
Introduction
Dirac equations

Extrinsic Eigenvalues

Some results on geometric analysis of
Dirac operators

Qun Chen , Wuhan University

October 17-22, 2021

Interaction Between
Partial Differential Equations and Convex Geometry

BIRS-IASM

Chen Qun, Wuhan University



Introduction
Dirac equations

Extrinsic Eigenvalues

Based on joint works with

J.Jost, MPI MIS

L.L.Sun, Wuhan U.

G.F. Wang, Freiburg U.

M.M.Zhu, SJTU

Chen Qun, Wuhan University



Introduction
Dirac equations

Extrinsic Eigenvalues

1 Introduction

2 Dirac equations

3 Extrinsic Eigenvalues

Chen Qun, Wuhan University



Introduction
Dirac equations

Extrinsic Eigenvalues

Introduction

Dirac operator was first introduced by P.A. Dirac 1928.
While studing spin-1/2 particles in electron-magnetic fields,
Dirac looked for square root P =

√
∆ of ∆ = −Σi∂

2
xi

.

Naturally letting P := Σiγi∂xi , here γi ’s are n × n matrices, then

γ2
i = −I, γiγj + γjγi = 0,∀i , j .

Algebra generated by this kind of γi is called Clifford algebra.
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Let V be an n-dimensional real vector space, equiped with a
inner product 〈 , 〉.

Definition (Clifford algebra)

The Clifford algebra on V is the algebra generated by all the
elements of V and a multiplication "·" satisfying

v · w + w · v = −2〈v ,w〉, ∀v ,w ∈ V . (1)

Choosing an orthonormal basis {e1, · · · ,en} of V , then

e2
i = −1, ei · ej = −ej · ei , i , j , i = 1, · · · ,n. (2)

Chen Qun, Wuhan University
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Let (E ,Mm) be a vector bundle with metric 〈, 〉 over manifold M.

Definition
(E ,Mm, 〈, 〉 , ·,∇) is a Dirac bundle, if the following properties
hold for all X ,Y ∈ Γ(TM), ψ, ϕ ∈ Γ(E):

1 X · Y · ψ + Y · X · ψ = −2 〈X ,Y 〉ψ,

2 ∇X (Y · ψ) = ∇TM
X Y · ψ + Y · ∇Xψ,

3 〈X · ψ, ϕ〉 = − 〈ψ,X · ϕ〉,
4 X 〈ψ, ϕ〉 = 〈∇Xψ, ϕ〉+ 〈ψ,∇Xϕ〉.
∇ is called a Dirac connection.
The Dirac operator is defined by D/ := ei · ∇ei , where ei is a local
orthonormal frame of M.

Chen Qun, Wuhan University
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Definition (Spin structure on principal SO(n)-bundle)

Let (Q, π, Mn, SO(n)) be a principal SO(n)-bundle. A spin
structure on Q is a pair (P, Λ) such that
(1) P is a principal Spin(n)-bundle over M;

(2) Λ : P −→ Q is a two-sheeted covering map satisfying

P × Spin(n) −−−−−→ P

Λ×λ

y Λ

y
Q × SO(n) −−−−−→ Q

Namely, Λ(pg) = Λ(p)λ(g), ∀p ∈ P, ∀g ∈ Spin(n),
where λ : Spin(n)→ SO(n) is the 2-fold covering map.

Chen Qun, Wuhan University
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Definition (Spin manifold)

Let (Mn, g) be an oriented Riemannian manifold, Q is the
principal SO(n)-bundle consists of all the positively oriented
orthonormal frames on M. If Q admits a spin structure, then
(M , g) is called a spin manifold.

Examples (cf. H.B.Lawson, M.L.Michelson, Spin Geometry,
Princeton University Press, Princeton, NJ,1989.):
(i) Homotopy spheres Sm(m ≥ 2).
(ii) Simply-connected Lie groups.
(iii) All the Lie groups, oriented manifolds of dimensions ≤ 3.
(iv) RPn with n = 3 mod 4;
CPn with n odd, etc.

Chen Qun, Wuhan University
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If (M ,g) is a spin manifold, then there is a spin bundle ΣM, on
which there exists a unique "spin connection", given by

∇Xψ = X (ψ) +
1
2

∑
i<j

g(∇X ei ,ej)ei · ej · ψ (3)

and it is a metric connection:

X 〈ψ, ξ〉 = 〈∇Xψ, ξ〉+ 〈ψ,∇X ξ〉, ∀X ∈ Γ(TM), ψ, ξ ∈ Γ(ΣM). (4)

Taking E as the spinor bundle ΣM of M, then the Dirac operator
D/ is just the classical Dirac operator ∂/ ≡ D in geometry (also
called the Atiyah-Singer operator).

