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Triality of vertex algebras at the corner

The principal W-algebra W (sl,,) enjoys the Feigin-Frenkel duality and
GKO type coset construction:

ki . k2
Wh(sl,) We(sln) (s + )k +m) = 1

Rel: _q

+
Com(Vk3(5[,,), \/k3—1(5[n) ® Li(sly)) k1+n k3+,,

Some vertex algebras appear at boundary of higher dimensional QFTs with
boundary conditions, e.g. V*(g) appears at the boundary of 3d
Chern-Simons theory. Gaiotto—Rap&ak explained the above triality as
symmetry of boundary conditions for 4d GL-twisted ' = 4 super
Yang—Mills theory and gave a vast generalization in physics context:

Bi,o
v _
Com (V(g[mw), Ww hY (E[n‘g, fn_m71m|14)>
U U(n)
01 {(Bp,gs W) }(p,q)ez2/{+1}: boundary conditions
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Feigin—Semikhatov duality

ve) | Ut
1

U(n+1)
Theorem 1.1 (Creutzig—Linshaw, Creutzig—-Genra—N)
For(k+n+1)({+n)=1"°

FS: Com (W,Wk(ﬁ[n+1, f,,,l)) ~ Com <7r, WZ(5[n+1|1, fn+1|1)>

We remove the level (k,£) = (—n+ %, —n+ -5 where the Heisenberg
subalgebra degenerates.

The case n = 1 is actually the Kazama—Suzuki coset construction:

KS: N=2SCA___u = Com (n%%, VK (sh) ®bc)
=2k
Gt (z) — =e(2)
G (2) — 1/k42-2f z)®c
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Free field realization and Coset construction
WH(slni1, 1) = V(sl) @ et < By @ u(DF T Vo ym @
We(ﬁ[n+1|17 fn+1|1) — V.(g[l\l) X nghv — bc ® 7T€+hv ~ VZ X 7Tf;+hv.

Schematically, we use weighted Dynkin diagrams

sl slyjny1
0 2 2 0 2 2 2
&—0—0— " —0 & & —O0—0— " —0
a1 a2 Qp [e7)) [(e%] a2 Op

Theorem 1.2 (Creutzig—Genra—N)
For (k+n+1)(¢+n) =1,
KS: Wi(sly1, for1j1) — Com (7928 WH(sl,41, fo1) ® Vz),

FST: W*(slns1, fo1) = Com (798 W (sloy1p1, frr11) ® Vigy) -
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Coset construction implies...

WH(sln1, n1)—@<@ﬂk a) @l Wslua. frya) @99&8 ayemr,

acZ aczZ

~ € (a) ~ €' (a) as €L (0) ~ € (0)-modules!
Question 2.1

Can we interchange /" «v 7" (a € Z) more directly?

» Yes! and given by the relative semi-infintie cohomology:

Hr:|+ (9[1v7r ®7T\FH) ~ n00a160C[|2) @ |b)].

We set
Ky _ = @Tl’fh ol K. = @Wf":”r ®7r";+.
acZ acZ
’:Vz@ﬂ'z :V\/IZ®7T\/TIZ

0
WE(slsap1, farajn) = H,2 o (

rel

g[1Y Wk(’g[n-i-lv fn,l) by VZ X 7TZ) )
0
WHK(slpi1, far) = el+ (gly; We(5[n+1\1, for11) ® Vg, ® Wﬁz) .
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Correspondence of module categories

» Can be also applied to modules by
A A A A
WH(slns1, fo1)-mod O KL, (n, 1) = DKL (n, 1), (X € C/2),
W (slp 1)1, fas1j1)-mod O KLY (n,1) = DKL, (n,1), (A € C/Z).

