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Intuitionistic tense logics and its cut free sequent caclulus

Definition

Let Var = {pi | i ∈ ω} be a denumerable set of propositional variables. The set of all formulas F is defined

inductively as follows:

F 3 α ::= p | > | ⊥ | (α1 ∧ α2) | (α1 ∨ α2) | (α1 → α2) | ♦α | �α | �α | �α

where p ∈ Var. We use the abbreviation ¬α := α→ ⊥.

Definition

The Hilbert-style axiomatic system IK.t for Ewald’s intuitionistic tense logic consists of the following axiom

schemata and rules:

(1) Axiom Schemata:

(Int) All axioms of intuitionistic propositional calculus.

(K♦�) �(α→ β)→ (♦α→ ♦β).

(K��) �(α→ β)→ (�α→ �β).

(2) Inference rules:

α→ β α

β
(MP)

♦α→ β

α→ �β
(Adj1)

�α→ β

α→ �β
(Adj2)
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Intuitionistic tense logics and its cut free sequent caclulus

Definition

Let (, ) ◦ and • be structural operators for ∧, ♦ and � respectively. The set of all formula structures FS are

defined inductively as follows:

FS 3 Γ ::= α | Γ1, Γ2 | ◦Γ | •Γ

A sequent is an expression of the form Γ⇒ α and a context is a formula structure Γ[−] with a designated

position [−].

The Gentzen sequent calculus GIK.t for the intuitionistic modal logic IK.t consists of the following axiom and

rules:

(1) Axiom:

(Id) α⇒ α

(2) Logical rules
Γ[>]⇒ β

Γ[∆]⇒ β
(>)

∆⇒ ⊥
Γ[∆]⇒ α

(⊥)

Γ[α1, α2]⇒ β

Γ[α1 ∧ α2]⇒ β
(∧L)

Γ1 ⇒ α1 Γ2 ⇒ α2

Γ1, Γ2 ⇒ α1 ∧ α2

(∧R)

Γ[α1]⇒ β Γ[α2]⇒ β

Γ[α1 ∨ α2]⇒ β
(∨L)

Γ⇒ αi

Γ⇒ α1 ∨ α2

(∨R)(i = 1, 2)

∆⇒ α1 Γ[α2]⇒ β

Γ[∆, α1 → α2]⇒ β
(→L)

α1, Γ⇒ α2

Γ⇒ α1 → α2

(→R)
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Intuitionistic tense logics and its cut free sequent caclulus

(3) Structural rules:
Γ[∆i ]⇒ β

Γ[∆1,∆2]⇒ β
(Wk)(i = 1, 2)

Γ[α, α]⇒ β

Γ[α]⇒ β
(Conf)

Γ[◦∆1, ◦∆2]⇒ β

Γ[◦(∆1,∆2)]⇒ β
(Con◦)

Γ[•∆1, •∆2]⇒ β

Γ[•(∆1,∆2)]⇒ β
(Con•)

Γ[∆1,∆2]⇒ β

Γ[∆2,∆1]⇒ β
(Ex)

Γ[∆1, (∆2,∆3)]⇒ β

Γ[(∆1,∆2),∆3]⇒ β
(As1)

Γ[(∆1,∆2),∆3]⇒ β

Γ[∆1, (∆2,∆3)]⇒ β
(As2)

(4) Cut rule:
∆⇒ α Γ[α]⇒ β

Γ[∆]⇒ β
(Cut)

(5) Modal rules:

Γ[◦α]⇒ β

Γ[♦α]⇒ β
(♦L)

Γ⇒ α

◦Γ⇒ ♦α
(♦R)

Γ[•α]⇒ β

Γ[�α]⇒ β
(�L)

Γ⇒ α

•Γ⇒ �α
(�R)

Γ[α]⇒ β

Γ[◦�α]⇒ β
(�L),

◦Γ⇒ α

Γ⇒ �α
(�R).

Γ[α]⇒ β

Γ[•�α]⇒ β
(�L),

•Γ⇒ α

Γ⇒ �α
(�R).

Γ[◦(∆1, •∆2)]⇒ β

Γ[◦∆1,∆2]⇒ β
(K◦•).

