for all suchn. Together, these form a commutative algebra
known as the Hecke algebra.

forall z € H* and

172



Modular Forms: Arithmetic and Computation 173

One can attach a number of objects to a cuspidal eigenformink@nce, one constructs @afunction
attached tof, which is defined fokx € C with large enough real part by

L(f,s) = Z anpn”—*°
n=1

that satisfies a functional equation and has an analytidragatton to all ofC. To any modular eigenform,
constructions of Shimura [32] and Deligne [13] attach a Galepresentation

P GQ — GLQ(@)

for some prim¢ that satisfiedr p;(¢,) = a, for any Frobeniug,, atp for every primep.
Modular forms are intricately connected with elliptic casy genus one curves that can be described by
equations of the form
vy’ =2+ Ar+ B

with 442 4+ 2782 # 0. As with T';(N), we have a congruence subgroig( V) of SLy(Z) consisting of
those matrices with lower left-hand entry divisible Ny and we obtain a closed modular cutNg(V) as the
quotientT’o(N)\H*. The modular curveX,(N) may be viewed as a moduli space of (generalized) elliptic
curves ovelC together with a distinguished subgroup of or@dér Conversely, we may define the algebraic
curve X, (NN) over any number field” as the moduli space space of elliptic curves defined évgre., with

A, B € F) together with such a subgroup of its complex points.

We say that elliptic curve ove@ is modular if it arises as the quotient of a modular cukg V) for
someN > 1. That every elliptic curve ove® is modular is the famous conjecture of Shimura-Taniyama-
Weil proven in most cases in the work of Wiles [37] and Taydites [34] and completed in the work of
Breuil-Conrad-Diamond-Taylor [4].

There are several equivalent formulations of modulanitg, 6f which can be seen by considering objects
attached to elliptic curves analogous to those of modullam$o First, an elliptic curveé” defined over the
rational numbers also gives rise to &rfunction L(E, s). It is determined by the number of points in its
reductions modulo all prime numbersWhen thisL-function is equal to thé.-function of some normalized
cuspidal eigenform of weight, the elliptic curve is modular. In particular, the modutatheorem yields
an analytic continuation of (E, s) to the entire complex plane and a function equation, a speas® of a
conjecture of Artin’s. Secondly, one has a Galois repregmt

PE: GQ — GLQ(Z[)

arising from the action of Galois on the first étale cohorgglgroup of&2 overQ with coefficients inZ,, or
essentially equivalently, on theadic torsion points ofs overQ. That the elliptic curver is modular says
thatpy is conjugate inGL2(Q¢) to p; for some weigh® cuspidal eigenfornf.

Recent Developments and Open Problems

Today, the central problem in the field is undoubtedly theBand Swinnerton-Dyer conjecture, commonly
known as BSD. Given an elliptic cunie over Q, it states that the rank of the Mordell-Weil groupF(Q)

of rational points off is equal to the order of vanishing, of the L-functionL(E, s) ats = 1. Moreover,
its strong form gives a precise description of the leadingffament of its Taylor expansion aboiit

L(T)(E7 1) _ QJ}E : |Sha(E)| : |ROO(E)| ’ prrimecp
r! |E(Q)tor5|2 7

whereSha(F) denotes the Tate-Shafarevich groupfhfwhereR (F) is a certain regulator attached i
where ther, are Tamagawa numbers, Whélg is a real period attached #, and whereZ(Q)...s denotes
the torsion subgroup of the Mordell-Weil group. The finitesp@fSha(E) is in and of itself a conjecture of
great interest and difficulty: moreover,Sha(E) is finite then a result of Cassels tells us that its order is a
square.




174 Five-day Workshop Reports

A proof of BSD appears to be still distant, but some imporfzantial results are known, of which we
mention an incomplete sampling. Gross and Zagier [16] galeeraula for L'(E, 1) in terms of Heegner
points (whenr,,, > 1) which allowed them to prove that> 1 whenever-,, = 1. Heegner points on elliptic
curves are the images of points in an imaginary quadratit fieln the upper half plane that lie i&'(L) for
an abelian extensioh of K. Later work of Kolyvagin [23] on Euler systems of Heegnemisithen yielded
thatr = ry, if rap < 1.