Theorem 2.2 (Creutzig—Genra—N-Sato)

0

Hrel,/\+
kAT /_\z,\— L+ (MM?\/I)
KL," (n,1) = KL (n1): rR HO (M)
\_/ ~ T rel, A3
0 " (H?el ,\+(M1) Hrel >\+(M2)

rel,A—

v
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Rational case: Comparision of Fusion rings
Creutzig-Linshaw proved a level-rank duality

Com (1, Wi(r)(8ln, fa1,1)) = Wa(n)(slr, ),
Using K(Wq(n)(slr, fr)) = K(Ln(sl;)), this implies

Wap+ = Wk(,)(sln, fn,1,1) ~ @ LW(nw,-) ® V%'"_F\/EZ,
i€Z,

Wa- = Weyn (a1, fo1) Lyw(nw;) ® V (nini
A o(r)(Staj1s gt ’EEIZB wlne) © Vo, sorare:

= General theory of simple current extension by lattice can be applied:
slp, fo1 1) " W 5[n\la n|1)

\ / K(Wa) = K(L(sln)) .
(K(WA ) [%12[%"("”)])

W(sl,, 1) Z,
’C(WA (K(WA+) % | Z[Zn(,hq)])
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Toward the general hook-type VW-superalgebras

Label W£+(n, m) Wg+(n, m) WéJr(n, m) Wg+(n, m) Wg+(n, m)
g Slptm 502(n+m+1) SP2(n+m) 502(n+m)+1 05P1|2(n+m)
a sly 502041 SPon 502041 SPon
b ol 502m41 SPom 502m 05P1|2m
ke k+n—1 k+2n k+n7% k +2n k+n7%
Label WE_ (n, m) WE_ (n, m) WE_ (n, m) WE _ (n, m) WE_ (n, m)
g Slyimim 05P2m11(2(n+-m) 05Po(nm)+1]2m 05P2m|2(n+m) 05P(nym)+2[2m
a Sloym 5P2(n+m) 502(ntm)+1 SP2(n+m) 502(ntm)+1
b ol 502mt1 SPom 50om 05P1|2m
ke —(k+n+m+1 | —2(k+n+m)+1 —Gk+n+m) | 2k+n+m+1 | —(Fk+ntm)

The hook-type W-superalgebras have the following simple structure:

Slyrm = (sl @al,) ((C" C" ®C ® (C’")
W (mm) = Ch(mm) ® V< (al,,)

®Ch (1) @ Vgt (C™) & Ch (@m1) @V (C7)--
Ch M@ Vi ()

~ @

XEP, (al,,)
Slsmpm = (8lnim @ gly) @11 ((C"+'" eC oC "® (C'")
Wi (n,m) =~ Ci_(n,m)® V% (gl,)
®Ci- (@) ® Vg (CO™) @ i (wm-1) ® V5 (C
Ch- (N @V (A

0|m

S

AEP; (gl)
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By using Herro, the gluing object (kernel algebra) is

Kaloa-= D Var ™ (hHevg ()
AEP(g1,)

? = n,m
= Wi (n,m)~H_ 0 (9l Whi(n,m) @ Kamoao) -

rel

n,m n,m .
It turn out that K,,", ,_ and K,”" ,, have a common shape:

Al k= P V& NeVe (e V%erzééﬂ'ﬁz
AEP(s51m)

with kl—lkm + ,Q_lirm = ¢ (c € Z). Looking at the lowest wieght subspaces
at each component, we find C[GL,| ~ €, L) @ L+ and indeed the case

¢ = 0 is the chiral differential operators

ch . g[’"’h
‘@GLm,kl = Indm[tl@CKC[Joo GLm]
For ¢ # 0, it is related to C4[GLy] (Moriwaki). One exapmle is

. _1+% —1l+a
L L-a) 2PV, “ MOV e Ve

—1+1 la
= D Voup,fy (n) @ Vio; (2n).
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Kernel algebras and Howe duality

Theorem 2.3 (Creutzig-Linshaw-N-Sato, work in progress)

Let (X,Y) = (A A),(B,0),(C,C),(D,D),(0,B). For k,t € C\Q under
duality relation, we have

Wi (n,m) =~ H2 ™ (b, Wk (n,m) ® A'lb, a1])
WE. (n,m) = HZ ™ (b6, Wi_(n,m) ® A [b,a_]).

Therefore, C%.(n, m) =~ Cf@_(n, m) holds for all cases. ?

?Creutzig—Linshaw proved it except for (B, O), (C, C), (O, B) where
Zo-orbiforlds was taken.

For the (B, O) case, kernel algebras should be related to
ClHom(C?", €] ~ @ L e L7,

In general, associative algebras A which are multiplicity-free
representations as (g1, g2)-bimodules serve as “gluing objects” between
tensor categories for quantum groups/ vertex superalgeras. Candidates are

found in (quantum) Howe duality (or its generalization),
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Thank you for listening!
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