Γ[•(∆1, ◦∆2)]⇒ β

Γ[•∆1,∆2]⇒ β
(K•◦).
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Intuitionistic tense logics and its cut free sequent caclulus

Lemma

If `GIK.t Γ[∆,∆]⇒ β is derivable without any application of (Cut), then `GIK.t Γ[∆]⇒ β is derivable

without any application of (Cut).

Theorem

If `GIK.t Γ⇒ β, then `GIK.t Γ⇒ β without any application of (Cut).
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Intuitionistic tense logics and its cut free sequent caclulus

∆⇒ α

Σ′[◦(Σ1, α
n1 ), ◦(Σ2, α

n2 )]⇒ β
(Con◦)

Σ′[◦(Σ1, α
n1 ,Σ2, α

n2 )]⇒ β
(Conf×(n-1))

Σ′[◦(Σ1,Σ2, α)]⇒ β
(Cut)

Σ′[◦(Σ1,Σ2,∆)]⇒ β

∆⇒ α

∆⇒ α

Σ′[◦(Σ1, α
n1 ), ◦(Σ2, α

n2 )]⇒ θ
(Conf×(n1 − 1))

Σ′[◦(Σ1, α), ◦(Σ2, α
n2 )]⇒ θ

(Cut)
Σ′[◦(Σ1,∆), ◦(Σ2, α

n2 )]⇒ θ
(Conf×(n2 − 1))

Σ′[◦(Σ1,∆), ◦(Σ2, α)]⇒ θ
(Cut)

Σ′[◦(Σ1,∆), ◦(Σ2,∆)]⇒ θ
(Con◦)

Σ′[◦(Σ1,∆,Σ2,∆)]⇒ θ
Lemma 4

Σ′[◦(Σ1,Σ2,∆)]⇒ θ
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Sp-extensions

Definition

A formula is called sp-formulas if it is strictly positive modal formulas constructed from propositional variables and

> using ∧,♦,�. A sp-implication is a formula of the of the form α→ β where α and β are sp-formulas. GIK.t

enriched with a set of axioms which can be axiomatised by sp-implications, denoted by GIK.t⊕SP is called a

sp-extension of GIK.t. Sp-axioms are sequents in the form of α⇒ β where α→ β is a sp-implication. (Kikot,

Stanislav, Kurucz, Agi, Tanaka, Yoshihito, Wolter, Frank and Zakharyaschev, Michael (2019))

Every sp-axiom can be replaced by a general structural rule.

Definition

The set of generalized contexts is defined as follows:

GCT 3 Ξ̄[] ::= [] | ◦(Ξ̄[]) | •(Ξ̄[]) | (Ξ̄[], Ξ̄[])

For a context Ξ̄[] of arity n, we denote the simultaneous substitution of n formula structures Γ1, . . . , Γn in

left-to-right order by Ξ̄[Γ1; . . . ; Γn ]. The result of this simultaneous substitution is a formula structure.
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Sp-extensions

Definition

Given two contexts Ξ̄[] of arity n and Ξ̄′[] of arity m. Let π1, . . . , πm ∈ {1, . . . , n}. We define the general

structural rule schema as follows:

Γ[Ξ̄[Γ1; . . . ; Γn ]]⇒ ψ

Γ[Ξ̄′[Γπ1
; . . . ; Γπn ]]⇒ ψ

(GSR)

One denote GIK.t enriched with (GSR) by GSGIK.t.

Theorem

If `GSGIK.t Γ⇒ β, then `GSGIK.t Γ⇒ β without any application of (Cut).

Corollary

If `GSGIK.t Γ⇒ β, then there is a derivation of Γ⇒ β in GSGIK.t such that all formulas appearing in the

derivation are subformulas of formulas in Γ⇒ β.
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Sp-extensions

Definition

The set of general formula contexts is defined as follows:

GFC 3 ϕ̄〈〉 ::= 〈〉 | ♦(ϕ̄〈〉) | �(ϕ̄〈〉) | (ϕ̄〈〉 ∧ ϕ̄〈〉)

Example

Given two formula context �(♦〈〉 ∧ 〈〉) and 〈〉 ∧ �〈〉, performing simultaneous substitution, one obtains

�(♦〈ϕ〉 ∧ 〈ψ〉) = �(♦ϕ ∧ ψ) and 〈ϕ〉 ∧ �〈ψ〉 = ϕ ∧ �ψ, respectively. Clearly �(♦ϕ ∧ ψ)⇒ ϕ ∧ �ψ is a

sp-axiom.

