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Schwarz symmetrization

» () an open bounded set of R”
u : 0 — R a Borel measurable function

v

Symmetric rearrangement:
the centered open ball having the same volume as (2,

0F = Bg(0), where w,R" = Vol(£2).

v

Schwarz Symmetrization (symmetric decreasing rearrangement) for u:

ut OF 5 R,
uf (x) = ub(|x]) = sup{r < 0: {—|u| <1} < w,|x|"}.

v

By definition,

Vol({u* < 1}) = Vol({—|u| < t}).

2/31



Schwarz symmetrization




Schwarz symmetrization

Properties of Schwarz symmetrization: for u € W',

/|u|”dx:/ |u |Pdx.
Q Qi

» (Pdlya-Szegd’s principle)

» (Cavalieri’s principle)

/ |VulPdx > / |Vu Pdx.
Q Ot

» (Hardy-Littlewood’s inequality)

/|u||v|dx§/ ufvidx.
Q o
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Schwarz symmetrization

Proof of Cavalieri’s principle:
By Layer cake formula,

fors - [
- /0 (=P~ Vol({u* < 1})dt
/

p(=1)~"Vol({~|u| < t})dr

ut Pdx.



Schwarz symmetrization
Proof of Pélya-Szegd’s principle:
By co-area formula,

— inf |u|
/ |Vul*dx = / / |Vuldudt,
Q — sup [u| J{—|u=r}
d

1
—Vol({—|u| <t :/ ——dpu.
gol<m= [ o

Since Vol({—|u| < t}) = Vol({u* < t}), by isoperimetric inequality,
1 1
Area({—|u] = £}) > Area({ut = 1}), / LS :/ L
{—Ju|=ry VUl (wi=n |Vt
By Holder’s inequality,
1
Aa((- =)< [ Vil [,
{~lul=r} {~lu=r} |Vul

1
Area({uf =1}) = / Vu du/ ——du.
== [ vl o
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Schwarz symmetrization

Applications of Schwarz symmetrization I:
» (Rayleigh-Faber-Krahn’s inequality for first Dirichlet eigenvalue)

M) = A ().
» (Saint-Venant’s principle for torsional rigidity)
7(Q) < 7(QF).

» Because of the variational property

i fQ|V”\2 - (fﬂ)
MO =T T = S
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Schwarz symmetrization

Applications of Schwarz symmetrization II:
» (Talenti *76) Let u be the solution to

Au=finQ, u=0onodf,

and
Av=f"inQf v=0o0ndNF,

Then
| < vin QF.

» Because sup |u| = sup |uf|, this gives a sharp estimate for |u|.
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Tatenti-Tso symmetrization

» ) C R" a bounded, convex domain with C? boundary
» Steiner’s formula:

Vol (Q + 1B) = zn: (Z)tka(Q),

k=0
where W;(2) is k-th quermassintegral given by

W()(Q) = VOl(Q), Wk(Q> = % o kal(/‘il)d%n_l_

Hj, are k-th mean curvature.
Denote (;(€2) k-mean radius given by

1
Wi (2)\ —*
() = (M)
Wy
» Alexandrov-Fenchel’s inequality for quermassintegral:
G(Q) > (), “=7iff Qisaball.
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Tatenti-Tso symmetrization w.r.t. Quermassintegral

Set of admissible functions

v

®o(Q) = {u € C*(Q) : u= 0 0n IQ, u strictly convex } .

v

Let Q,Ll be the centered open ball having the same W, as (), i.e.
Qg_l = Bg(0), where R = ((Q).
> (k — 1)-symmetrand of u:

wl_ () =sup{r<0: G ({u<t}) <|x}.

It follows
Go1({u < 1}) = G ({uf_, < 1}).

The case k = 1 is Schwarz symmetrization.

v
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Talenti-Tso symmetrization

» k=1,2,---  n. The k-Hessian integral

Ii[u, Q] :/Q(fu)ok(vzu)dx

k = 1 Dirichlet integral,
k = n Monge-Ampere integral.
Theorem (Talenti 81 n = k = 2 and Tso ’89 any » and k)
Foru € ®y(2),
Ii[u, Q) > Ik[ultifl? 9271}
Equality holds if and only if Q is a ball and u is radial.

» The proof used crucially
Alexandrov-Fenchel’s inequality for quermassintegrals
Reilly’s work on Hessian operators
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Convex symmetrization

» Let F be anorm on R”, i.e., positive, even, convex and 1-homogenous.
» Let FO be its dual norm, i.e.,
x: )
FO(¢) = sup —>F.
x#£0 F(g)

v

Wr = {F°(¢) < 1} unit Wulff ball, 9Wr unit Wulff shape
Denote x, = Vol(Wr) and Wk the centered Wulff ball with radius R.

