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Intrinsic Volumes

Kn space of convex bodies (non-empty, compact, convex sets) in Rn

V0, . . . ,Vn : Kn Ñ R intrinsic volumes

Steiner formula

VnpK � r Bnq �
ņ

j�0

rn�jκn�jVjpK q

for r ¡ 0 and K P Kn

Crofton and Cauchy–Kubota Formulas

VjpK q �

»
Graff pn,jq

V0pK X E qdµjpE q �

»
Grpn,jq

VjpK |E q dνjpE q

for K P Kn

K P Kn with smooth boundary

VjpK q �

�
n
j

�
nκn�j

»
Sn�1

sjpK , yq dy �

�
n
j

�
nκn�j

»
bdK

Hn�j�1pK , xq dx
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Valuations on Convex Bodies

Z : Kn Ñ R is a (real-valued) valuation ðñ

ZpK q � ZpLq � ZpK Y Lq � ZpK X Lq

for all K , L P Kn such that K Y L P Kn.

Hilbert’s Third Problem: Dehn 1902, . . .

Classification of valuations:

Blaschke 1937, Hadwiger 1949, Schneider 1971,
Groemer 1972, McMullen 1977, Betke & Kneser 1985,
Klain 1995, Ludwig 1999, Reitzner 1999, Alesker 1999,
Hug 2005, Bernig 2006, Fu 2006, Haberl 2006,
Schuster 2006, Tsang 2010, Wannerer 2010, Abardia 2011,
Parapatits 2011, Faifman 2013, Solanes 2014, Wang 2014,
Böröczky 2015, Li 2015, Ma 2016, Colesanti 2017, Mussnig
2017, Jochemko 2018, Sanyal 2018, Zeng 2019, Xia 2019, . . .
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Valuations on Convex Bodies

Theorem (Hadwiger 1952)

Z : Kn Ñ R is a continuous, translation and rotation invariant valuation
ðñ

Dc0, . . . , cn P R :

ZpK q � c0V0pK q � � � � � cnVnpK q

for every K P Kn.

Corollary

Z : Kn Ñ R is a non-trivial, continuous, j-homogeneous, translation and
rotation invariant valuation

ðñ
j P t0, . . . , nu and Dc P R :

ZpK q � c VjpK q

for every K P Kn.
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Valuations on Function Spaces

FpX q :� tf : X Ñ Ru space of real-valued functions on X

f _ g :� maxtf , gu, f ^ g :� mintf , gu

Z : FpX q Ñ R is a valuation ðñ

Zpf q � Zpgq � Zpf _ gq � Zpf ^ gq

for all f , g P FpX q such that f _ g , f ^ g P FpX q.

Examples

Valuations on convex bodies (via indicator or support functions)

Valuations on star sets (via indicator or radial functions)

Question (L. 2010):

Classification of interesting valuations on classical function spaces
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Valuations on the Classical Function Spaces

Valuations on Sobolev and BV functions:
L.: AIM 2011, AJM 2012; Wang: IUMJ 2014; Ma: SCM 2016

Valuations on Lp and Orlicz functions:
Tsang: IMRN 2010, TAMS 2012; L.: AAM 2013;
Ober: JMAA 2014; Kone: AAM 2014; Li & Ma: JFA 2017

Valuations on convex functions:
Cavallina & Colesanti: AGMS 2015; Colesanti, L. & Mussnig:
IMRN 2017, CVPDE 2017, IUMJ 2020, JFA 2020; Alesker: AG 2019;
Knoerr JFA 2021; Mussnig: AiM 2019, CJM 2021, JGA 2021

Valuations on quasi-concave functions:
Colesanti & Lombardi: 2017; Colesanti, Lombardi & Parapatits: 2017

Valuations on continuous and Lipschitz functions:
Villanueva: AiM 2016; Tradacete & Villanueva: JMAA 2017,
AiM 2018, IMRN 2020; Colesanti, Pagnini, Tradacete & Villanueva:
AiM 2020, JFA 2021
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Valuations on Convex Functions

