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Intuitionistic tense logics and its cut free sequent caclulus

Definition

Let Var = {p; | i € w} be a denumerable set of propositional variables. The set of all formulas F is defined

inductively as follows:

Foau=p|T|L|(aAas)|(e1Vaz)l(as— a)|0a|Oal|éa|Ba

where p € Var. We use the abbreviation —av := o — L.

Definition

The Hilbert-style axiomatic system IK.t for Ewald’s intuitionistic tense logic consists of the following axiom

schemata and rules:

(1) Axiom Schemata:

(Int) All axioms of intuitionistic propositional calculus.
(Kom) O — B) = (O — OB).

(Kom) W = 5) = (4 — #5).

(

2) Inference rules:
a— B «a Oa — B . 4a =B

A Adj
3 (MP) a~>l/3( dj1) a%D/B( djp)
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Intuitionistic tense logics and its cut free sequent caclulus

Definition

Let (,) o and e be structural operators for A, { and ¢ respectively. The set of all formula structures S are
defined inductively as follows:
FSOTu=a|l,ly | ol | el

A sequent is an expression of the form [ = o and a context is a formula structure I'[—] with a designated
position [—].

The Gentzen sequent calculus GIK.t for the intuitionistic modal logic IK.t consists of the following axiom and

rules:
(1) Axiom:
(Id) a = «
(2) Logical rules
rNT] = A= 1
=2 @)
ral= 8 MA] = o
Mag, az] = B (AL) M=a0a MN=a (AR)
Moy A ag] = B M,M = a3 Aa
Moyl = B Tag] = 5(\/L) = o (VR)(i = 1,2)
Moy Vag] = 8 r= o1 Van
A= o Moyl = B(%L) ap, I = ap (=R)
MA, a1 = a2l = 8 M= a; = ap
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Intuitionistic tense logics and its cut free sequent caclulus

(3) Structural rules:
ST R
MAy, A2] = B
MoAy,0l0] = B

(Cono)
Mo(A1, A2)] = B

MNa,a]l = B8

B2 s s

(Conf)

(Con,)
Me(A1, A)] = B

MA1, Ay] = B

Az, A1l = 8

MA1, (A, A3)] = B

(Ex)

M(A1, 8y), A3] = B

As
M1, 80), 29 = 5V

As
M, (A2 Ag) = )

(4) Cut rule:
A= a lMo= B(Cut)
ral= 5
(5) Modal rules:
MMoa] = B M= o MMea] = B = a
roal = ,B(OL) ol = Qa (OR) real = B(’L) of = 4 (¢5)
M(IL), ol = a (WR). Mol = B8 oLy, of = a (OR).
oMa] = 8 r= Mo reOa] = 8 = Ouo
To(A1, eA2)] = ﬁ(Ko.)A r[e(A1, 0A2)] = ﬂ(K.O)A

MoAr, A2l = B
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MeAy, Ax] = B
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Intuitionistic tense logics and its cut free sequent caclulus

Iftcik.¢ T[A, A] = B is derivable without any application of (Cut), then Fgrk v [[A] = B is derivable
without any application of (Cut).

If-aik.t T = B, then g1k .t T = B without any application of (Cut).
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Intuitionistic tense logics and its cut free sequent caclulus

T'[o(L1, @), o(T2, )] = B
T'[o(E1, @™, Tz, aM)] = B
A=« T'[o(Z1, 52, 0)] = B
'[o(T1, %2, A)] = B

(Cono)
(Confx(n-1))
(Cut)

Y'[o(Z1,a™), o(Xp, a™)] = 6 (Confx(m — 1))

A=« ¥'[o(X1, @), o(L2, a™)] = 6 (cut)
b Eo(zl, A),o(Xp, a™)] = 6 (Confx(n — 1))
A=a ¥'[o(X1, A), o(X2, )] = 6 (cut)
¥'[o(X1, A), o(Xz, A)] = 6
(Cono)
T'[o(Z1, A, 3, A)] = 6 L .

