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� Kn: set of convex bodies (compact convex sets) in Rn

� 〈A,+〉: abelian semigroup

� Z : a subset of Kn → A is a valuation

⇐⇒

Z(K ∪ L) + Z(K ∩ L) = ZK + ZL

for all K,L in this subset s.t. K ∩ L,K ∪ L also in this subset

� function valued valuation:
A = F (Rn): the set of all functions f : Rn → R
+: the ordinary addition of functions

� Why interesting?
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� Hilbert’s third problem: Are polytopes with the same volume
equidecomposable?

I Elementary movements to calculate the volume of pyramids? (Euclid,
Gauss)

I n = 2, true, Bolyai-Gerwien theorem
I n ≥ 3, false, Dehn 1901

� Hilbert’s third problem in the language of valuations: Is the volume
(up to scalar multiplications) the only simple and rigid motion
invariant valuation on polytopes?

I simple valuation: vanishes in lower dimensional space
I rigid motion invariant: Z(UK + b) = ZK, U ∈ SO(n), b ∈ Rn.

� Dehn’s invariant (Another valuation, negative answer)

� 1952, Hadwiger’s characterization of the volume (continuous
valuation, “positive” answer)

� Applications: Cauchy-Kubota formulas, Crofton formulas, kinematic
formulas
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� Generalized Hilbert’s third problem
⇐⇒ (no further assumptions) Hadwiger’s theorem for polytopes
⇐⇒ characterizations of equidecomposable polytopes

� Algebraists: scissors congruence group

� n = 3 Sydler 1965
n = 4 B. Jessen 1968

� open for n ≥ 5 and other spaces
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� real valued valuations – constant function valued valuations

� vector (tensor) valued valuations – (multi-)linear function valued
valuations

� convex (star) body valued valuations (with Lp Minkowski addition,
radial addition) – homogeneous-function valued valuations

� From transform of functions, e.g.
Legendre transform IK 7→ hK , hK 7→ IK
Laplace transform 1K 7→

∫
K e

x·ydy,
Fourier transform 1K 7→

∫
K e

ix·ydy
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(Felix Klein 1872) Erlangen Program

Geometry is the study of invariants of transformation groups.

Groups of affine transforms of Rn

� special linear group SL(n)

� general linear group GL(n)
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� SL(n) invariant: Z(φK) = ZK, K ∈ Kn, φ ∈ SL(n)

� translation invariant: Z(K + y) = ZK, K ∈ Kn, y ∈ Rn

Theorem (Blaschke 1937)

Z : Kn → R is a continuous, SL(n) and translation invariant valuation
⇐⇒ exist c0, cn ∈ R such that

ZK = c0V0(K) + cnVn(K)

for every K ∈ Kno .
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Theorem (Ludwig, Reitzner 2017)

Let n ≥ 2. A map Z : Pn → R is an SL(n) invariant valuation
⇐⇒ exist c0, c

′
0, c
′′
0 ∈ R and Cauchy functions ξ1, ξ2 : [0,∞)→ R

ZP = c0V0(P ) + c′0(−1)dimPV0(o ∩ relintP ) + c′′0V0(o ∩ P )

+ ξ1(Vn(P )) + ξ2(Vn([P, o]))

for every P ∈ Pn.

� Pn: set of polytopes in Rn [P, o]: the convex hull of P and o

� Cauchy functions: satisfies ξ(r + s) = ξ(r) + ξ(s),∀r, s ≥ 0

� Euler-Schläfli-Poincaré formula

V0(P ) =
dimP∑
j=0

(−1)j
∑

F∈Fj(P )

V0(F ) =
dimP∑
j=0

(−1)j |Fj(P )|

Fj(P ): set of j-dimensional faces of P

� (−1)dimPV0(o ∩ relintP ) = ? V0(o ∩ P ) = ?
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� SL(n) covariant Z : Kn → F (Rn)
⇐⇒ Z(φK)(x) = ZK(φtx), x ∈ Rn

Theorem (Li: AM 2021)

Let n ≥ 3. A map Z : Pno → F (Rn) is a continuous and SL(n) covariant
valuation
⇐⇒ exist ζ ∈ C(R) and µ ∈Mc(R) such that

ZP (x) =

{
ζ(hP (x)) + ζ(−h−P (x)) + 1

|x|
∫
R Vn−1(P ∩Hx,t)dµ(t), x 6= o

c0V0(P ) + cnVn(P ), x = o

for every P ∈ Pno and x ∈ Rn.