Let (GSA) be f (Ξ[Γ1; . . . ; Γn ])⇒ f (Ξ′[Γπ1
; . . . ; Γπn ]). Clearly (GSA) is a rsp-axiom. Let GSGIK’.t be

GIK.t enriched with axiom (GSA).

Theorem

`GSGIK′.t Γ⇒ ϕ iff `GSGIK.t Γ⇒ ϕ
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Sp-extensions

The axioms and their corresponding structural rules are presented in the following table.

Axioms Structural Rules Axioms Structural Rules

> ⇒ ♦> Γ[◦>]⇒α
Γ[>]⇒α > ⇒ �> Γ[•>]⇒α

Γ[>]⇒α

�α⇒ α
Γ[•(∆)]⇒ψ

Γ[∆]⇒ψ �α⇒ α
Γ[◦(∆)]⇒ψ

Γ[∆]⇒ψ

α⇒ �♦α Γ[◦(∆)]⇒ψ
Γ[•(∆)]⇒ψ α⇒ ��α Γ[•(∆)]⇒ψ

Γ[◦(∆)]⇒ψ

��α⇒ �α Γ[••(∆)]⇒ψ
Γ[•(∆)]⇒ψ ��α⇒ �α Γ[◦◦(∆)]⇒ψ

Γ[◦(∆)]⇒ψ

♦α⇒ �♦α Γ[◦(∆)]⇒ψ
Γ[•◦(∆)]⇒ψ �α⇒ ��α Γ[•(∆)]⇒ψ

Γ[◦•(∆)]⇒ψ

�α→ �β ⇒ �(α→ β)
Γ[◦(∆1,∆2)]⇒ψ
Γ[◦∆1,◦∆2]⇒ψ �α→ �β ⇒ �(α→ β)

Γ[•(∆1,∆2)]⇒ψ
Γ[•∆1,•∆2]⇒ψ

♦α⇒ �α Γ[∆]⇒ψ
Γ[•◦∆]⇒ψ �α⇒ �α Γ[•∆]⇒ψ

Γ[◦•∆]⇒ψ

�α⇒ ��α Γ[•(∆)]⇒ψ
Γ[••(∆)]⇒ψ �α⇒ ��α Γ[◦(∆)]⇒ψ

Γ[◦◦(∆)]⇒ψ

Table: Structural Axioms and Rules
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Double negation translation

Sequent calculus for classical tense logic denoted by GK.t is obtained by GIK.t enriching with the double

negation elimination axiom (Dne) ¬¬α⇒ α. Let IG be a sequent calculi GSGIK.t of a rsp-extension of IK.t and

G its classical correspondent. The Kolmogorov translation from G formulas to IG formulas are defined as follows.

Definition

We define a translation ko() from G formulas to IG formulas as follows:

ko(p) = ¬¬p;

ko(⊥) = ⊥;

ko(>) = >;

ko(♦β) = ¬¬♦ko(β);

ko(�β) = ¬¬�ko(β)

ko(�β) = ¬¬�ko(β);

ko(�β) = ¬¬�ko(β);

ko(α ∨ β) = ¬¬(ko(α) ∨ ko(β));

ko(β ∧ χ) = ¬¬(ko(β) ∧ ko(χ));

ko(¬β) = ¬ko(β);

ko(α→ β) = ¬¬(ko(α)→ ko(β)), if β 6= ⊥.
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Double negation translation

Lemma

`G Γ⇒ β iff `IG ko(Γ)⇒ ko(β).

Lemma

If `IG Γ1[β], Γ2 ⇒ ⊥, then `IG Γ1[¬¬β], Γ2 ⇒ ⊥

Lemma

If `IG Γ[β]⇒ ¬χ, then `IG Γ[¬¬β]⇒ ¬χ

Lemma

`IG ko(¬¬β)⇒ ko(β)
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Double negation translation

Definition

We define a translation gg() from G formulae to IG formulae as follows:

gg(p) = ¬¬p;

gg(⊥) = ⊥;

gg(>) = >;

gg(♦β) = ¬¬♦gg(β);

gg(�β) = ¬¬�gg(β)

gg(�β) = �gg(β);

gg(�β) = �gg(β);

gg(α ∨ β) = ¬¬(gg(α) ∨ gg(β));

gg(β ∧ χ) = gg(β) ∧ gg(χ);

gg(α→ β) = gg(α)→ gg(β).

