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Outline of talk

Sharp minimax result for covariance testing;

Multi-level thresholding test;

More powerful than both L2 and Lmax type tests;

Testing problem for precision matrices.
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Background

Signal detection: whether a block of covariance (precision) matrix = 0;

Signal detection vs. signal identification (multiple testing problem);

Studying association (conditional association) is common in science;

Gene co-expression network, brain connectivity studies;

Omics data analysis: association given one type of variables.
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One-sample covariance testing

X1, . . . ,Xn∼N(µ,Σ) (normality can be relaxed to sub-Gaussanity);

Xk = (Xk1, . . . ,Xkp)T for k = 1, . . . , n, p � n;

µ = (µ1, . . . , µp)T and Σ = (σj1j2)p×p;

Testing Σ being diagonal:

H0 : σj1j2 = 0 for all j1 6= j2 vs. Ha : σj1j2 6= 0 for some j1 6= j2 (1)

Testing for sub-blocks of Σ and two-sample problems
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Existing minimax rate result, Cai and Ma (2013)

H0 : Σ = Ip vs. Ha : Σ 6= Ip under Gaussian distribution;

Alternative covariance class U1(b) = {Σ : ‖Σ− Ip‖F ≥ b(p/n)1/2};

W1,α: all α-level tests for the null hypothesis H0 : Σ = Ip;

There exist positive constants b0 and ω ∈ (0, 1) such that

sup
W∈W1,α

inf
Σ∈U1(b0)

P(W = 1) ≤ 1− ω,

for any ω ∈ (0, 1− α), as n, p →∞.

The expression of b0 is unknown.

Yumou Qiu Sharp optimal test for cov/precision matrix 5 / 42



Existing minimax rate result, Cai, Liu and Xia (2013)

H0 : Σ1 = Σ2 vs. Ha : Σ1 6= Σ2;

Alternative covariance class: ma = pκ (κ < 1/2) unequal covariances,

U2(c ,ma,K0) =
{

(Σ1,Σ2) : max
1≤j≤p

{σ1,jj , σ2,jj} ≤ K0,

‖Σ1 − Σ2‖2
F ≥ cma log(p)/n

}
W2,α: all α-level tests for the two-sample hypotheses;

There exist positive constant c0 such that, as n, p →∞,

sup
W∈W2,α

inf
(Σ1,Σ2)∈U2(c0,ma,K0)

P(W = 1) ≤ 1− ω.

The expression of c0 is unknown.
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Limitation of existing minimax result

only provide the rate of the minimum signals that can be detected;

tight bound on the minimax power is unknown;

Cai and Ma (2013) for non-sparse regime (ma � p with strength n−1/2);

Cai, Liu and Xia (2013) for high sparsity regime (ma � p1/2);

moderate sparsity regime is unknown (p1/2 � ma � p);
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Sparse and weak signals for means

Donoho and Jin (2004)

Test for µ = (µ1, . . . , µp)T = 0 of normal distribution N(µ, I )

Nonzero value (signal): µa =
√

2r log(p)/n

Proportion of signals: ε = p−β

β: signal sparsity parameter; r : signal strength parameter

H0 : µj = 0 for all 1 ≤ j ≤ p vs. Ha : µj
i .i .d .∼ (1− ε)ν0 + ενµa

Yumou Qiu Sharp optimal test for cov/precision matrix 8 / 42



Detection boundary–phase transition property

DB(β) =

{
β − 1/2 if 1/2 < β ≤ 3/4,
(1−

√
1− β)2 if 3/4 < β < 1.

(2)

If r < DB(β), Type I error rare + Type II error rare→ 1 for any test;

If r > DB(β), Type I error rare + Type II error rare→ 0 for some test;

Higher Criticism test can achieve the detection boundary.
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Detection boundary
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Covariance class under alternative hypothesis

H0 : σj1j2 = 0 for all j1 6= j2 vs. Ha : σj1j2 6= 0 for some j1 6= j2

Sample size n, dimension p, and q = p(p − 1)/2

Number of nonzero σj1j2 , j1 6= j2: ma = bq(1−β)c for β ∈ (1/2, 1)

Nonzero covariance: σj1j2 =
√

2rj1j2 log(q)/n if σj1j2 6= 0;

U(β, r0, τ) =
{

Σ : ma = bq(1−β)c nonzero σj1j2 with rj1j2 ≥ r0,

max
1≤j≤p

σjj ≤ τ, min
1≤j≤p

σjj ≥ C−1
}
.
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Detection boundary for covariances

Theorem (Sharp minimax result)

Under log p = o(n1/3) and Gaussian distributed data, if r0τ
−2 < DB(β),

sup
W∈Wα

inf
Σ∈U(β,r0,τ)

P(W = 1) ≤ 1− ω

for any ω ∈ (0, 1− α), as n, p →∞.