� continuity of Z: ZKi
p.w.−→ ZK if Ki

H−→ K

� Pno : polytopes containing the origin

� Mc(R): space of signed and continuous Radon measures on R
� Hx,t = {y ∈ Rn : x · y = t}
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weighted moment function

MµK(x) =
1

|x|

∫
R
Vn−1(K ∩Hx,t)dµ(t)

� If dµ(t) = ζdt, MµK(x) =
∫
K ζ(x · y)dy

� Laplace transform

LK(x) =

∫
Rn

e−x·y1K(y)dy =

∫
K
e−x·ydy

I Klartag 2006, slicing problem
I Characterization Li, Ma: 2017

� Lp moment body, p ≥ 1

hMpK(x)p =

∫
K
|x · y|pdy

I Affine isoperimetric inequality
Petty 1961, Lutwak, Yang, Zhang 2000, Haberl, Schuster 2009

I Characterization
Ludwig 2005, Wannerer 2011, Haberl 2012, Parapatits 2014
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� Polar Lp moment body (L−p intersection body), p > −1, p 6= 0

‖x‖pM∗pK =

∫
K
|x · y|pdy

� Intersection body

‖x‖−1
IK =

1

|x|
Vn−1(K ∩Hx,0) = lim

p↓−1
Γ(1 + p)‖x‖pM∗pK

I Lp Busemann-Petty problems:
Classical p = −1: Busemann-Petty, 1956, Lutwak 1988, Ball 1988,
Gardner 1994, Zhang 1999
Lp: Lutwak 1990, Grinberg-Zhang 1999, Yaskin-Yaskina 2006

I Characterization
Ludwig 2005, Haberl-Ludwig 2006, Haberl 2009
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� Fq(Rn \ {o}): f : Rn \ {o} → R is q-homogeneous if
f(αx) = αqf(x) for any α > 0 and x ∈ Rn \ {o}.
� t+ = max{t, 0}, t− = max{−t, 0}.

Corollary (Ludwig 2005, Haberl 2012, Parapatits 2014)

Let n ≥ 3 and q ∈ R. A map Z : Pn
o → Fq(Rn \ {o}) is a continuous and SL(n)

covariant valuation ⇐⇒ exist c1, c2, c3, c4 ∈ R s.t.

ZP (x) = c1hP (x)q + c2h−P (x)q + c3

∫
P

(x · y)q+dy + c4

∫
P

(x · y)
q
− dy,

if q ≥ 0,

ZP (x) = c3

∫
P

(x · y)q+dy + c4

∫
P

(x · y)
q
− dy,

if −1 < q < 0, and

ZP (x) = 0

if q ≤ −1.
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Z is q-homogeneous if Z(αP ) = αqZP for any α > 0 and P ∈ Pno .

Corollary

Let n ≥ 3 and q ∈ R. A map Z : Pn
o → F (Rn \ {o}) is a continuous, SL(n)

covariant and q-homogeneous valuation
⇐⇒ exist c1, c2, c3, c4 ∈ R s.t.

ZP (x) = c1hP (x)q + c2h−P (x)q + c3

∫
P

(x · y)q−n
+ dy + c4

∫
P

(x · y)
q−n
− dy

if q > n− 1,

ZP (x) = c1hP (x)q + c2h−P (x)q

if 0 ≤ q ≤ n− 1, and

ZP (x) = 0

if q < 0.
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Without continuity?

Theorem (Li: AM 2021)

Let n ≥ 3. A map Z : Pno → Cr(Rn \ {o}) is a regular and SL(n)
covariant valuation
⇐⇒ exist ζ1, ζ2 ∈ C(R) and µ ∈Mc(R)such that

ZP (x) = ζ1(hP (x)) + ζR1 (h−P (x)) + E−ζ2(P )(x) + E−
ζR2

(−P )(x)

+
1

|x|

∫
R
Vn−1(P ∩Hx,t)dµ(t)

for every P ∈ Pno and x ∈ Rn \ {o}.

� ζR(r) = ζ(−r)
� Cr(Rn \ {o}): the space of continuous functions f on Rn \ {o} such

that limr→0 rf(ru) = 0 for any u ∈ Sn−1.