Theorem

`G Γ⇒ β iff `IG gg(Γ)⇒ gg(β)

Zhe Lin (Jointed work with Minghui Ma, Yu Peng, Xue Ge) Department of Philosophy, Xiamen University, ChinaProof Theory and Proof Search of Classical and Intuitionistic Tense Logic



Double negation translation

Definition

We define a translation ku() from G formulae to IG formulae as follows:

ku(p) = p;

ku(⊥) = ⊥;

ku(>) = >;

ku(♦β) = ♦ku(β);

ku(�β) = �ku(β)

ku(�β) = �¬¬ku(β);

ku(�β) = �¬¬ku(β);

ku(α ∨ β) = ku(α) ∨ ku(β);

ku(α ∧ β) = ku(α) ∧ ku(β);

ku(α→ β) = ku(α)→ ku(β).

Theorem

`G Γ⇒ β iff `IG ku(¬¬)(Γ)⇒ ¬¬ku(β)
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Double negation translation

The Glivenko translation can be simply defined as g(α) = ¬¬α for any formula α. It can be extended to

formula structure. The Glivenko theorem holds for a intuitionistic sequent system IS and its classical corespondent

S means that for any sequent Γ⇒ α, `S Γ⇒ α iff `S Γ,¬α⇒ ⊥.

It is known that 6`MIPC ¬¬�(p ∨ ¬p). So 6`IK.t ¬¬�(p ∨ ¬p). Thus 6`GIK.t > ⇒ ¬¬�(p ∨ ¬p).

So 6`GIK.t ¬¬> ⇒ ¬¬�(p ∨ ¬p). However `GK.t > ⇒ �(p ∨ ¬p). Hence the Glivenko translation is not

holds for GIK.t and GK.t. Let us consider an extension of GIK.t enriching with the following two axioms

(g1) ¬�α⇒ ¬¬♦¬α

(g2) ¬�α⇒ ¬¬�¬α.

The resulting system is denoted by GGIK.t. Define the classical correspondence of GGK.t as GIK.t. Let

G ∈ EXT(GGK.t) and IG ∈ EXT(GGIK.t).

Theorem

`G Γ⇒ β iff `IG g(Γ)⇒ g(β).

Corollary

`G Γ⇒ β iff `IG Γ,¬β ⇒ ⊥.
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Double negation translation

Lemma

For each G ∈ EXT(GK.t), the Glivenko theorem holds for G relative to its intuitionistic correspondent IG, if and

only if IG IG ∈ EXT(GGIK.t)

Proof.

The if part follows from Lemma above. Conversely since `GK.t ¬�α⇒ ♦¬α, `G ¬�α⇒ ♦¬α for any

formula α. Then by G theorem one gets `IG ¬¬¬�α⇒ ¬¬♦¬α. Since `G ¬�α⇒ ¬¬¬�α. Thus by

(Cut) `IG ¬�α⇒ ¬¬♦¬α. Similarly, one gets `IG ¬�α⇒ ¬¬�¬α. Therefore IG is an extension of

GGIK.t.
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Cut free sequent systems of classical tense logics

Definition

The Gentzen sequent calculus GK.t for tense logic K.t is obtained from replacing (K◦•) and (K•◦) by the following

◦∆1,∆2 ⇒ ⊥
Γ[∆1, •∆2]⇒ β

(Dual◦•)
•∆1,∆2 ⇒ ⊥

Γ[∆1, ◦∆2]⇒ β
(Dual•◦)

and adding the following
Γ[α{¬¬γ}]⇒ β

Γ[α]⇒ β
(¬¬L)

Γ[α]⇒ β{¬¬γ}
Γ[α]⇒ β{γ}

(¬¬R)

Theorem

If `GSGK.t Γ⇒ β, then `GSGK.t Γ⇒ β without any application of (Cut).
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Cut free sequent systems of classical tense logics

Theorem

If `GSGK.t Γ⇒ β, then `GSGK.t Γ⇒ β without any application of (Cut).