Anisotropic Dirichlet integral
/ F(Vu)?
Q

Apu = diV(VE(%Fz)(Vu))

v

» Anisotropic Laplacian
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Convex symmetrization

Alvino-Ferone-Lions-Trombetti "97 introduces convex symmetrization
which diminishes the anisotropic Dirichlet integral

» Convex symmetrization of €2
Q" = Wk, where Vol(Wg) = k,R" = Vol(Q2).
Convex symmetrization of u:

u Q" - R,

' (x) = u(FO(x)) = sup{r < 0: [{~|u| < 1}| < ki (F°(x))"}.
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Convex symmetrization

Theorem (Alvino-Ferone-Lions-Trombetti *97)

Foru € Wé’Z(Q),
/ F(Vu)? > / F(Vu*)?.
Q *

Equality holds iff Q is a Wulff ball and u is radial w.r.t. F, namely,
u(x) = u(F°(x)).

Corollary
Let u be the solution to

Arpu=finQ, u=0on09,

and
Apv=f"inQ* v=00n00",

Then
lu*] <vin Q.
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Symmetrization w.r.t. mixed volumes

» Our aim is to study Talenti-Tso symmetrization in the anisotropic case.
» Motivation: Alexandrov-Fenchel’s inequality for mixed volumes of two
convex bodies
To be precise, Let F be a given norm whose Wulff ball is given by Wk,
Let 2 be a convex domain with C? boundary, then

n

Vol((1 — )2 + tWr) = Z (Z) (1 — 1) W (2, W).

k=0

Wi.(£2, W) has differential geometric representation
1
WQ(Q, WF) = VOI(Q), Wk(Q, WF) = ﬁ Hk_17pd7'[n71.

Denote 1
Wi (Q, W, n=k
() = (k( F)>
Fon

Then
Cr(Q2) > Gr(Q), for0<I<k<n-—1,

Equality holds iff 2 is a Wulff ball.
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Symmetrization w.r.t. mixed volumes

» Let F € C*(R"\ {0}) be a strongly convex norm on R", strongly
convex means Hess(3F?) is positive definite.

> Denote by Ae[u] = ((Ar);[u]) the matrix
it = 0, [og (37°) (v
= > (;#) ) (Vu)uyj, when Vu # 0.

1

We regard Ar[u] = 0 when Vu = 0, in the case that F is not the
Euclidean norm.

» In case F is the Euclidean norm, Ax[u] = V?u.
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Symmetrization w.r.t. mixed volumes

» The anisotropic k-Hessian operator of u is defined as
Sk,F[M] = Sk(AF[u])

» The anisotropic k-Hessian integral of u is defined by

el Q) = /Q (— )i ] dx = / (—0)S(Ap[u]) dx

Q

= / SZ,F[“]FFIM/ dx. (When M‘@Q = O)
Q

The second line follows from @S;{ r=0.

» In case F is the Euclidean norm,

Apu] = Vu, Sk.rlu] = Sk(Vzu), Iy plu, Q) = Lfu, Q.
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Symmetrization w.r.t. mixed volumes

> Let Q) , be the centered open ball having the same W ¢ as 2, i.e.
Q;_; = Wk, where R = (4 p(Q2).
For u € ®y(Q) = {u € C*(Q) : u = 0 on 9, u strictly convex},
up_(x) =sup{r <0: G r{u<t}) <F(x)}.

It follows

Go1r({u <1}) = G r({uf_, <t}).
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Symmetrization w.r.t. mixed volumes

» Polya-Szego type principle
Theorem (Della Pietra-Gavitone ’15, Della Pietra-Gavitone-X. 21)

Foru € ®y(2),
/ udx < / g P,
Q o

Liplu, QU > Teplugy, ]
Equality holds iff Q) is a Wulff ball and u is radial w.r.t. F, namely,
u(x) = u(F°(x)).

» Della Pietra-Gavitone ’15 proved the case n = k = 2 by direct
computation.