Euler systems have also played a major role in Iwasawa théoiwasawa theory, one studies modules
over an Iwasawa algebr which is usually to say the complet&d-group ring of the Galois group of the
cyclotomicZ,-extensionQ., of Q. One such lwasawa module is the Selmer group &ygr of the repre-
sentatiorp s attached to a cuspidal eigenforfnwhich is constructed as a subgroup of a Galois cohomology
group attached to the representation, with certain locatlitmons. This Selmer group is finitely generated
as aA-module, and it therefore has a characteristic ideal wheterdnines much of its structure. The main
conjecture of Iwasawa theory for modular forms states tatharacteristic ideal of Selmer group is given
by a certairp-adic L-function L, ( f, s) attached tgf. Thisp-adic L-function is a function of thg-adic num-
bers that interpolates values of the classicdlinction L( f, s) at integerss, up to certain prescribed factors.
This conjecture is closely related tgpaadic version of BSD [26]. In groundbreaking work, Kato [18ed
an Euler system to prove that the characteristic ideal oS#lener group divides the ideal attached to the
p-adic L-function. Since that time, Skinner and Urban have annadiaaauch-anticipated proof of most of
the reverse divisibility that uses Galois representationkigher-dimensional automorphic forms.

Classically, elliptic curves with complex multiplicatiaran be used to give an explicit version of class
field theory over imaginary quadratic fields. Here, so-ché#iptic units play the role that cyclotomic units
play in explicit class field theory ovéd. In fact, Rubin [29] used this and Kolyvagin’s Euler systenptove
the main conjecture of elliptic curves with complex muliggltion. It was Kronecker’s “Jugendtraum” that
a similarly explicit theory could be provided for generahmuer fields, and in particular, for real quadratic
fields. Gross and Stark had conjectured the existence oifedpits in abelian extensions of a real quadratic
field K that would fill the role of the elliptic units. Darmon gave angectural description of these units
using a certain multiplicative integral d'(Q,) [9]. The major remaining obstacle is that the elements are
constructed locally and as of yet only conjecturally arisglbal units.

Second only to BSD as an open problem concerning modularsfevas Serre’s conjecture [30]. It has
been proven in very recent work of Khare-Wintenberger [18, fbgether with a result of Kisin [21]. The
representatiop; attached to a cuspidal eigenforfiis given by the action of Galois on a lattice, which allows
us to consider its reduction modulo a prime lying over a primeger/:

Pr.e- GQ — GLQ(Fg).

Serre [30] conjectured that every irreducible odd Galgsesentation int@ Ly (F,) is modular in the sense
that each is conjugate e, for some cuspidal eigenforrfi. Moreover, the now-proven conjecture gives a
precise description of an optimal weight and level of a madfdrm that yields such a representation.

Presentation Highlights

The workshop included reports on a wide variety of majorentresearch on modular forms. By highlighting
them in this section, we provide an overview of much of thelfeed it stands. By design, many of the talks
were on computational aspects of the theory.

Several talks at the workshop were given on the structuréhafeBevich-Tate groups of elliptic curves,
whose finiteness is predicted by BSD. Amod Agashe [1] spokefantor ofL’(E, 1) in the case that,,, = 1
that is related to the order $ha(E) and presented evidence of a conjecture of Stein’s on thetstaiof
Tate-Shafarevich in this case in terms of computations ehf@ma and Watkins. Dimitar Jetchev spoke
on an improvement of an upper bound of on the Tate-Shafdreyicup of £ that is the first substantial
improvement on the upper bound of Kolyvagin. Jetchev's wdrK was motivated by a computational
project that Stein reported on to verify the full Birch andiBmerton-Dyer conjecture for all elliptic curves
with rank at most 1 and conductor at mag00. Christian Wuthrich [33] also spoke about a project mo#dat
by Stein’s work to give upper bounds on the rank angdrimary part of the order ofha(FE), employing
known results coming from lwasawa theory on the Mazur-Paselic analogue of BSD. Additionally, Neil
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Dummigan [14] spoke on his investigation of the criticalued of symmetric squark-functions of level
one cusp forms and his construction of elements in the assacShafarevich-Tate groups predicted by the
Bloch-Kato conjecture.