(Dual◦•) and (Dual•◦) are both derivable in GSGIK.t.

If `GSGK.t ko(Γ)⇒ ko(β), then there is a derivation of Γ⇒ β without any application of (¬¬ L) and

(¬¬ R).

If `GSGK.t ko(Γ)⇒ ko(β), then there is a cut free derivation of If ko(Γ)⇒ ko(β) in GSGK.t.

`GSGK.t ko(Γ)⇒ ko(β) implies `GSGK.t Γ⇒ β by rule (¬¬ L) and (¬¬ R).
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Cut free sequent systems of classical tense logics

Definition

We define the following calculation:

(α)¬ = ¬α if α 6= ¬α
′

; (α)¬ = α
′

if α = ¬α
′

In addition, we construct another sequent calculus GSGK′.t without (Cut) based on GSGK.t by replacing

(→ L) and (→ R) with the following rules

Γ⇒ α

Γ, (α)¬ ⇒ ⊥
(¬L
′

)
α, Γ⇒ ⊥
Γ⇒ (α)¬

(¬R
′

)

and replacing (¬¬L) and (¬¬R) with the following two rules respectively

Γ[α{θ}]⇒ β

Γ[α{¬¬θ}]⇒ β
(¬¬L′)

Γ⇒ α{θ}
Γ⇒ α{¬¬θ}

(¬¬R′)
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Cut free sequent systems of classical tense logics

Definition

We define (α)¬¬ be a formula obtained from α by replacing all subformula with the form of ¬¬θ by θ in α.

Lemma

If `GSGK.t Γ⇒ α, then `GSGK′.t (Γ)¬¬ ⇒ (α)¬¬.

Theorem

`GSGK.t Γ⇒ α iff `GSGK′.t Γ⇒ α.

Theorem

(subformula property) Let T be the set of all subformulas of formulas in Γ⇒ β. Define ¬T = {¬α} and

T∗ = T ∪ ¬T . If `GSGK′.t Γ⇒ β, then there is a derivation of Γ⇒ β such that all formulas appearing in the

derivations belong to T∗.
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Cut free sequent systems of classical tense logics

Condition Axioms Axioms(Diamonds) Structural Rules

Reflexive �α⇒ α; �α⇒ α α⇒ ♦α;α⇒ �α Γ[?∆]⇒β
Γ[∆]⇒β ? ∈ {◦, •}

Pathetic α⇒ �α;α⇒ �α ♦α⇒ α; �α⇒ α
Γ[∆]⇒β

Γ[?∆]⇒β ? ∈ {◦, •}

Functional injective ♦α⇒ �α; �α⇒ �α �♦α⇒ α; ♦�α⇒ α
Γ[∆]⇒β

Γ[◦•∆]⇒β ;
Γ[∆]⇒β

Γ[•◦∆]⇒β

Surjective �α⇒ ♦α; �α⇒ �α α⇒ �♦α;α⇒ ♦�α Γ[◦•∆]⇒β
Γ[∆]⇒β ;

Γ[•◦∆]⇒β
Γ[∆]⇒β

Symmetric α⇒ �♦α; ♦�α⇒ α ♦α⇒ �α; �α⇒ ♦α Γ[◦∆]⇒β
Γ[•∆]⇒β

Γ[◦∆]⇒β
Γ[•∆]⇒β

Transitive �α⇒ ��α; �α⇒ ��α ♦α⇒ ♦♦α; �α⇒ ��α Γ[◦∆]⇒β
Γ[◦◦∆]⇒β ;

Γ[•∆]⇒β
Γ[••∆]⇒β

Dense ��α⇒ �α; ��α⇒ �α ♦α⇒ ♦♦α; �α⇒ ��α Γ[◦◦∆]⇒β
Γ[◦∆]⇒β ;

Γ[••∆]⇒β
Γ[•∆]⇒β

Euclidean ♦�α⇒ �α; ��α⇒ �α �♦α⇒ �α; ♦�α⇒ ♦α Γ[•∆]⇒β
Γ[◦•∆]⇒β ;

Γ[◦∆]⇒β
Γ[•◦∆]⇒β

Confluent ♦�α⇒ �♦α �♦α⇒ ♦�α Γ[◦•∆]⇒β
Γ[•◦∆]⇒β

Divergent ��α⇒ ��α ♦�α⇒ �♦α Γ[•◦∆]⇒β
Γ[◦•∆]⇒β
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Decidability of weak intuitionstic tense logics

Definition

The Hilbert-style axiomatic system wIK.t for intuitionistic tense logic consists of the following axiom schemata and

rules:

(1) Axiom Schemata:

(Int) All axioms of intuitionistic propositional calculus.