IK

K

Convex functions
ConvpRnq :�

 
u : Rn Ñ p�8,8s : u convex, l.s.c., proper

(

uk is epi-convergent to u in ConvpRnq ô
� upxq ¤ lim infkÑ8 ukpxkq for every pxkq with xk Ñ x

� @x , D pxkq with xk Ñ x such that upxq � limkÑ8 ukpxkq
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Valuations on Super-coercive Convex Functions

not super-coercive

u P ConvpRnq super-coercive

ô lim|x |Ñ�8
upxq
|x | � �8

ConvscpRnq :�
 
u P ConvpRnq : u super-coercive

(
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Valuations on ConvscpRnq

Z : ConvscpRnq Ñ R is rotation invariant
ô Zpu � ϑ�1q � Zpuq for all ϑ P SOpnq and u P ConvscpRnq

Z : ConvscpRnq Ñ R is epi-translation invariant
ô Zpu � τ�1 � cq � Zpuq for all translations τ : Rn Ñ Rn and c P R
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Valuations on ConvscpRnq

Epi-multiplication: t upxq :� t up x
t q

for t ¡ 0 and u P ConvscpRnq

Z : ConvscpRnq Ñ R is epi-homogeneous of degree j
ô Zpt uq � t j Zpuq for all t ¡ 0 and u P ConvscpRnq

Theorem (Colesanti, L. & Mussnig, JFA 2020)

Z : ConvscpRnq Ñ R is a continuous, epi-translation invariant valuation
ùñ

Z � Z0� � � � � Zn

where Zj : ConvscpRnq Ñ R is a continuous, epi-translation invariant
valuation that is is epi-homogeneous of degree j .
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Functional Intrinsic Volumes

Theorem (Colesanti, L. & Mussnig 2020+)

For ζ P Dn
j , there exists a unique, continuous, epi-translation and rotation

invariant valuation Vj ,ζ : ConvscpRnq Ñ R such that

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for every u P ConvscpRnq X C 2
�pRnq.

For j P t0, . . . , n � 1u,

Dn
j :�

 
ζ P Cbpp0,8qq : lim

sÑ0�
sn�jζpsq � 0,

lim
sÑ0�

» 8

s
tn�j�1ζptqdt finite

(
Dn

n :�
 
ζ P Cbpp0,8qq : lim

sÑ0�
ζpsq finite

(
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Functional Intrinsic Volumes

Theorem (Colesanti, L. & Mussnig 2020+)

For ζ P Dn
j , there exists a unique, continuous, epi-translation and rotation

invariant valuation Vj ,ζ : ConvscpRnq Ñ R such that

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for every u P ConvscpRnq X C 2
�pRnq.

rD2upxqsk kth elementary symmetric function of the eigenvalues of
the Hessian matrix D2upxq

Hessian measures: Trudinger & Wang (Annals 1999),
Colesanti & Hug (TAMS 2000)

Hessian valuations: Colesanti, L. & Mussnig (IUMJ 2020)

Singular Hessian valuations, Moreau-Yosida approximation

Monika Ludwig (TU Wien) Functional Intrinsic Volumes 11 / 22



Functional Intrinsic Volumes

Theorem (Colesanti, L. & Mussnig 2020+)

For ζ P Dn
j , there exists a unique, continuous, epi-translation and rotation

invariant valuation Vj ,ζ : ConvscpRnq Ñ R such that

Vj ,ζpuq �

»
Rn

ζp|∇upxq|qrD2upxqsn�j dx

for every u P ConvscpRnq X C 2
�pRnq.

rD2upxqsk kth elementary symmetric function of the eigenvalues of
the Hessian matrix D2upxq

Hessian measures: Trudinger & Wang (Annals 1999),
Colesanti & Hug (TAMS 2000)

Hessian valuations: Colesanti, L. & Mussnig (IUMJ 2020)

Singular Hessian valuations, Moreau-Yosida approximation

Monika Ludwig (TU Wien) Functional Intrinsic Volumes 11 / 22



The Hadwiger Theorem on ConvscpRnq

Theorem (Colesanti, L. & Mussnig 2020+)