Several talks involved the study of Galois representatadteched to modular forms. Gabor Wiese [36]
discussed his work on the multiplicities of Galois repreéagans attached to modular forms of weight one,
settling the final remaining case in the study of the quesitfanultiplicity one for modular Galois represen-
tations. In particular, he showed that the multiplicity izays greater than one if Frobenius acts as a scalar.
In closely related work, Lloyd Kilford [22] discussed thecoerence of the failure of localizations of Hecke
algebras to be Gorenstein in prime weight. He describedhsixte calculations of the Gorenstein defect, ask-
ing whether the muliplicity of the attached Galois repréatian is alway in the case that the Hecke algebra
is not Gorenstein. In particular, their work resulted in ganamprovement of the algorithm for computing
modular symbols over a finite field. In another direction,@aGreicius gave a talk on his Ph.D. thesis (with
Bjorn Poonen), in which he gave explicit necessary and seifficonditions for the surjectivity of the global
Galois representation int@Lg(Z) attached to an elliptic curve over a number field. In particuhe gave
computational examples in which this surjectivity holds.

A number of talks at the workshop were related to the conjatttonstruction of units of Gross-Stark
type units and the Stark-Heegner points used in their coctstn. Pierre Charollois spoke on his joint
work with Henri Darmon on the construction of Stark-typetsarin abelian extensions of almost totally
real extensions of a totally real fielél in terms of certain invariants attached to Eisenstein seeGLs
over F' and tori in this group. Samit Dasgupta presented his contipataof Gross-Stark units via Shintani
zeta functions, discussing work with his student Kaloyaawv®&V in implementing algorithms suggested by
Dasgupta’s work. A paper by Dasgupta [11] on the calculatibGross-Stark units in the p-adic setting
has subsequently appeared. Matt Greenberg presented ecammeptual, cohomological approach to the
theory of Stark-Heegner points which has enabled him tdyagtend various definitions, due to Darmon,
Dasgupta, Trifkovic, and others, of Stark-Heegner pointemgpreviously in the literature (see for instance
[15]). In arelated direction, Darmon gave a report on wonriogress with Bertolini and Prasanna concerned
with constructing points on CM elliptic curves using higldénensional cycles on Kuga-Sato varieties. This
work [2, 3] is now almost completed, and will appear in a sedétwo articles. The first of these, which
treats a new a-adic variant of the Gross-Zagier formula, is about to bensittled for publication.

Frank Calegari and Matthew Emerton gave coordinated taikheir joint work on automorphic forms
of cohomological type. Calegari described a bound on thesdsion of the space of automorphic forms
for a semisimple group over a number field that does not adis@ete series [7]. Emerton spoke on the
cohomology of arithmetic groups and the construction andysbf objects such ag-adic representations.
They have two joint papers in preparation related to theexibj

Victor Rotger discussed the structure of endomorphismbageof the modular abelian variety attached
to a newform of weigh®2. He reported on progress towards a conjecture that these @xy finitely many
isomorphism classes of such endomorphism algebras of a degree ove). Some of the techniques and
results, both theoretical and computational, can be fonrjd8] and [5]. Noam Elkies discussed a method
for determining explicit formulas for gen@scurvesC overQ for which the endomorphism algebra contains
an order in a real quadratic field. Such curves arise, foait#t, as the degree two factors of the Jacobian
of a modular curve. Armand Brumer reported on joint work vilin Kramer on the existence of semistable
abelian varieties oveR.

Bjorn Poonen spoke on joint work with Ed Schaefer and Miclsiell [27] on the equatior? 43> = 27,
one of the most difficult to solve equations of Fermat typee d@ibtermination of its solutions required a wide
variety of sophisticated techniques involving modularvesrand their Jacobians, including a sophisticated
descent argument and very intensive computational work. Ribet spoke on recent work of his then Ph.D.
student, Soroosh Yazdani (also a workshop participant/lgotic curves of odd modular degree. In particu-
lar, he described a relationship between the modular degreeongruences of modular forms that hold with
the modular form attached to the elliptic curve.

John Cremona gave an excellent foundational talk on theteat®n of modular forms over general
number fields: discussing the analogues of classical abgath as cusps, Hecke operators, and modular
symbols, with an eye towards computing with the latter, aarhis students have already done for many
imaginary quadratic fields. Cecelia Busuioc [6] describem@astruction of a very special modular symbol
with values in MilnorK, of the ring ofp-integers of thesth cyclotomic field, for an odd primg. She used
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it to give evidence for a conjecture of Sharifi's [31] relativalues of a cohomological pairing @runits to
L-values of cusp forms satisfying congruences with Eisémstries.