Chen Qun, Wuhan University
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Atiyah-Singer studied index theory of elliptic operators on
compact manifolds. They found on spin manifold there exists
Dirac construction and defined the operator: ∂/ψ := ei · ∇eiψ.

Index theorems and their generalizations and applications lies
in the core of modern pure mathematics.

Besides this, Dirac operators are very useful in other topics in
mathematics and physics such as the existence of positive
scalar curvature (Gromov-Lawson, Schoen-Yau, W.P.Zhang),
and the positive mass theorem (E.Witten 1981) etc.
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We consider Dirac type equations on Riemann surfaces M:

∂/ψ = Hjkl〈ψ
j , ψk 〉ψl , (5)

where Σ is the spin bundle on M, Σn :=

n︷        ︸︸        ︷
Σ × · · · × Σ, n ∈ Z+ ,

ψ = (ψ1, ψ2, · · · , ψn) ∈ Γ(Σn), and Hjkl = (H1
jkl ,H

2
jkl , · · · ,H

n
jkl)

∈ C1(M ,Rn).

Denote |ψ| := (
n∑

i=1
〈ψi , ψi〉)1/2.

We note that (5) is conformally invariant.

Chen Qun, Wuhan University
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Motivations:
In [C.-Jost-Wang, JMP 2007], we introduced the following
functional:

Lc(φ, ψ) :=
1
2

∫
M

[|dφ|2 + 〈ψ,D/ψ〉 −
1
6

Rikjl〈ψ
i , ψj〉〈ψk , ψl〉]. (6)

We call critical points (φ, ψ) of Lc Dirac-harmonic maps with
curvature term.

This functional comes from the supersymmetry σ-model in
superstring theory. The only difference is that here the
components of ψ are ordinary spinor fields on M, while in
physics they take values in a Grassmann algebra.

Chen Qun, Wuhan University
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The Euler-Lagrange equations of the functional Lc :

D/ψi =
1
3

R i
jkl〈ψ

j , ψk 〉ψl , (7)

τi(φ)−
1
2

R i
lmj〈ψ

m,∇φl ·ψj〉+
1

12
hipRmkjl;p〈ψ

m, ψj〉〈ψk , ψl〉 = 0, (8)

i = 1,2, · · · ,n, where R i
jkl is a component of the curvature

tensor of N, τ(φ) is the tension field of φ, and Rmkjl;p denotes
the covariant derivatives.

Chen Qun, Wuhan University
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In particular, if φ is a constant map, then (7) becomes

∂/ψi =
1
3

R i
jkl〈ψ

j , ψk 〉ψl , i = 1,2, · · · ,n, (9)

which is a Dirac equation of type (5).

Chen Qun, Wuhan University
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Another more classical example of type (5) comes from
generalized Weierstrass representation of surfaces in
three-manifolds (T.Friedrich, 1998; I.S.Tamanov, 1997).

Theorem (T.Friedrich JGP 1998)

Suppose (M2,g) is a 2-dimensional orientable Riemannian
manifold, H ∈ C∞(M), then the following facts are equivalent:
(1) The universal covering space M̃ of M is isometric immersed
into Euclidean space R3: (M̃ ,g)→ R3 with mean curvature H;

(2) There is nontrivial solution ψ for Dirac equation ∂/ψ = Hψ,
and |ψ| ≡ constant.

Chen Qun, Wuhan University
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Let M be a compact Riemann surface with fixed spin structure.
For any local orthonormal basis {eα}α=1,2, one can define the
so-called chirality operator Γ := i e1 · e2· and

Γ+ :=
1
2

(Id + Γ), Γ− :=
1
2

(Id − Γ).

Let U = U(ψ), V = V (ψ) be complex functions. We consider
the following Dirac equation:

∂/ψ = [U(ψ)Γ+ + V (ψ)Γ−]ψ. (10)

Equation (5) corresponds to the case U = V = −H |ψ|2.

