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Introduction
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Abstract

PA is ,-conservative over HA.

There are several ways to prove this fact:

The negative translation + the Dialectica interpretation
(essentially, Godel 1958);

The negative translation + the Friedman A-translation
(H. Friedman 1978);

A generalized Godel-Gentzen negative translation with
substitution (Ishihara 2000 and 2012).

In this talk, we generalize this result in the context of
semi-classical arithmetic (arithmetic in-between PA and HA),
by extending the second and third methods.
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Framework

m We work with a standard formulation of HA, which has
function symbols for all primitive recursive functions.

m We work in the language containing all the logical
constants V, 4, —, A, V, L. Note —p :=¢p — 1.
m PA:=HA+ LEM.
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Introduction
Definition

The classes X, and Ty of formulas of HA are defines as follows:
m Yo, as well as [y, is the class of quantifier-free formulas;
m [ is the class of formulas of form Qi1 - - - Qr1Xk+1 Pqf;
m Y, is the class of formulas of form Q{X7 - -- Q,’(Hm Pqf;

where Q; represents V for odd i and 3 for even i and Q! represents
3 for odd / and V for even i. A formula ¢ is of prenex normal
form if ¢ € X, U T, for some k.

Definition

m [-LEM : Vx (p(x) V —¢(x)) where p(x) € T'(x).
m [-DNE : Vx (==p(x) = ¢(x)) where p(x) € T'(x).

Fact. 2 4-LEM — 2 ,-DNE — ¥4 _;-LEM.
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Arithmetical Hierarchy of Logical Principles
(Akama-Berardi-Hayashi-Kohlenbach 2004)
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For a logical principle P, HA 4 P forms “semi-classical”

arithmetic.
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Friedman’s method
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Friedman's Method

Let HA™ denote HA in the extended language where a
predicate symbol * of arity 0, which behaves as a “place
holder”, is added.

PA F Vx3ypq(x, y)
HA = Vx—=—3ypq(x, y)
HA = ==3ypqe(x, y)
HA* F =~ 3yl (x, y)
HA

!

Negative translation

bl

A-translation [ppV*/pp]

!

Substitution

Ty par (xy)/+]
Ay (ar(x,¥) V Iypqe(x, ¥)) = Iyeqa(x,y))
— ypqe(x, y).

HA F Vx3ypge(x,y) O

!
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Friedman’s method
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Substitution Lemma

Lemma

Let X be a set of HA-sentences and o be a HA™-formula. If
HA™ + X I ¢, then HA + X = ¢[v /%] for any HA-formula 1
such that the free variables of 1) are not bounded in p, where
@[ /*] is the HA-formula obtained from ¢ by replacing all the
occurrences of x in @ with 1.
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Friedman’s method
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Gentzen's negative translation

Definition (cf. Troelstra 1973)

For each formula ¢, its negative translation " is defined
inductively be the following clauses:

m For o, prime such that ¢, Z L, (©,)" = ~—py;
m I V=1;

m (p100)N = Vol for o€ {A, —};

m (o1 V)" =2 (o7 Veh);

m (Vxp)" = vxpM;

m (Ixp)" = ——IxpV.

Remark. By induction on the structure of formulas, one can
show FV () = FV (") for all formulas ¢.
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Friedman’s method
Proposition

For any HA-formula ¢, if PA F ¢, then HA = V.

Proof. By induction on the length of the derivations. O]
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Friedman’s method
Proposition

For any HA-formula ¢, if PA F ¢, then HA = V.

Proof. By induction on the length of the derivations. O]

Lemma
For any HA-formula o € ¥, HA + ¥,-DNE I ©" < .

For any HA-formula p € Ty,
HA + ¥,_1-DNE F "N < o.

O]

Proof. By simultaneous induction on k.
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Friedman’s method
Proposition

For any HA-formula ¢, if PA F ¢, then HA = V.