� regularity of Z: s 7→ Z(sP )(s−1x) is bounded or measurable on any
compact interval I ⊂ (0,∞)
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� GL+(n) covariant: Z(φK)(x) = ZK(φtx), φ ∈ GL+(n)

Theorem (Li: AM 2021)

Let n ≥ 3. A map Z : Pno → F (Rn) is a GL+(n) covariant valuation
⇐⇒ exist ζ1, ζ2 ∈ F (R)

ZP (x) =

{
ζ1(hP (x)) + ζR1 (h−P (x)) + E−ζ2(P )(x) + E−

ζR2
(−P )(x), x 6= o,

c0V0(P ) + c′0(−1)dimPV0(o ∩ relintP ) x = o

for every P ∈ Pno and x ∈ Rn.

� 1P ◦(x) = ζ(hP (x)) for ζ(t) = 1[0,1](t)
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� F a face of P ∈ Pn: either F = P or F = K ∩Hu,hP (u) for some
u ∈ Sn−1.

� N(P, F ) = {u ∈ Rn \ {o} : F ⊆ P ∩Hu,hP (u)} ∪ {o}
� F (P ): all faces of P

� F−(P ) (F+(P )): faces F of P such that hP (u) ≤ 0 (hP (u) ≥ 0
respectively) for all u ∈ N(P, F ).

� For o ∈ P
F+(P ) = F (P )
F−(P ) faces containing the origin.

� ζ ∈ F (R),

E±ζ P (x) :=
∑

F∈F±(P )

(−1)dimF ζ(hF (x))

EζP (x) :=
∑

F∈F (P )

(−1)dimF ζ(hF (x))
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Euler-type relations

Corollary (Shephard 1968)

Let n ≥ 0. The Euler-type relation∑
F∈F (P )

(−1)dimF ζ (hF (u)) = ζ(−h−P (x)), x ∈ Rn

holds for every P ∈ Pn, ζ ∈ F (R) and x ∈ Rn.

Corollary

Let n ≥ 1. We have∑
F∈F (P )

(−1)dimF

∫
Sn−1

ζ

(
hF (u)

hL(u)

)
dVL(u) =

∫
Sn−1

ζ

(
−h−P (u)

hL(u)

)
dVL(u)

for every ζ ∈ F (R), P ∈ Pn and L ∈ Kn such that o is contained in the
interior of L.
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� Fj(P ) = {F ∈ F (P ) : dimF = j}
F±j (P ) = {F ∈ F±(P ) : dimF = j}

� Euler-Schläfli-Poincaré formula

∑
F∈F (P )

(−1)dimFV0(F ) =
dimP∑
j=0

(−1)j |Fj(P )| = V0(P ),

Corollary (The local Euler-Schläfli-Poincaré formula)
dimP∑
j=0

(−1)j |F−j (P )| = (−1)dimPV0(o ∩ relintP )

dimP∑
j=0

(−1)j |F+
j (P )| = V0(o ∩ P )

∑
F∈F (P )

(−1)dimFV0(x ∩ F ) = (−1)dimPV0(x ∩ relintP )
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∑
F∈F (P )

(−1)dimFV0(F ) =

dimP∑
j=0

(−1)j |Fj(P )| = V0(P ),

Corollary (The local Euler-Schläfli-Poincaré formula)
dimP∑
j=0

(−1)j |F−j (P )| = (−1)dimPV0(o ∩ relintP )

dimP∑
j=0

(−1)j |F+
j (P )| = V0(o ∩ P )

∑
F∈F (P )

(−1)dimFV0(x ∩ F ) = (−1)dimPV0(x ∩ relintP )

Jin Li (Shanghai University) Affine function valued valuations IASM-BIRS 2021/10 18 / 32



� Fj(P ) = {F ∈ F (P ) : dimF = j}
F±j (P ) = {F ∈ F±(P ) : dimF = j}
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Valuations on Pn

Theorem (Li: AM 2021)

Let n ≥ 3. Z : Pn → Cr(Rn \ {o}) is a regular and SL(n) covariant
valuation
⇐⇒ exist ζ1, ζ2, ζ

′
1, ζ
′
2 ∈ C(R) and µ, µ′ ∈Mc(R)

ZP (x)

= E+
ζ1

(P )(x) + E+
ζR1

(−P )(x) + E−ζ2(P )(x) + E−
ζR2

(−P )(x)

+ E+
ζ′1

([P, o])(x) + E+
(ζ′1)R

(−[P, o])(x) + E−
ζ′2

([P, o])(x) + E−
(ζ′2)R

(−[P, o])(x)

+
1

|x|

∫
R
Vn−1(P ∩Hx,t)dµ(t) +

1

|x|

∫
R
Vn−1([P, o] ∩Hx,t)dµ

′(t)

for every P ∈ Pn and x ∈ Rn \ {o}.