Chen Qun, Wuhan University
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Surfaces in some 3-Lie groups:

The Dirac equation for surfaces immersed into some
three-dimensional Lie groups N take a special form of (10), c.f.
I.S.Tamanov, Russian Mathematical Surveys 2006:

N = SU(2) : U = V̄ = −(H − i)|ψ|2; (11)

N = Nil : U = V = −H |ψ|2 −
i
2

(|ψ1|
2 − |ψ2|

2); (12)

N = S̃L2 : U = −H |ψ|2 − i(
3
2
|ψ2|

2 − |ψ1|
2),

V = −H |ψ|2 − i(|ψ2|
2 −

3
2
|ψ1|

2). (13)

Chen Qun, Wuhan University
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In [C.-Jost-Wang, AGAG 2008], we considered geometric
analysis of the above type of equations and obtained:

Regularity:
Small energy regularity theorem;

Removable singularity theorem;

Blow up analysis:

Energy identity: lim
n→+∞

E(ψm) = E(ψ) +
K∑

k=1

Ak∑
a=1

E(ξa
k ).

Chen Qun, Wuhan University
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[C.Y.Wang, PAMS 2010] proved that weak solutions of

∂/ψ = Hjkl〈ψ
j , ψk 〉ψl (14)

on Riemannian surfaces must be smooth, which answered a
question raised in [C.-Jost-Wang, AGAG 2008].

The energy identity was improved by [M.Zhu, PAMS 2016].

Chen Qun, Wuhan University
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Boundary value problems for Dirac equations:

Although the index theorems and Fredholm theorems give us
information or criteria for the existence of solutions, in many
cases, for an elliptic boundary problem and given boundary
data, one needs more direct results about the existence and
uniqueness of solutions.

This is our motivation for studying the boundary values
problems for Dirac equations.

Chen Qun, Wuhan University
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Boundary value conditions

Definition (Chiral boundary operator)

Let E be a Dirac bundle, and G ∈ End(E) be a chiral operator,
i.e.,

G∗ = G, G2 = Id, GX · = − X ·G, ∇G = 0, ∀X ∈ TM .

The chiral boundary operator B±chi is defined by

B±chi =
1
2

(Id±n ·G) .

Where n is the unit normal vector of the boundary ∂M.

Denote by B be one of B±chi or B±J .

Chen Qun, Wuhan University
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Definition (J-boundary operator)

Let E be a Dirac bundle, and J ∈ End(E) be a J-operator, i.e.,
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1
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BVP of Dirac equations

Consider the BVP D/ψ = ϕ, in M̊;

Bψ = Bψ0, on ∂M .
(15)

Theorem (Bartnik-Chruśiel, Crelle’s J. 2005)

The BVP (15) is solvable in H1(E) if and only if∫
M
〈ϕ, η〉+

∫
∂M
〈Bψ0,n · η〉 = 0, ∀η ∈ ker(D/∗,B∗). (16)

Moreover, ‖ψ‖H1(M) ≤ C
(
‖ϕ‖L2(M) + ‖Bψ0‖H1/2(∂M) + ‖ψ‖L2(M)

)
.

Chen Qun, Wuhan University
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Suppose p∗ > 1 if m = 2; p∗ > (3m − 2)/4 if m > 2.

Theorem (C-Jost-Sun-Zhu, JEMS 2019)
For any 1 < p < p∗, the BVPD/ψ = ϕ, in M̊;

Bψ = Bψ0, on ∂M .
(17)

admits a unique solution ψ ∈W 1,p(M; E), here ϕ ∈ Lp(M; E)
and Bψ0 ∈W 1−1/p,p(∂M; E).

Moreover, ψ satisfies the following estimate

‖ψ‖W 1,p(M) ≤ C
(
‖ϕ‖Lp(M) + ‖Bψ0‖W 1−1/p,p(∂M)

)
. (18)
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Submanifold Dirac operators:

The submanifold theory for Dirac operators was introduced by
C.Bär 1998.

Let Mm be a closed spin submanifold embedded in a spin
manifold M̄m+n.

By Milnor’s Lemma there is a unique spin structure on the
normal bundle N. Denoted by ΣM̄ ,ΣM and ΣN the spinor
bundles of M̄ ,M and N respectively.
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The spinor bundles ΣM̄ |M = ΣM ⊗ ΣN unless m and n are both
odd in which case ΣM̄ |M = (ΣM ⊗ ΣN) ⊕ (ΣM ⊗ ΣN).

Denoted by ∇̄,∇ and ∇⊥ the Levi-Civita connections on M̄ ,M ,N
respectively.

Denoted by ∇ΣM̄ ,∇ΣM and ∇ΣN the Levi-Civita connections on
ΣM̄ ,ΣM and ΣN respectively.