Proof. By induction on the length of the derivations. O]

Lemma
For any HA-formula o € ¥, HA + ¥,-DNE I ©" < .

For any HA-formula p € Ty,
HA + ¥,_1-DNE F "N < o.

O]

Proof. By simultaneous induction on k.

By the second clause of the above lemma, if PA F Vx3yy(x, y)
where ¢(x,y) € My, then HA+ X, _1-LEM F Vx—=—3yp(x, y).
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The Friedman A-translation

Definition

For a HA-formula ¢, we define ¢* as a formula obtained from
¢ by replacing all the prime formulas ¢, in ¢ with ¢, V *. In
particular, L*:= (L V %), which is equivalent to x over HA™.
In what follows, —, ¢ denotes ¢ — x.

Remark. By induction on the structure of formulas, one can
show FV () = FV (¢*) for all HA-formulas ¢.
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Friedman’s method
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A Key Lemma for our Relativization

In what follows, let HA* + ¥ ,-LEM denote HA* augmented
with ¥ ,-LEM for “HA-formulas”.

Lemma

For any HA-formula ¢ € ¥,
HA* + X, 1-LEM F ¢* <> @ V .

For any HA-formula ¢ € Ty,
HA® + ¥,-LEM F ¢* < ¢ V *.

Proof. By simultaneous induction on k.
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Friedman’s method
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A Relativized Soundness of the A-translation

Theorem
For any HA-formula ¢, if HA + X ,-LEM F ¢, then
HA® + L ,-LEM F ¢*.

Proof. It suffices to show HA® + L ,-LEM I ¢* for ¢ € ¥4.
Fix ¢ := dxp1 V =dxp; with o1 € T, 5.

Since ¢* is (equivalent to) Ix (p1*) V —.3Ix (¢1*), by the
previous lemma, HA* + ¥ ,_;-LEM proves

Ix (1 V *) V =, 3x (01 V *),
which is equivalent to
Ix (p1 V *) V =,3xpr,

which is derived from Ixp; V =3xp; over HA™.
Thus HA™ 4+ ¥ ,-LEM proves ¢*. O
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Relativizing Friedman's Proof

PA is I, ,-conservative over HA + ¥ ,-LEM.

Proof. PA - ¥x3y(x, y) where ¢(x, y) € My
N HA + ¥ 1-LEM F Vx—=—3yo(x, y)

Negative translation

— HA + ¥, _1-LEM = =—3yp(x, y)
= HA" + 4 1-LEM F —.=.3y¢"(x, )
~-translation
= HA* + ¥ -LEM F —,—, 3y (p(x, y) V %)
ey Lemma
N HA 4+ ¥ ,-LEM F
Substitution [ye(x,y)/*]
(Fy (e(x,¥) V Iye(x,y)) = ye(x,y))
— Jye(x, y).

I

HA + X4-LEM F Vx3yp(x,y) [
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Ishihara’s method
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Ishihara's method

m Ishihara 2000 defined classes O, R, J, K of formulas of
IQC, and by using the generalized negative translation
and the substitution lemma, showed that if ¢ € K and '
is a set of formulas closed under $, then T . o = T F; .

m Since 1, C I, applying the result in the language of
arithmetic, one can obtain the fact that PA is
My-conservative over HA (Ishihara 2012).

m In what follows, by extending Ishihara’s arguments in the
context of semi-classical arithmetic, we show a relativized
conservation theorem.
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Ishihara’s method
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The Generalized Negative Translation

Definition (Ishihara 2000)

Let =40 denote ¢ — $. For each formula ¢, its $-negative
translation ¢® is defined inductively be the following clauses:

m For ¢, prime such that ¢, # L, (<pp)$ = T80
m 5=
(gpl o 902)$ = gpf o gpg for o € {/\7 —)};

m (p1V02)* =55 (] V )
m (Vx ) = Vxp¥;
m (Ixg)® = —ggTxed.