� E−ζ (−P )− E−ζ [−P, o] = ζ(−hP )− ζ(−h[P,o])
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Theorem (Li: AM 2021)

Let n ≥ 3. A map Z : Pn → F (Rn \ {o}) is a continuous and SL(n)
covariant valuation
⇐⇒ exist ζ1, ζ

′
1 ∈ C(R) and µ, µ′ ∈Mc(R)

ZP (x) = ζ1(hP (x)) + ζ1(−h−P (x)) +
1

|x|

∫
R
Vn−1(P ∩Hx,t)dµ(t)

+ ζ ′1(h[P,o](x)) + ζ ′1(−h−[P,o](x)) +
1

|x|

∫
R
Vn−1([P, o] ∩Hx,t)dµ

′(t)

for every P ∈ Pn and x ∈ Rn \ {o}.
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� SL(n) contravariant: Z(φK) = ZK ◦ φ−1, φ ∈ SL(n)

Li: IMRN 2020

Z : Pno → C(Rn) is a measurable and SL(n) contravariant valuation

⇐⇒

exist ζ ∈ C(R) and c0, c
′
0, cn−1 ∈ R such that

Z(P )(x) =

∫
Sn−1\N(P,o)

ζ

(
x · u
hP (u)

)
dVP (u) + cn−1V1(P, [−x, x])

+ c0V0(P ) + c′0(−1)dimP
1relintP (o),

for every P ∈ Pno and x ∈ R.

� N(P, o) the normal cone of P at o.
N(P, o) = {o} if o ∈ intP

� dVP (u) = 1
nhP (u)dS(P, u) cone-volume measure of P

� V1(P, [−x, x]) =
∫
Sn−1 h[−x,x](u)dS(P, u) = hΠP (x)
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(general) projection functions: P 7→
∫
Sn−1\N(P,o) ζ

(
x·u
hP (u)

)
dVP (u)

� If ζ ≡ c, then
∫
Sn−1\N(P,o) ζ

(
x·u
hP (u)

)
dVP (u) = cVn(P ).

� If ζ(t) = |t|p for some o ∈ intP , then∫
Sn−1\N(P,o)

ζ

(
x · u
hP (u)

)
dVP (u)

� If ζ(t) = c1(t)p+ + c2(t)p− for some then∫
Sn−1\N(P,o)

ζ

(
x · u
hP (u)

)
dVP (u)

� Lp mixed volume: Vp(P,L) =
∫
Sn−1 h

p
L(u)h1−p

P (u)dS(P, u),
L ∈ Kno , for p > 1: o ∈ intP

� V̂p(P,L) =
∫
Sn−1\N(P,o) h

p
L(u)dSp(P, u), P,L ∈ Kno
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� ζ : [0,∞)→ [0,∞) is a convex function satisfying ζ(0) = 0 and
ζ(1) = 1.

� Orlicz mixed volume: Vζ(P,L) =
∫
Sn−1 ζ

(
hL(u)
hP (u)

)
dVP (u),

o ∈ intP , L ∈ Kno
� (Gardner, Hug & Weil: JDG 2014) and (Xi, Jin & Leng: AM 2014)

� V̂ζ(P,L) =
∫
Sn−1\N(P,o) ζ

(
hL(u)
hP (u)

)
dVP (u), P,L ∈ Kno

� If ζ is a convex function satisfying ζ(0) = 0 and ζ(±1) = 1.∫
Sn−1\N(P,o)

ζ

(
x · u
hP (u)

)
dVP (u) = V̂ζ1(P, [o, x]) + V̂ζ2(P, [o,−x]),

where ζ1(t) = ζ(t) and ζ2(t) = ζ(−t) for every t ≥ 0.
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Corollary (Ludwig 2005, Haberl 2012, Parapatits 2014)

Let n ≥ 3 and q ≥ 0. A map Z, mapping Pno to the space of
q-homogeneous and continuous functions on Rn, is a measurable and
SL(n) contravariant valuation
⇐⇒ exist cn−1, ĉ

+
n−p, ĉ

−
n−p ∈ R s.t.