Z : ConvscpRnq Ñ R is a continuous, epi-translation and rotation invariant
valuation

ðñ
D ζ0 P Dn

0 , . . . , ζn P Dn
n :

Zpuq � V0,ζ0puq � � � � � Vn,ζnpuq

for every u P ConvscpRnq.
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Corollary

Z : ConvscpRnq Ñ R is a non-trivial, continuous, epi-translation and
rotation invariant valuation that is epi-homogeneous of degree j

ðñ
j P t0, . . . , nu and Dζ P Dn

j :
ZpK q � Vj ,ζpuq

for every u P ConvscpRnq.
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Duality and Finite-valued Convex Functions

Legendre transform (convex conjugate):

u�pyq :� supxPRn pxx , yy � upxqq

ConvpRn;Rq :� tv P ConvpRnq : vpxq   �8 for all x P Rnu
� : ConvscpRnq Ñ ConvpRn;Rq continuous bijection

Z : ConvpRn;Rq Ñ R continuous valuation
ô Z� : ConvscpRnq Ñ R, defined by

Z�puq :� Zpu�q,

continuous valuation (Colesanti, L. & Mussnig, IUMJ 2020)

Z� : ConvscpRnq Ñ R epi-translation invariant
ô Z : ConvpRn;Rq Ñ R dually epi-translation invariant:

Zpv � `� cq � Zpvq

for all linear functions ` : Rn Ñ R and c P R
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The Hadwiger Theorem on ConvpRn;Rq

Theorem (Colesanti, L. & Mussnig 2020+)

For ζ P Dn
j , there exists a unique, continuous, dually epi-translation and

rotation invariant valuation V�
j ,ζ : ConvpRn;Rq Ñ R such that

V�
j ,ζpvq �

»
Rn

ζp|x |qrD2vpxqsj dx

for every v P ConvpRn;Rq X C 2pRnq.

Theorem (Colesanti, L. & Mussnig 2020+)

Z : ConvpRn;Rq Ñ R is a continuous, dually epi-translation and rotation
invariant valuation

ðñ
D ζ0 P Dn

0 , . . . , ζn P Dn
n :

Zpvq � V�
0,ζ0

pvq � � � � � V�
n,ζn

pvq

for every v P ConvpRn;Rq.
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The Steiner Formula on ConvpRn;Rq

Theorem (Colesanti, L. & Mussnig 2021+)

Let ζ P Dn
n . For v P ConvpRn;Rq and r ¡ 0,

V�
n,ζpv � r hBnq �

ņ

j�0

rn�jκn�j V�
j ,ζj
pvq,

where ζj P Dn
j is given for s ¡ 0 by

ζjpsq :�
1

κn�j

�
ζpsq

sn�j
� pn � jq

» 8

s

ζptq

tn�j�1
dt



.

hBnpxq � |x | for x P Rn; support function of Bn
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For K P Kn and r ¡ 0,

VnpK � r Bnq �
ņ

j�0

rn�jκn�jVjpK q.
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The Steiner Formula on ConvpRn;Rq

Theorem (Colesanti, L. & Mussnig 2021+)

Let ζ P Dn
n . For v P ConvpRn;Rq and r ¡ 0,

V�
n,ζpv � r hBnq �

ņ

j�0

rn�jκn�j V�
j ,ζj
pvq,

where ζj P Dn
j is given for s ¡ 0 by

ζjpsq :�
1

κn�j

�
ζpsq

sn�j
� pn � jq

» 8

s

ζptq

tn�j�1
dt



.

Proof using Reilly’s formulas

Second proof using the functional Hadwiger theorem
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The Steiner Formula on ConvpRn;Rq

Theorem (Colesanti, L. & Mussnig 2021+)

Let ζ P Dn
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V�
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rn�jκn�j V�
j ,ζj
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where ζj P Dn
j is given for s ¡ 0 by

ζjpsq :�
1

κn�j

�
ζpsq

sn�j
� pn � jq

» 8

s

ζptq

tn�j�1
dt



.