∇
ΣM̄ |M
X = ∇ΣM

X ⊗ Id + Id⊗∇ΣN
X +

1
2

n∑
α=1

γ̄(Aα(X ) · να),

where Aα is the shape operator w.r.t. να.
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The spinorial curvature operator satisfies

RΣM̄ |M (X ,Y )

= RΣM(X ,Y ) ⊗ Id + Id⊗RΣN(X ,Y ) +
1
4

n∑
α=1

γ([Aα(X ),Aα(Y )]) ⊗ Id

+
1
4

n∑
α,β=1

(〈
Aα(X ),Aβ(Y )

〉
−

〈
Aα(Y ),Aβ(X )

〉)
Id⊗γ⊥(να · νβ)

+
1
2

n∑
α=1

γ̄ (((∇X A)α(Y ) − (∇Y A)α(X )) · να) .
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We consider the Dirac operator DΣN on the bundle ΣM ⊗ ΣN
which can be viewed as a Dirac bundle on M.

Locally,

DΣN(ψ ⊗ θ) B Dψ ⊗ θ +
m∑

i=1

γ(ei)ψ ⊗ ∇
⊥
ei
θ.

The Weitzenböck formula:(
DΣN

)2
=

(
∇ΣM⊗ΣN

)∗
∇ΣM⊗ΣN + RΣN ,

where
RΣN =

1
2
γ̄(ei · ej)RΣM⊗ΣN(ei ,ej).
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Eigenvalues of Dirac operators:

Dψ = λψ.

The eigenvalues of Dirac operators on spin manifolds are
extensively studied.

Friedrich 1980 first derived the lower bound of the first
eigenvalues of the Dirac operator D (in terms of the scalar
curvature SM and dimension m of the underling manifold M):

λ2 (D) ≥
m

4(m − 1)
inf SM . (19)
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Since then, various kinds of estimates in terms of intrinsic
geometric quantities have been proved.

A well known result of Hijazi 1986 states that

λ2 (D) ≥
m

4(m − 1)
λ1(LM) (20)

for m ≥ 3, where LM = −
4(m−1)

m−2 ∆ + SM is the Yamabe operator
of M.
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If m = 2, C.Bär 1992 proved that

λ2 (D) ≥
4π(1 − gM)

Area(M)
, (21)

where gM is the genus of M.
The equality in (19), (20) or (21) gives an Einstein metric.

On the other hand, O.Hijazi, S.Montiel and X.Zhang, 2001
established eigenvalue estimates for Dirac operator on
embedded hypersurfaces and submanifolds in terms of the
mean curvature, the Yamabe number, and the
energy-momentum tensor etc. under some extra assumptions.
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We proved the following lower bound estimates for DΣN :

Theorem (C.-Sun, Math.Z. 2021)

Let Mm be a closed spin submanifold isometrically embedded
in a spin manifold M̄m+n. Suppose n = 1 or M̄ is locally
conformally flat.

Then any eigenvalue λ of the Dirac operator DΣN of the twisted
bundle ΣM ⊗ ΣN satisfies

λ2 ≥


4π(1 − gM)

Area(M)
−

(n − 1)
∫
M

∣∣∣∣Å∣∣∣∣2
2 Area(M)

, m = 2,
m

4(m − 1)
λ1(L), m > 2.
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Theorem (Conti.)

Here Å is the traceless part of the shape operator A, λ1(L) (if
m > 2) is the first eigenvalue of the operator L defined by

L = −
4(m − 1)

m − 2
∆ + SM − (n − 1)

∣∣∣∣Å∣∣∣∣2 .
Moreover, if λ , 0, then the equality implies that the Ricci
curvature of M satisfies

Ric =
4(m − 1)λ2

m2
g + (n − 1)

n∑
α=1

(
Åα

)2
.
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Remark.

If M is a hypersurface, i.e., n = 1, then DΣN = D is just the
classical Dirac operator on M.

In this case, our Theorem is reduced to the above mentioned
Hijazi’s result for m ≥ 3 and Bär’s result for m = 2.
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Sketch of proof

First,
Denoted P̄ by the Schouten tensor:

P̄AB B
1

n + m − 2

(
R̄icAB −

S̄
2(n + m − 1)

ḡAB

)
, 1 ≤ A,B ≤ n + m,

the Weyl tensor W̄ is given by

W̄ABCD B R̄ABCD −
(
P̄AC ḡBD + P̄BDḡAC − P̄ADḡBC − P̄BC ḡAD

)
.
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Lemma

For the curvature term RΣN =
1
2
γ̄(ei · ej)RΣM⊗ΣN(ei ,ej) in the

Weitzenböck formula, we have

RΣN =
SM − (n − 1)