(Dual♦�) �(¬α)→ (¬♦α).

(Dual��) �(¬α)→ (¬�α).

(2) Inference rules:

α→ β α

β
(MP)

♦α→ β

α→ �β
(Adj1)

�α→ β

α→ �β
(Adj2)

The Gentzen sequent calculus GwIK.t for tense logic wIK.t is obtained from replacing (K◦•) and (K•◦) by

◦∆1,∆2 ⇒ ⊥
Γ[∆1, •∆2]⇒ β

(Dual◦•)
•∆1,∆2 ⇒ ⊥

Γ[∆1, ◦∆2]⇒ β
(Dual•◦)
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Decidability of weak intuitionstic tense logics

Definition

Let T be a set of formulas containing ⊥,>. Define b(T ) be the ∧,∨,¬ closure of T and c(T ) be the ∧,∨
closure of T respectively. We define a translation from b(T ) to b(T ) as follows. Let

n2c(T ) = {¬¬α|α ∈ c(kT (T ))} and T = c(kT (b(T )) ∪ T ).

kT (α) = ¬¬α where α ∈ T ,

kT (¬α) = ¬kT (α)

kT (α1 ∧ α2) = ¬¬(kT (α1) ∧ kT (α2))

kT (α1 ∨ α2) = ¬¬(kT (α1) ∨ kT (α2))

Lemma

For any α ∈ kT (b(T )), there is a β ∈ n2c(T ) such that `GwIK.t α⇔ β.

Corollary

Let T be a finite set of formulas. T is finite up to GwIK.t-equivalent.
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Decidability of weak intuitionstic tense logics

Lemma

If `GwIK.t Γ[∆]⇒ β, then there is a γ ∈ T such that `GwIK.t ∆⇒ γ and `GwIK.t Γ[γ]⇒ β where T be the

set of all subformulas of formulas in Γ[∆]⇒ β.

Let `GwIK.t Γ⇒ β, T be the set of all subformulas of formulas in Γ⇒ β.

there is a derivation of Γ⇒ β in GwIK.t such that all formulas appearing in the derivations belongs to T

there is a derivation of Γ⇒ β in GwIK.t such that all rules are restricted to at most containing three

formulas.

One can construct a CFG which derives same sequents with GwIK.t

By CYK-algorithm, GwIK.t is decidable.

Theorem

GwIK.t is decidable.
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Decidability of weak intuitionstic tense logics

Theorem

If GSGwIK.t satisfies the interpolant property, then GSGwIK.t is decidable.

Axioms Structural Rules Axioms Structural Rules

> ⇒ ♦> Γ[◦>]⇒α
Γ[>]⇒α > ⇒ �> Γ[•>]⇒α

Γ[>]⇒α

�α⇒ α
Γ[•(∆)]⇒ψ

Γ[∆]⇒ψ �α⇒ α
Γ[◦(∆)]⇒ψ

Γ[∆]⇒ψ

α⇒ �♦α Γ[◦(∆)]⇒ψ
Γ[•(∆)]⇒ψ α⇒ ��α Γ[•(∆)]⇒ψ

Γ[◦(∆)]⇒ψ

��α⇒ �α Γ[••(∆)]⇒ψ
Γ[•(∆)]⇒ψ ��α⇒ �α Γ[◦◦(∆)]⇒ψ

Γ[◦(∆)]⇒ψ

♦α⇒ �♦α Γ[◦(∆)]⇒ψ
Γ[•◦(∆)]⇒ψ �α⇒ ��α Γ[•(∆)]⇒ψ

Γ[◦•(∆)]⇒ψ

�α→ �β ⇒ �(α→ β)
Γ[◦(∆1,∆2)]⇒ψ
Γ[◦∆1,◦∆2]⇒ψ �α→ �β ⇒ �(α→ β)