Several talks presented algorithms for computation witfeab related to modular forms. Lassina
Dembélé presented an algorithm for the computation obétitSiegel modular forms over real quadratic
fields and related it to the modularity of certain threefol@snzalo Tornaria presented his spectacularly fast
algorithms for computing Brandt matrices attached to tergqaadratic forms and showed how to use them
to compute explicit Shimura correspondences. Ulf Kihrorggg on an algorithm developed by his student,
Anna Posingies, for computing the first non-vanishing coieffit of L-series that contribute to the constant
term of non-holomorphic Eisenstein series, studied in.[25]

Beyond the daytime lecture series, there were some eveassipsis specifically devoted to discussing
mathematical packages devoted to and useful for computithgmodular forms and related objects. In par-
ticular, Stein gave a tutorial on Sagdwtp://sagemath.org ), which is a free open source mathematical
software program with substantial new functionality forqmuting with elliptic curves and modular forms.
In addition, Cremona gave another evening session disgussils for computing with elliptic curves.

Progress Made and Outcomes

The workshop provided an excellent opportunity for the exaje of ideas between researchers and the devel-
opment of productive collaboration. We report on a smallgarg of work that grew out of the conference,
collaborations that were formed at the conference or bydtfigpants, and one follow-up meeting that was
organized by some of the speakers at the workshop.

In the course of the meeting, Charollois and Darmon found eerelegant interpretation of the invariants
discussed by Charollois in his talk as the images of certain{algebraic) cycles on a Hilbert modular variety
under a map which is formally analogous to the Griffiths Abatobi map on higher dimensional complex
algebraic cycles, which will soon appear.

Also during the meeting, Tornaria pursued his collaboratvith Darmon on the connections between
the Shimura correspondence and the theory of Stark-Heegirés. The joint work of Darmon and Tornaria
that was essentially completed at the BIRS meeting has npeaapd [10].

Moreover, Stein and Weise had productive discussions odékels of an article [24] they wrote with
Tak-Lun Koo, in which they studied the set of primes for whibk pth coefficient of a given CM newform
generates its field of coefficients.

The meeting also led to some fruitful exchanges between B&rdnd Greenberg which later led to
Dembélé proving the existence of a finite (non-solvabig¢resion ofQ unramified outsid®, answering a
qguestion of Gross and Serre. This work of Dembélé [12] civlgrew out of exchanges at the BIRS meeting,
was solicited by Serre and is to appear.

During the meeting, Dembélé and Weise began to discusaboohtion on a work in progress, and
Dembélé has held a position at Universitat DuisbergeBgs work with Weise since that time. In May
2009, he will move to the University of Warwick to work with &nona. Similarly, Yazdani has held an
NSERC postdoctoral fellowship at McMaster University unthe supervision of Sharifi since shortly after
the meeting.

In August 2008, Kilford, Wiese, and Dembélé organizedliofo-up meeting to the BIRS workshop at
the Heilbronn Institute in Bristol on Computations with Mddr Forms. This meeting was announced at the
BIRS workshop, where some of the planning was done by itsnizges. The conference emphasized the
actual coding of algorithms for computing with modular farnhinks to the code presented can be found at
the conference’s web pagkttp://maths.pratum.net/CMF

Conclusion

We are happy to report that the meeting achieved its statatlafdoringing together researchers working
with modular forms who employ a wide range of styles in th@p@aches to computation. Some of the
researchers are at the forefront of developing algorithonsrfodular forms and useful software packages
employing these algorithms, others are at the forefront@denn theoretical developments in the field, and
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quite a few are at both. As conjecture frequently demandspotation, the interaction between the re-
searchers in attendance had tremendous potential bendfitefgarticipants, and thereby the field, benefit
that has been and will continue to be realized.
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Chapter 18

Commutative Algebra and its
Interaction with Algebraic Geometry
(07w5505)

Jun 10 - Jun 15, 2007

Organizer(s): Anthony Geramita (Department of Mathematics and Stafistigueens’
University), Paul Roberts (University of Utah), Bernd @hi(Purdue University)

Overview of the Field

Commutative Algebra and Algebraic Geometry have been flassnected since the early days of both
fields. Many of the concepts in Commutative Algebra havertbagins in Geometry, and many of the
foundations of Algebraic Geometry are based on Algebraiglts.

In this conference we brought together mathematicians wiid \w the interface of these two fields.
Many of them are using Geometric methods to solve questioAsgebra, while others are studying Geom-
etry using methods from Commutative Algebra.