' [o(X1, 52, A)] = 6
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Sp-extensions

Definition

A formula is called sp-formulas if it is strictly positive modal formulas constructed from propositional variables and
T using A, O, 4. A sp-implication is a formula of the of the form o« — 3 where a and 3 are sp-formulas. GIK.t
enriched with a set of axioms which can be axiomatised by sp-implications, denoted by GIK.t@®SP is called a
sp-extension of GIK.t. Sp-axioms are sequents in the form of o = 3 where o — S is a sp-implication. (Kikot,
Stanislav, Kurucz, Agi, Tanaka, Yoshihito, Wolter, Frank and Zakharyaschev, Michael (2019))

Every sp-axiom can be replaced by a general structural rule.

Definition

The set of generalized contexts is defined as follows:

geT 2 E ==010ED | «ED | (0,20

For a context é[] of arity n, we denote the simultaneous substitution of n formula structures 'y, ..., T, in

left-to-right order by =['1; .. .; [y]. The result of this simultaneous substitution is a formula structure.
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Sp-extensions

Definition
Given two contexts =[] of arity n and ='[] of arity m. Let 71, ..., 7™m € {1,...,n}. We define the general
structural rule schema as follows:
FE[My; .. -5 Tall =
BN Rl S o
TECryi i Tyl = @

One denote GIK.t enriched with (GSR) by GSGIK.t.

IfFgsaik.t+ T = B, then Fgscik.t+ T = B without any application of (Cut).

If-gsaik.t T = B, then there is a derivation of I = (3 in GSGIK.t such that all formulas appearing in the

derivation are subformulas of formulas in T = (3.

Proof Theory and Proof Search of Classical and Intuitionistic Te
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Sp-extensions

Definition

The set of general formula contexts is defined as follows:

GFC 3 () == 1 0(@0) | #(e0) | (B) A 3(0)

| N

Example

Given two formula context #(O() A ()) and () A #(), performing simultaneous substitution, one obtains

*(0(p) A (¥)) = #(Op A ) and () A (V) = @ A 9, respectively. Clearly #(0p A ) = o A #Y isa

sp-axiom.

A\

Let (GSA) be f(Z[1;...;Tp]) = f(E/[I'.,rl; .« i Tx,]). Clearly (GSA) is a rsp-axiom. Let GSGIK'.t be
GIK.t enriched with axiom (GSA).

Fasaix’/.t T = ¢ iffgsaik.t T = ¢
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Sp-extensions

The axioms and their corresponding structural rules are presented in the following table.

Axioms Structural Rules Axioms Structural Rules
TeoT T ToeT e
oo e _ o g
a = 00a o= o = Bea ey

D0 = O hsiss . o pEoEn
0a = Doa el o = Wea o=

Oa—»08=0(—p) | HelfdEs | maoms=Ba-p | fioridiss

b0 G Eres vo s e el
Oa = O0a el N = EEo AT
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Double negation translation

Sequent calculus for classical tense logic denoted by GK.t is obtained by GIK.t enriching with the double
negation elimination axiom (Dne) == = a. Let IG be a sequent calculi GSGIK.t of a rsp-extension of IK.t and

G its classical correspondent. The Kolmogorov translation from G formulas to |G formulas are defined as follows.

Definition

We define a translation ko() from G formulas to /G formulas as follows:

@ ko(p) = =—p;
ko(L) = L;
ko(T)=TT;

ko(0B) = ~—0ko(B);

ko(#3) = ——4#ko(B)

ko(OB) = ——Oko(B);

ko(MB) = ~—Bko(B);

ko(a v B) = == (ko(a) V ko(B));

ko(B A x) = == (ko(B) A ko(x));

ko(—B) = —ko(B);

koo = B) = ——(ko(a) = ko(B)), if B # L.
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Double negation translation

o T = Bifftig ko(T) = ko(B).