Γ[•(∆1,∆2)]⇒ψ
Γ[•∆1,•∆2]⇒ψ

♦α⇒ �α Γ[∆]⇒ψ
Γ[•◦∆]⇒ψ �α⇒ �α Γ[•∆]⇒ψ

Γ[◦•∆]⇒ψ

�α⇒ ��α Γ[•(∆)]⇒ψ
Γ[••(∆)]⇒ψ �α⇒ ��α Γ[◦(∆)]⇒ψ

Γ[◦◦(∆)]⇒ψ

Table: Structural Axioms and Rules
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Decidability of classical tense logics

Lemma

If `GK′.t Γ[∆]⇒ β, then there is a γ ∈ T such that `GK′.t ∆⇒ γ and `GK′.t Γ[γ]⇒ β where T be the set

of all subformulas of formulas in Γ[∆]⇒ β.

Let `GK′.t Γ⇒ β, T be the set of all subformulas of formulas in Γ⇒ β.

there is a derivation of Γ⇒ β in GK’.t such that all formulas appearing in the derivations belongs to T

there is a derivation of Γ⇒ β in GK’.t such that all rules are restricted to at most containing three

formulas.

One can construct a CFG which derives same sequents with GK’.t

By CYK-algorithm, GK’.t is decidable.

Theorem

GK’.t is decidable.
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Decidability of classical tense logics

Theorem

If GSGK’.t satisfies the interpolant property, then GSGK’.t is decidable.

Condition Axioms Axioms(Diamonds) Structural Rules

Reflexive �α⇒ α; �α⇒ α α⇒ ♦α;α⇒ �α Γ[?∆]⇒β
Γ[∆]⇒β ? ∈ {◦, •}

Pathetic α⇒ �α;α⇒ �α ♦α⇒ α; �α⇒ α
Γ[∆]⇒β

Γ[?∆]⇒β ? ∈ {◦, •}

Functional injective ♦α⇒ �α; �α⇒ �α �♦α⇒ α; ♦�α⇒ α
Γ[∆]⇒β

Γ[◦•∆]⇒β ;
Γ[∆]⇒β

Γ[•◦∆]⇒β

Surjective �α⇒ ♦α; �α⇒ �α α⇒ �♦α;α⇒ ♦�α Γ[◦•∆]⇒β
Γ[∆]⇒β ;

Γ[•◦∆]⇒β
Γ[∆]⇒β

Symmetric α⇒ �♦α; ♦�α⇒ α ♦α⇒ �α; �α⇒ ♦α Γ[◦∆]⇒β
Γ[•∆]⇒β

Γ[◦∆]⇒β
Γ[•∆]⇒β

Transitive �α⇒ ��α; �α⇒ ��α ♦α⇒ ♦♦α; �α⇒ ��α Γ[◦∆]⇒β
Γ[◦◦∆]⇒β ;

Γ[•∆]⇒β
Γ[••∆]⇒β

Dense ��α⇒ �α; ��α⇒ �α ♦α⇒ ♦♦α; �α⇒ ��α Γ[◦◦∆]⇒β
Γ[◦∆]⇒β ;

Γ[••∆]⇒β
Γ[•∆]⇒β

Euclidean ♦�α⇒ �α; ��α⇒ �α �♦α⇒ �α; ♦�α⇒ ♦α Γ[•∆]⇒β
Γ[◦•∆]⇒β ;

Γ[◦∆]⇒β
Γ[•◦∆]⇒β

Confluent ♦�α⇒ �♦α �♦α⇒ ♦�α Γ[◦•∆]⇒β
Γ[•◦∆]⇒β

Divergent ��α⇒ ��α ♦�α⇒ �♦α Γ[•◦∆]⇒β
Γ[◦•∆]⇒β
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Cut free Decidability of fusion of tense logics

LetG1, . . . , Gn be any GSGIK.t, GSGwIK.t, GSGK.t discussed above. The finite fusions of G1, . . . , Gn,

denoted by G = G1 ⊗ . . .⊗ Gn has the following properties.

Theorem

G admits cut elimination.

Theorem

G is decidable.
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