ZP (x) = cn−1V1(P, [−x, x]) + ĉ+
n−1V̂1(P, [o, x]) + ĉ−n−1V̂1(P, [o,−x])

if q = 1,

ZP (x) = ĉ+
n−pV̂p(P, [o, x]) + ĉ−n−pV̂p(P, [o,−x])

if q > 0, q 6= 1, and

ZP (x) = cnVn(P ) + c0V0(P ) + c′0(−1)dimP
1relintP (o)

if q = 0.

Jin Li (Shanghai University) Affine function valued valuations IASM-BIRS 2021/10 24 / 32



Characterization of Lp mixed volume
� Z : Pno ×Knc → R is SL(n) invariant

⇐⇒ Z(φP, φL) = Z(P,L), φ ∈ SL(n), P ∈ Pno , L ∈ Knc
� Lp additive with respect to the second variable:
Z(P,L1 +p L2) = Z(P,L1) + Z(P,L2), P ∈ Pno , L1, L2 ∈ Knc .

Corollary (Li: IMRN 2020)

Let p ≥ 1 and p not an even integer. Z : Pno ×Knc → R is an SL(n)
invariant map which is a measurable valuation with respect to the first
variable and continuous and Lp additive with respect to the second variable

⇐⇒
exist ĉn−p, cn−1 ∈ R such that

Z(P,L) = ĉn−pV̂p(P,L) + cn−1δ
1
pV1(P,L)

for every P ∈ Pno and L ∈ Knc .

Questions: characterizations of Lp mixed volumes and Orlicz mixed
volumes
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Sketch of Proofs (the covariant case)

� reduce to simplices

Lemma

Let Z and Z ′ be SL(n) covariant function valued valuations on Pno . If
Z(s[o, e1, . . . , ed]) = Z ′(s[o, e1, . . . , ed]) for every s > 0 and 0 ≤ d ≤ n,
then ZP = Z ′P for every P ∈ Pno .

o
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ZP = Z ′P for every P ∈ Pn.

o
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d ≥ 2

e1

e2

o

T d = [o, e1, . . . , ed]

Hλ

(λ, 1− λ)φλT
d

ψλT
d

Z(sT d)(x) + Z(sT d ∩Hλ)(x)

= Z(sφλT
d)(x) + Z(sψλT

d)(x)

φλe1 = λe1 + (1− λ)e2, φλe2 = e2,

φλei = ei, 3 ≤ i ≤ n,

ψλe1 = e1, ψλe2 = λe1 + (1− λ)e2,

ψλei = ei, 3 ≤ i ≤ n.

� Vanishes on (d− 1)-dimension + SL(n) covariance =⇒

Z(s1/nT d)(x) = Z
(
(λs)1/nT d

)(
λ−1/nφtλx

)
+ Z

(
((1− λ)s)1/nT d

)(
((1− λ)s)−1/nψtλx

)
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Uniqueness

Lemma

Let n ≥ 3 and Z : Pno → C(Rn \ {o}) be a regular SL(n) covariant
valuation. If

Z{o}(en) = ZT 1(re1) = ZT 2(re1) = ZTn−1(ren) = Z(sTn)(re1) = 0

for every r 6= 0 and s > 0, then Z = 0.
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Lemma

Let n ≥ 3. If Z : Pno → Cr(Rn \ {o}) is a regular, simple and SL(n)
covariant valuation, then there is a measure µ ∈Mc(R) such that

Z(sTn)(re1) =
1

|r|

∫
R
Vn−1(sTn ∩Hre1,t)dµ(t)

for every s > 0 and r 6= 0.

Proofs:

1 Z(sTn)(re1) = snZ(Tn)(rse1)

2 g(r) := rnZ(Tn)(re1) = 1
(n−1)!

∫ r
0 (r − t)n−1dµ(t), r 6= 0

⇐⇒ (∗) g(k) exists and is continuous on R \ {o} from k = 1 up to
n− 1 and

lim
r→0

g(k)(r) = 0

for 0 ≤ k ≤ n− 1.

3 Show that (∗) holds.
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Thank you!
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