Iftig T1[B], T2 = L, then F1g T1[-—=8], T2 = L

If b1 T[B] = —x, then b1 T[——8] = —x

F1g ko(==B) = ko(B)
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Double negation translation

We define a translation gg() from G formulae to IG formulae as follows:

@ g(p) = ——p;

ge(L) =L

ee(T)=T;

gg(0B) = ~—~0eg(B);

&g (#B) = ——4gg(B)

gg(0B) = Ogg(B):

gg(MpB) = Mgg(B);

gg(a vV B) = ~—(gg(a) Vv gg(B)):
gg(B A x) = gg(B) A gg(x):

gg(a — B) = gg(a) — gg(B)-

®© ©6 6 6 66 606 00

Fg T = Bifftic gg(l) = gg(B)
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Double negation translation

We define a translation ku() from G formulae to IG formulae as follows:

(
@ u
@ ku
@ Ku(0B)
@ ku(4B)
@ ku(OB) = O-—ku(B)
Q@ Ku(mp)
@ ku
T
@ ku(

@ ku(p) = p;

Fao = BiffFig kilm7)() = ——ku(B)
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Double negation translation

The Glivenko translation can be simply defined as g(a) = == for any formula a. It can be extended to
formula structure. The Glivenko theorem holds for a intuitionistic sequent system IS and its classical corespondent
S means that for any sequent ' = o, Fg I = aiffFg [, ma = L.

It is known that /prrpe —=—0(p V —p). So Kk .t =—0(p V =p). Thus Fgik.t T = —=0(p V —p).
So gik.t 7T = —=0(p vV —p). However gk ¢ T = O(p V —p). Hence the Glivenko translation is not
holds for GIK.t and GK.t. Let us consider an extension of GIK.t enriching with the following two axioms

(g1) -Oa = =0«

(g2) —Ma = ——é-a.

The resulting system is denoted by GGIK.t. Define the classical correspondence of GGK.t as GIK.t. Let
G € EXT(GGK.t) and IG € EXT(GGIK.t).

Fa = Bifftig &) = &(8).

Fe T = Bifffig T,-B8 = L.
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Double negation translation

Lemma

For each G € EXT(GK.t), the Glivenko theorem holds for G relative to its intuitionistic correspondent IG, if and
only if IG IG € EXT(GGIK.t)

Proof.

| A

The if part follows from Lemma above. Conversely since Fgk .+ "HOa = O—a, Fqg —Oa = O—a for any
formula a. Then by G theorem one gets F1g ———Ua = —=—0—-a. Since g =Oa = ———=0Oa. Thus by
(Cut) F1g —Oa = =—=0—a. Similarly, one gets -1 "o = ——#-a. Therefore IG is an extension of
GGIK.t.

A\
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Cut free sequent systems of classical tense logics

Definition

The Gentzen sequent calculus GK.t for tense logic K.t is obtained from replacing (Koe ) and (Keo ) by the following
oA1, Ay = L oA, Ay = L
D72 7~ (Duales) ——2 7 = (Dualso)
MAy, eAr] = B M[Ay, 00;] = B
and adding the following
Mo{-=}1 =8 o] = B{-—}
(--1) (==R)
ol = B ol = B{~}

IfFgsak.t T = B, then Fgsgk.+ I = B without any application of (Cut).
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Cut free sequent systems of classical tense logics

IfFgsak.t T = B, then Fgsgk.+ I = B without any application of (Cut).

@ (Dualose) and (Dualeo) are both derivable in GSGIK.t.

@ If Fgsak.t ko(T) = ko(B), then there is a derivation of I = 3 without any application of (== L) and
(-=R).

@ If Fgsak.t ko(T) = ko(B), then there is a cut free derivation of If ko(I') = ko(8) in GSGK.t.