» Difficulty for general case, compare to the case of Euclidean norm, is
the study of k-Hessian operator S on non-symmetric matrix Ar[u].
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Symmetrization w.r.t. mixed volumes

» Define anisotropic L7 k—Hessian integral
Ik;P,F[u’Q] = / SZ[“]FP_kFidex.
Q
In particular,

lekrrp =kler, Lipr= / FP(Vu) dx.
Q

Theorem (Della Pietra-Gavitone-X. *21)
Foru € ®y(Q), p > 1,
Lip,p [, Q) 2 Tep plug_y, Q4]
Equality holds iff Q is a Wulff ball and u is radial w.r.t. F, namely,
u(x) = u(F°(x)).
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Symmetrization w.r.t. mixed volumes

Corollary (Anisotropic Sobolev type inequality with optimal constant)
Foru € 9y(9),
> ifp <n—k+1, then

H“”pﬁiﬁ
Li=FHT=7 (Q)

< C(n,k,p, F)Ix , r[u, ],
> ifp>n—k+1, then
||”Hpoo(9) < C(n,k,p, F)lprlu, €],
> ifp=n—k+1, then
HMHZ‘I’(Q) < Clp,k,F[W Q.

where LY (Q) is the Orlicz space associated to the function
P
—T

T(r) =ell"™" —1.
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Symmetrization w.r.t. mixed volumes

Theorem (A priori estimate for anisotropic Hessian equation)
Let u € 9y(2) be a solution of the following Dirichlet problem

Skrlul =f(x) >0 inQ
u=20 on 0.

Then
* . *
Up_; >vin_y,

where v is the unique anisotropic radially symmetric solution of the
following symmetrized problem:

Sk.r[v] :fO*,F(x) in QLLF
v=20 on Y p.
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Important ingredients

> A study of Sy for non-symmetric matrix

1 P
Si(A) = ] Z Gt Ay A

T, i ik <n

- (k — 1)! Z &:{:::{Alm n 'Aik—ljk—l'

CA<in ik ik <n
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Important ingredients

Proposition

For an n x n matrix A = (A;), we have

SLA) = Sic1(A)d; — > SE 1 (A)Ag.
1
Proposition

Z aJSZF[u] =0.
J
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Important ingredients

» A study of anisotropic Hessian integral on anisotropic radial function

Proposition
Let u(x) = v(r), where r = F°(x). Then

- ()7 (49 (1) ()
= <Z: i)r‘"” (r"kkwr»k)/.
L p[u, Wi _K/n(n> /ORF" 5 (r) dr.
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Important ingredients

» A study of anisotropic curvatures of level sets

» Let M be a smooth closed hypersurface in R” and v be the unit
Euclidean outer normal of M. The anisotropic outer normal of M is
defined by

vp = VF(v).

The anisotropic principal curvatures kr = (k¥,... kI ) € R""! are
defined as the eigenvalues of the map

dvp: T,M — T, () Wk

For k = 1, ..., n the anisotropic k-th mean curvature of M is

1

(S

Hp = ox(KF).
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Important ingredients

Proposition
Assume X, is a non-degenerate level set of u, i.e., Vu # 0 along 3,. Then the
anisotropic k-th mean curvature oy (kr) of ¥,

1 i
Hyr = ﬁsk (ZEIW;‘) = - 1 Fk“ ZSZHF u|u;Fi,
k /

» In the case F is the Euclidean norm, it reduces to (Reilly *70s)

1 Z SZ—H (V2u)uu;

H, =
k (n;l) ~ [Vul+2

» In the case k = 1, it reduces to (Wang-X. '11)
1
Hp = Zth/uz:/ =7 (AFM - ZF,-F_;u,;i> :
i irj
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Important ingredients

Proposition (Reilly *70s, He-Li *08)
For regular sublevel set 0, = {u < t},

d ) L Sk(HF)F(V> n—1
EWk,F(Qt) - (Z) /Ef F(Vu) dr™

d — 1 1 Sk(kr)F(V) )i
a4 = G ) G @ /2 v
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Sketch of proof

By Alexandrov-Fenchel, variational formula, and Holder inequality,

(G ()] (=R D)
(@)] (n—k)(k+1)

< (G
k1
= C B n—1
.k (/E, Hi—1 pF(v)dH )
k
< Gk (/ HleF(Vu)F(z/)d’H”1> Hi_ 1 pF(Vu) F(v)aH"™!
13 El
k
= Cn,k{[Ck—l(Qr)]"_kZCk—l(Qz)} . Hi_ pF(Vu) F(v)dH "
It follows
(G Q)

—k
y < Cox | Hioy pF(Vu)F(v)dH"™".
[4 G ()] %,
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Sketch of proof

By co-area formula,

I, Q) = /( ) St pluldx = %/S“[u}FFiujdx

= S [u]FFu; dH"\dt
o [ starrn gy

—1
= (VL >/ H,_ 1FF (Vu) ( )d?‘[“ ldt
k k m JX,

It follows
0
Ikﬁp[u, Q] = ]]{(n; 1)/ . Hk,l,ka(Vu)F(V) dHn_ldt
n—k
> H(“) G (@)
k /m [4¢—1 (D t)]k
R
= w(}) [ e
= Ik7p[uz_1,WR].

where p1(r) = uj_, p(x),r = F°(x),R = (1 (9).
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Thank you for your attention!
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