∣∣∣∣Å∣∣∣∣2
4

−
1
8

W̄ijαβγ̄(ei · ej · να · νβ)

−
n
4

m∑
i=1

n∑
β=1

γ̄ (
Åβ(ei) · νβ

)
−

1
n

n∑
α=1

γ̄
(
Åα(ei) · να

)2

.
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Second, For every f ∈ C∞(M), we have the weighted spinorial
Reilly formula established in [C-Jost-Sun-Zhu, JEMS 2019]:

m − 1
m

∫
M

exp (f )
∣∣∣DΣNψ

∣∣∣2
=

∫
M

exp(f )

(
m − 1

2
∆f −

(m − 1)(m − 2)

4

∣∣∣∇f
∣∣∣2 + RΣN

ψ

)
|ψ|2

+

∫
M

exp((1 −m)f )

∣∣∣∣∣PΣN
(
exp

(m
2

f
)
ψ
)∣∣∣∣∣2 ,

(22)

where RΣN
ψ |ψ|2 =

(
RΣNψ, ψ

)
, and PΣN is the twistor operator

defined by PΣN
X ψ := ∇ΣM⊗ΣN

X ψ +
1
m
γ(X )DΣNψ, and γ = γ ⊗ Id.
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Third, Suppose ψ is an eigenspinor of DΣN associated with λ,
i.e.,

DΣNψ = λψ.

Then the weighted spinorial Reilly formula implies

m − 1
m

λ2
∫

M
ef |ψ|2

≥

∫
M

ef

m − 1
2

∆f −
(m − 1)(m − 2)

4

∣∣∣∇f
∣∣∣2 +

SM − (n − 1)
∣∣∣∣Å2

∣∣∣∣
4

 |ψ|2 .
(23)
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Fourth, we choose f ∈ C∞ (M) as the unique solution to the
following PDE (for m = 2):

∆f + κM −
n − 1

2
Å2 =

4π(1 − gM)

Area(M)
−

(n − 1)
∫
M

∣∣∣∣Å∣∣∣∣2
2 Area(M)

,

∫
M

f = 0,

on M.

Therefore, according to the above inequality (23), we have

λ2 ≥
4π(1 − gM)

Area(M)
−

(n − 1)
∫
M

∣∣∣∣Å∣∣∣∣2
2 Area(M)

.
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For the limit case, since PΣN
(
exp

(m
2

f
)
ψ
)

= 0, we deduce that

∇ΣM⊗ΣN
X ψ +

λ

m
γ(X )ψ +

m
2

X (f )ψ +
1
2
γ (X · ∇f )ψ = 0. (24)

A direct computation gives

m − 1
m

(
DΣN

)2
ψ =

(
PΣN

)∗
PΣNψ + RΣNψ

=

m − 1
2

∆f −
(m − 1)(m − 2)

4

∣∣∣∇f
∣∣∣2 +

SM − (n − 1)
∣∣∣∣Å∣∣∣∣2

4

ψ
−

m − 1
m

λγ(∇f )ψ.
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Notice that in the limit case,

m − 1
2

∆f −
(m − 1)(m − 2)

4

∣∣∣∇f
∣∣∣2 +

SM − (n − 1)
∣∣∣∣Å∣∣∣∣2

4
=

m − 1
m

λ2.

We conclude that

m − 1
m

λγ(∇f )ψ = 0.

Since λ , 0 and ψ , 0 everywhere, we know that f is a constant
and f = 0 according to the normalizing condition. Hence,

∇ΣM⊗ΣN
X ψ +

λ

m
γ(X )ψ = 0,
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which implies that

m∑
i=1

γ̄(ei)RΣM⊗ΣN(ei ,ej)ψ =
2(m − 1)λ2

m2
γ̄(ej)ψ.

Applying Gauss equations and Ricci equations, a direct
computation gives

m∑
i=1

γ̄(ei)RΣM⊗ΣN(ei ,ej)ψ =
1
2
γ̄
(
Ric(ej)

)
ψ +

1 − n
2

n∑
α=1

γ̄
((

Åα
)2

(ej)
)
ψ.
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Thus

1
2
γ̄
(
Ric(ej)

)
ψ +

1 − n
2

n∑
α=1

γ̄
((

Åα
)2

(ej)
)
ψ =

2(m − 1)λ2

m2
γ̄(ej)ψ.

(25)
Since ψ vanishes nowhere on M, then (25) implies that

Ric =
4(m − 1)λ2

m2
g + (n − 1)

n∑
α=1

(
Åα

)2
.
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Thank You!
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