@ Fasak.t ko(T) = ko(B) implies Fgsak.¢ T = B by rule (== L) and (== R).
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Cut free sequent systems of classical tense logics

Definition

We define the following calculation:

’ ’ ’
() =—a if a#-a; (0) =a if a=-«

In addition, we construct another sequent calculus GSGK’ .t without (Cut) based on GSGK.t by replacing
(— L) and (— R) with the following rules

M=« ’ a,l= 1 ’
r — (=L ) _\(‘\R)
()T = L r= (o)

and replacing (——L) and (=—R) with the following two rules respectively

e =8 . T=al0) o0

MNMa{—-—0}] = B = af{--6}
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Cut free sequent systems of classical tense logics

Definition

We define ()7 be a formula obtained from « by replacing all subformula with the form of =—6 by 6 in a.

Ift-Ggsek.t I = «, then ooy "7 = (a)" .

Fasck.t I = aiffFegepr T = o

(subformula property) Let T be the set of all subformulas of formulas in T = (. Define =T = {—a} and

T =TU-T. If Fgsgk’ .t T = B, then there is a derivation of I = 3 such that all formulas appearing in the
derivations belong to T™*.
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Cut free sequent systems of classical tense logics

da = o éa = «

Condition Axioms Axioms(Diamonds) Structural Rules
Reflexive Oa = o;lla = o a = Qa,a = $a I—F[EAA]%LE* € {o, e}
Pathetic a = UOoja = Ba Mal=5

Tazs* € {0}

Functional injective

Ca = Oo; ¢a = B

0 = a; 0%a = «

A= 3 TAl=73

Surjective Oa = Oa; Ba = ¢a a = ¢0a;a = Oba %; r[I'.[Z]AL:;ﬁ
Symmetric a = 00a; 00a = « Qa = ea; $a = O %7&2%2;3
Transitive Oa = 00a; Ba = Bl Ca = O0a; ba = eéa %; NN
Dense O0a = Oa; illa = o Sa = O0a; da = eéa %; %
Euclidean o0a = Oo; ¢Ma = Mo | 40a = 40 Oa = Oa %; 7{[[."0%1]1[53
Confluent O0a = OO0« *0a = O Es;ﬁ zg
Divergent ¢l = B Oba = ¢Oa F;‘:ﬁ :[B:f
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Decidability of weak intuitionstic tense logics

The Hilbert-style axiomatic system wlK.t for intuitionistic tense logic consists of the following axiom schemata and

rules:

(1) Axiom Schemata:

(Int) All axioms of intuitionistic propositional calculus.
(Dualy) O(-e) = (=0a).

(Dualyy) M(—a) — (—4c).

(

2) Inference rules:
a— [ « Qa — B X 4o —

(MP) P .B(Adh) P DB(Ade)

The Gentzen sequent calculus GwlIK.t for tense logic wlK.t is obtained from replacing (Koo ) and (Keo) by

oAy,Ay = L oA, Ay = L
——————— (Dualpe) ————————(Dualeo)
MAL, eA2] = B MA1, 082] = B
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Decidability of weak intuitionstic tense logics

Definition

Let T be a set of formulas containing L, T. Define b(T) be the A, V, = closure of T and ¢(T) be the A, V
closure of T respectively. We define a translation from b(T) to b(T) as follows. Let
n2¢(T) = {——a|a € c(kr(T))} and T = c(kr(b(T)) U T).

kr(a) = -—a where a € T,

kr(=e) = —kr(a)

kr (1 A ap) = == (k7 (o) A k7 (az))
(

kr(e1 V ag) = == (kr (o) V k7 (a2))

For any oo € k1(b(T)), there is a B € n2c(T) such that FGwIK .t @ < B.

Let T be a finite set of formulas. T is finite up to GwlK.t-equivalent.

Minghui Ma, Yu Peng, Xue Ge) Dep:  Proof Theory and Proof Search of Classical and Intuitionistic Te



Decidability of weak intuitionstic tense logics

If FGwik.t T[A] = B, then there is a v € T such that Fguk.t & = v and Fgwik.t T[] = B where T be the
set of all subformulas of formulas in T[A] = 3.