Corollary

For ζ P Dn
j and v P ConvpRn;Rq,

V�
j ,ζpvq �

j!

n!

dn�j

drn�j

���
r�0

V�
n,αpv � r hBnq,

where α P Ccpr0,8qq is given for s ¡ 0 by

αpsq :�

�
n

j


�
sn�jζpsq � pn � jq

» 8

s
tn�j�1ζptqdt

	
.
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New Representation Formulas

Theorem (Colesanti, L. & Mussnig, JFA 2020)

For ζ P Dn
n and v P ConvpRn;Rq,

V�
n,ζpvq �

»
Rn

ζp|x |qdMApv ; xq.

Moreover,

V�
n,ζpvq �

»
Rn

ζp|x |q detpD2vpxqq dx

for v P ConvpRn;Rq X C 2pRnq.

MApv ; �q Monge–Ampère measure of v P ConvpRn;Rq
� Bvpxq subdifferential of v at x

Bvpxq :� ty P Rn : vpzq ¥ vpxq � xy , z � xy for z P Rnu

� For B � Rn Borel,

BvpBq :�
¤

xPB

Bvpxq and MApv ;Bq :� |BvpBq|
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Mixed Monge–Ampère Measures

Polarization

MApv1, . . . , vn; �q :�
1

n!

ņ

k�1

¸
1¤i1 ��� ik¤n

p�1qn�kMApvi1 � � � � � vik ; �q

for v1, . . . , vn P ConvpRn;Rq

jth Hessian measures for v P ConvpRn;Rq
(with density rD2v sj for v P C 2pRnq)

�
n

j



MApv rjs, qrn � js; �q

where qpxq � 1
2x

2 for x P Rn

New family of mixed Monge–Ampère measures

MAjpv ; �q :� MApv rjs, hBnrn � js; �q

for v P ConvpRn;Rq
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New Representation Formulas

Theorem (Colesanti, L. & Mussnig 2021+)

For ζ P Dn
j and v P ConvpRn;Rq,

V�
j ,ζpvq �

»
Rn

αp|x |qdMAjpv ; xq,

where α P Ccpr0,8qq is given by

αpsq :�

�
n

j


�
sn�jζpsq � pn � jq

» 8

s
tn�j�1ζptqdt

	
.

Moreover, for v P ConvpRn;Rq X C 2pRnq,

V�
j ,ζpvq �

»
Rn

αp|x |q det
�

D2vpxqrjs,
1

|x |

�
In �

x

|x |
b

x

|x |

�
rn � js

�
dx .

D2hBnpxq �
1

|x |

�
In �

x

|x |
b

x

|x |

�
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New Representation Formulas

Theorem (Colesanti, L. & Mussnig 2021+)

For ζ P Dn
j and u P ConvscpRnq,

Vj ,ζpuq �

»
Rn

αp|y |qdMA�
j pu; yq,

where α P Ccpr0,8qq is given by

αpsq :�

�
n

j


�
sn�jζpsq � pn � jq

» 8

s
tn�j�1ζptqdt

	
.

Moreover, for u P ConvscpRnq X C 2
�pRnq,

Vj ,ζpuq �
1�
n
j

�
»
Rn

αp|∇upxq|q τn�jpu, xqdx .

MA�
j pu; �q :� MAjpu

�; �q conjugate Monge–Ampère measure

τkpu, xq kth elementary symmetric function of the principal
curvatures of tu � tu with t � upxq at x
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The Hadwiger Theorem on ConvscpRnq

Theorem (Colesanti, L. & Mussnig 2021+)

Z : ConvscpRnq Ñ R is a continuous, epi-translation and rotation invariant
valuation

ðñ
Dα0, . . . , αn P Ccpr0,8qq :

Zpuq �
ņ

j�0

»
Rn

αjp|y |qdMA�
j pu; yq

for every u P ConvscpRnq.
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