Remark. F; (ng)* & @3[%/9] since F; (L V) < *. In
particular, ©*[L /$] is Gentzen's negative translation " of .
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Ishihara’s method
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For any HA-formula ¢, HAS + =40 & %
For any HA-formula ¢, if PA = ¢, then HAS g0$.

Proof. Same as for Gentzen's negative translation.
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What is done in Ishihara 2000

Definition 6. We define simultaneously classes @, R and J of formulas as
follows. Let P range over prime formulas distinct from 1, Q and Q" over Q, R and
R over R, and J and J’ over J, respectively. Then Q, R and J are simultaneously
inductively generated by the clauses

1. LPQANQ,QV Q,VzQ, IzQ, J—=Q € Q;
2.1l,RANR,RV R ,VzR, J—>RETR;

3L PJNJ,JVJ FxJ, R>JeT.
Proposition 7.

1. If A is in Q, then ; A— A%,

2. If A is in R, then by ~g—A — A5,

3. If A is in J, then F A% — —g—gA.

Source: H. Ishihara, A note on the Godel-Gentzen translation,
Mathematical Logic Quarterly, 46(1), p. 136, 2000.
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Ishihara’s method
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To extend these arguments in the context of semi-classical
arithmetic, we first define relativized classes R, and J as
follows:

Definition

Define Ro := Jo := X0 (= MNp). For each k, we define
simultaneously classes Rx.1 and Ji.1 as follows. Let F range
over formulas in X4, F’ over Iy, R and R’ over those in Ry, 1,

and J and J' over those in Jy.1. Then Ry, 1 and Jyy1 are
inductively generated by the clauses

F,RAR RV R VxR,J — R € Ryy1;
FoONS IV I, 3xd,R = J € Tk
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Lemma
HAS b= 3 4 s V §.

Proof. By induction on the structure of quantifier-free
formulas of HA.
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Lemma

HAS b= 3 4 s V §.

Proof. By induction on the structure of quantifier-free
formulas of HA. n

Lemma

For o € ¥4, HA* + S, -LEM I % <5 ¢ V §;
For o € My, HAS + S, -LEM F ¢ <5 » V §.

Proof. By simultaneous induction on k. O
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Lemma

HAS b= 3 4 s V §.

Proof. By induction on the structure of quantifier-free
formulas of HA. n

Lemma

For o € ¥4, HA* + S, -LEM I % <5 ¢ V §;
For o € My, HAS + S, -LEM F ¢ <5 » V §.
(]

Proof. By simultaneous induction on k. \

Lemma
If p € Riy1, then HA® + ¥, -LEM proves ~s—p — ©%;
If o € Jis1, then HAS + ¥, -LEM proves ¢® — —g—¢0.
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Ishihara’s method
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Definition

Define Qp := ¥ (= lMy). For each k, we define a class Q1
as follows. Let P range over prime formulas, @ and Q" over
those in Qy1, and J over those in Jx1. Then Q4.1 is
inductively generated by the clause

P,ANQR,QV Q,VxQ,3xQ,J — Q € Q1.

Lemma

Let k be a natural number and  be a HA-formula. If
© € Qxs1, then HAS + S, -LEM F ¢ — 5.
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Ishihara’s method
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Definition

For each k, we define a class V) as follows. Let J range over
formulas in Jk, V and V’ over those in Vi. Then Vy is
inductively generated by the clause

J,V AV YxV € V.

Theorem

For any HA-formulas ¢ € Vi1 and ¥ € Q.4 if
PAF 4 — ¢, then HA+ 2 ,-LEM F ¢ — .
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Ishihara’s method
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Definition
For each k, we define a class V) as follows. Let J range over

formulas in Jk, V and V’ over those in Vi. Then Vy is
inductively generated by the clause

J,V AV YxV € V.

Theorem

For any HA-formulas ¢ € Vi1 and ¢ € Q.4 if
PAF 4 — ¢, then HA+ 2 ,-LEM F ¢ — .