Let FGgwik.t [ = B, T be the set of all subformulas of formulas in ' = 3.
@ there is a derivation of [ = 3 in GwlIK.t such that all formulas appearing in the derivations belongs to T

@ there is a derivation of I = 8 in GwIK.t such that all rules are restricted to at most containing three

formulas.
@ One can construct a CFG which derives same sequents with GwIK.t

@ By CYK-algorithm, GwlK.t is decidable.

GwlK.t is decidable.
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Decidability of weak intuitionstic tense logics

If GSGwIK.t satisfies the interpolant property, then GSGwIK.t is decidable.

Axioms Structural Rules Axioms Structural Rules
T=0T %ﬁ’%?: T = 6T 7?[';]];’:
Do = o Tkt Mo =« sl
o = Dda o= o= Wea =
SN s - u g
oa = Doa e so = Wea L ED

Do — 08 = O(a — B)

To(Ay,80)]=4
oA, 0B =

Ho — 3 = B(a - 8)

Me(A1,80)]=%
NOSTEYIEX]

MNA]= rNeA]=-

Oa = Ua TeshI=y ¢ = Mo T
e (A)]=vy Mo(A)=v
Ho = O Tesa=0 o = Wl chEy e

Table: Structural Axioms and Rules

Zhe Lin (Jointed work with Minghui Ma, Yu Peng, Xue Ge) Dep:
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Decidability of classical tense logics

If Fgs « T[A] = B, then thereis a~ € T such that Fgys o A = ~ and gyr  T[v] = B where T be the set
of all subformulas of formulas in T[A] = .

Let Foyr T = B, T be the set of all subformulas of formulas in ' = 3.
@ there is a derivation of I = 3 in GK'.t such that all formulas appearing in the derivations belongs to T

@ there is a derivation of [ = 3 in GK'.t such that all rules are restricted to at most containing three

formulas.
@ One can construct a CFG which derives same sequents with GK'.t

@ By CYK-algorithm, GK'.t is decidable.

GK'.t is decidable.

Zhe Lin (Jointed work with Mi i s ¢ Proof Theory and Proof Search of Classical and Intuitionistic Te|



Decidability of classical tense logics

If GSGK'.t satisfies the interpolant property, then GSGK'.t is decidable.

Condition

Axioms Axioms(Diamonds) Structural Rules
Reflexive Oa = a;la = o a= da;a = ea I—F[E(AA]iljﬁB* € {o, e}
Pathetic a = oo = Ba da = a; 4a = a F'—[LAA]%*G {o, e}
Functional injective Oa = Oa; ¢ = WMo *0a = a; Oba = a I‘[I;[ﬂﬁ I_[';[ﬁ]AT‘:/:B
Surjective Oa = 0a; Ba = ¢a a = ¢0a;a = O %' %
Symmetric a = 00a; 00a = « Qo = 4a; ¢ = Qa 7?{22{2? 4;{:2}3@
Transitive Do = O00a; Ba = Blo da = Oda; ba = ¢ %; %
Dense O0a = Oc; Bl = Ba | 0o = 00a; éa = $éa % %
Euclidean OUa = Oa; ¢la = Ha *0a = 4o Oba = Oa % I'li[oooAA]]iﬁa
Confluent O0a = OO« *oa = Oea I[s;ﬁ zg
Divergent ¢l = Hea Oba = ¢ I[;:ﬁ zg

Minghui Ma, Yu Pen
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Cut free Decidability of fusion of tense logics

LetGy, ..., G, be any GSGIK.t, GSGwIK.t, GSGK.t discussed above. The finite fusions of Gy, ..., Gy,
denoted by G = G; ® ... ® Gy has the following properties.

G admits cut elimination.

G is decidable.
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