The field is very broad, and our original intent was to conednton three main areas. The first deals
with problems in Positive and Mixed Characteristic, a topiich has been very active in recent years. The
second is in Integral Dependence and Integral Closure, @mate¢opic in Commutative Algebra with many
applications to Geometry. The third topic is Secant Vageaind Algebraic Statistics, which presents a new
and unexpected application of Geometry to Algebra and ditlels.

However, as the preparations for the conference progressetame clear that it was better to include a
wider range of topics, as there are many important develogsibat do not fit neatly into any of these three
areas. As a result, although the majority of the talks wensaty related to the topics that we had originally
planned, we also had contributions that can be grouped ther areas, as well as a few that were in special
topics. The unifying theme was that all of the speakers dsed problems related to both Commutative
Algebra and Algebraic Geometry.

The remainder of this report presents the various areasvifya represented and abstracts of the talks.
In addition to the three areas mentioned above, there istsam Intersection Theory and Homological
Methods, and more general methods of classical Projectaar@try have been included in the section on
Secant Varieties.
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Problems in positive and mixed characteristic.

The traditional area of study in Algebraic Geometry was spatefined by equations over the real and com-
plex numbers. However, some problems can be solved by megitleése equations modulo a prime number,
and this leads to questions of positive characteristic.n§y R has characteristig for a prime numbep if
pr = 0 for all » in R. The main advantage this gives is that it allows the use oftiedenius map, which
sends an elementto r?; it is a ring homomorphism in this case. Most of the theoryasifive characteristic
involves the Frobenius map in one way or another.

One of the main objects of study in positive characteristidilbert-Kunz multiplicities, which are limits
of ordinary multiplicities over iterations of the Frobesimap. A central question is whether Hilbert-Kunz
multiplicities are rational, which is addressed in the tajiPaul Monsky.

Hilbert-Kunz functions of singular plane curves
Paul Monsky, Brandeis University

Let G be a homogeneous degréelement ofL[z, y, z|, whereL is the algebraic closure of/p. If
q = p", en(G) is the colength of the ideal generated@yand theg™ powers ofz, y andz. Thene,,(G) =
uq? — R,, wherey, lies betweer8d/4 andd, andR,, = O(q).

The talk starts with known results aboutand R,, when G is irreducible, and explains ideas in my
proof thatR,, = (periodigq + (eventually periodit. It continues with speculation, arising from computer
calculations and my work with Teixeira, as to the behaviokRgfwhend is reducible. In particular it makes
an explicit conjecture as to the value@f( H7) whenp = 2 andH = a3 + y* + 2yz. If this conjecture
holds the Hilbert-Kunz multiplicity of the 5-variable paigmial f 4 uv is an irrational element af (v/7)—
whether Hilbert-Kunz multiplicities can be irrational is autstanding problem . [

In recent years, another point of intersection of char&ttep methods in Algebra and Geometry has
been the study of multiplier ideals. This will be considefedher in the next section, but one interesting
facet has been a relation with tight closure in positive absaristic. This is examined in the talk of Mircea
Mustata.

Test ideals vs. multiplier ideals
Mircea Mustata, University of Michigan

The talk is a report on joint work with Manuel Blickle, Karem@&h and Ken-ichi Yoshida. It compares
the behavior of certain invariants of singularities in @weristic zero (namely, the multiplier ideals and
their jumping numbers) with invariants in positive chagaistic, the so-called generalized test ideals. The
multiplier ideals are by now well-established invariantsfined in terms of divisorial valuations, that can be
computed using resolutions of singularities.

On the other hand, the generalized test ideals have beedutied by Hara and Yoshida using techniques
inspired by tight closure theory. Results of Hara, TakagistMda and Watanabe, via reduction mad
relate the multiplier ideals of a singularity in charactéd zero with the corresponding test ideals in positive
characteristic. This connection is quite subtle, revegatieep connections with arithmetic, and there are still
very interesting open problems in this area.

It was clear from the beginning that several subtle propertif multiplier ideals, that are proved via
vanishing theorems (such as Subadditivity or the Restrictiheorem) have analogues in the context of test
ideals, and the proofs are much more elementary. The tatkisies joint work with Yoshida emphasizing
the different behavior of test ideals and multiplier ideatsughly speaking, we show that all the algebraic
properties of multiplier ideals that follow from the comption in terms of resolutions, fail for test ideals.
A surprising result that also highlights this different belor: we show that every ideal in a regul@sfinite
local ring can be written as a test ideal.

The talk also covers results with Blickle and Smith abouttibbavior of the jumping exponents of test
ideals: under certain assumptions, these are all ratiorthf