Corollary

For any formulas ¢ € N5 and v of prenex normal form, if
PAF Y — ¢, then HA + X -LEM F ¢ — ¢.
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Proof of Theorem (1/2)

It suffices to show the assertion for p € Vi1 and ¢ € Oy
such that the free variables of ¢ is not bounded in ). We
show this by induction on the structure of formulas in V.

Case of ¢ € Jki1:

Fix ¢ € Q11 s.t. the free variables of ¢ is not bounded in .
Suppose PA -1 — .

Applying the $-negative translation, we have HA® - 4% — 5.
Since ¢ € Jx11 and ¢ € Q. 1, we have

HA® + ¥ -LEM b o) — —g-g¢0.

By the substitution lemma, we have that HA + ¥ ,-LEM
proves 1) — ((¢p — ¢) — ), equivalently, 1) — .
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Proof of Theorem (2/2)

Case of ¢ := 1 A 2 € Viu1:

Then 1,2 € Viy1.

Fix 10 € Q11 s.t. the free variables of ¢ is not bounded in 9.
Suppose PA F 9 — 1 A 5.

Then PAF ¢ — @1 and PAF ¢ — ¢s.

By I.H., we have HA + %> ,-LEM proves 1) — ¢1 and ¥ — 5,
and hence, ¥ — ©1 A ¢s.

Case of ¢ .= Vxp; € Viiq:

Then ¢1 € V1.

Fix 10 € Q11 s.t. the free variables of ¢ is not bounded in .
In addition, assume x ¢ F'V (¢) without loss of generality.
Suppose PA 1 — Vxp;. Then PAF ¢ — ;.

By I.H., we have that HA + X ,-LEM proves ¢ — ¢4, and
hence, Vx(¢ — ¢1).

Since x ¢ FV (¢), we have HA + X,-LEM F ¢ — Vx¢;. [0
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Questions

Not only Gentzen's negative translation, but there are
also other well-known negative translations which are
equivalent to the former over intuitionistic logic but not
so over minimal logic. Can we obtain interesting
conservation results by using their generalized variants
combined with the substitution lemma?

How is the entire structure of the relation between the
second and third method? How can we study it?
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Optimality
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Our relativized conservation theorem is optimal:

Proposition

Let T be an extension of HA. If PA is [, ,-conservative over
T, then T - >X-LEM.

Proof. By induction on k. The base case is trivial. For the
ind. step, assume the assertion for k to show that for k + 1.
Suppose that PA is I, 3-conservative over T.

By I.LH., we have T I X ,-LEM.

Fix an instance of X4 1-LEM ¢ := Vx(p1(x) V —¢1(x)),
where ¢1(x) € Ly41(x).

Let ¢1(x) € Myy1(x) satisfy HA + E4-DNE F =1 (x) <> 11(x).
There exists £(x) € Liia(x) s.t. HAE &(x) <> ¢1(x) V ¢1(x).
Thus HA + L4-DNE F ¢ <> Vx&(x) (€ Mgy3).

Since PA I ¢, we have PA I Vx¢(x).

By our assumption, we have T F Vx&(x).

Since X x-LEM derives ¥ 4-DNE, we have T I ¢. I



Optimality
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Comprehensive Scrutiny

$-LEM «— I}, 5-CONS «— %, 1-CONS «— E;1-CONS «— F;-CONS
l
(IT; V T1;)-DNE & S;;1-CONS
1
Eps+1-CONS

1

(I, V TT,)-DNE + 5;-LEM Uk-DNE & 2y 11-CONS

1
J T F;-CONS «, U;-DNE + 5;-LEM
(Hk Vv 1I;)-DNE l
T U.IAE
(IT; V I1,)-DNE U;-CONS

—

!

Yp-1-LEM «—— TII}41-CONS «—— %;,-CONS «+—— E;-CONS «—— F;_;-CONS

where -CONS is the assertion “PA is -conservative over T" and
I[C denotes the class of sentences in T. 2 /27
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