signal sparsity parameter β ∈ (1/2, 1) implies 1� ma � p;

r0τ
−2: minimum standardized signal strength;

the exact minimum signal strength r0 at the order {log(p)/n}1/2;
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Proof: least favorable prior under Ha

shuffle
=⇒

Least favorable Ha: uniform prior on all random shuffles

Hellinger distance of densities under H0 and least favorable Ha
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Tight detection boundary?
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Proposed test

Sample covariance: Σ̂ = (σ̂j1j2)p×p = 1
n

∑n
k=1(Xk − X̄)(Xk − X̄)T;

Standardization: Gj1j2 =
σ̂j1j2

(σ̂j1j1 σ̂j2j2/n)1/2 =
√
nρ̂j1j2 , 1 ≤ j1 < j2 ≤ p;

Squared standardized sample covariance: Mj1j2 = G 2
j1j2

;

Non-Gaussian data: G̃j1j2 =
√
nσ̂j1j2 θ̂

−1/2
j1j2

as standardization of σ̂j1j2 ;

θj1j2 = Var{(Xkj1 − µj1)(Xkj2 − µj2)};

θ̂j1j2 = 1
n

∑n
k=1{(Xkj1 − X̄j1)(Xkj2 − X̄j2)− σ̂j1j2}2.
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Thresholding for covariance testing

Thresholding on Mj1j2 , powerful for sparse and weak signals

Tn(s) =
∑

1≤j1<j2≤p
Mj1j2I{Mj1j2 > λp(s)}

λp(s) = 4s log(p) for a thresholding parameter s ∈ (0, 1).

Cai and Jiang (2011): Lmax statistic Mn = max1≤j1<j2≤p Mj1j2

only use the maximal signal, powerful for strong signals

Qiu and Chen (2012): L2 statistic, summation of all Mj1j2

include too many uninformative entries, powerful for dense signals
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Mean and variance of Tn(s) under H0

µ0(s) = E{Tn(s)|H0} and σ2
0(s) = Var{Tn(s)|H0};

Large deviation: tail of Mj1j2 can be approximated by tail of X 2
1 ;

Lp: multi-log(p) term;

µ0(s) = µ̃0(s){1 + O(Lpn
−1/2)} and σ2

0(s) = σ̃2
0(s){1 + o(1)};

µ̃0(s) = q{2λ1/2
p (s)φ(λ

1/2
p (s)) + 2Φ̄(λ

1/2
p (s))};

σ̃2
0(s) = q[2{λ3/2

p (s) + 3λ
1/2
p (s)}φ(λ

1/2
p (s)) + 6Φ̄(λ

1/2
p (s))];

Under Gaussian data, µ0(s) has an exact closed form expression.
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Asymptotic normality of Tn(s) under H0

Theorem (Asymptotic normality)

Under H0, and either (i) log p ∼ n$ for $ ∈ (0, 1/5) and s > 1/2 or (ii)
n ∼ pξ for ξ ∈ (0, 2] and s > 1/2− ξ/4, we have

σ−1
0 (s){Tn(s)− µ0(s)} d→ N(0, 1) as n, p →∞.

Mj1j2 is dependent with Mj1j3 for all j1, j2, j3 (circular dependence)

Larger s helps to alleviated the covariances among {Mj1j2}
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Selecting threshold level

Reject H0 of (1) if Tn(s) > µ0(s) + zασ̃0(s)

zα is the upper α quantile of N(0, 1)

Single-level thresholding test

How to select threshold level s?

Yumou Qiu Sharp optimal test for cov/precision matrix 19 / 42



Selecting threshold level

Reject H0 of (1) if Tn(s) > µ0(s) + zασ̃0(s)

zα is the upper α quantile of N(0, 1)

Single-level thresholding test

How to select threshold level s?

Yumou Qiu Sharp optimal test for cov/precision matrix 19 / 42



Multi-level thresholding–a higher criticism approach

Standardization of Tn(s): Un(s) = σ̃−1
0 (s){Tn(s)− µ0(s)}

P-value: pv(s) = P{N(0, 1) > Un(s)}

Choose s ∈ (s0, 1) that minimizes pv(s): most significant threshold

s0 = 1/2 or s0 = 1/2− ξ/4 if n ∼ pξ for a ξ ∈ (0, 2)

Equivalently: maximize Un(s) over multiple thresholds

Vn(s0) = sup
s∈(s0,1)

Un(s)
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Limiting distribution of Vn(s0)

Theorem

Under H0 and the conditions for asymptotic normality of Tn(s),

P{a(log(p))Vn(s0)− b(log(p), s0) ≤ x} → exp(−e−x),

where a(y) = (2 log(y))1/2 and b(y , s0) = 2 log(y) + 2−1 log log(y) −
2−1 log(π) + log(1− s0).

Vn(s0) = sups∈(s0,1) Un(s): asymptotic Gumbel

Multi-thresholding test (MTT):

Vn(s0) > {qα + b(log(p), s0)}/a(log(p))

Yumou Qiu Sharp optimal test for cov/precision matrix 21 / 42



Detection boundary of MTT

DB∗(β, ξ) =


(
√

4−2ξ−
√

6−8β−ξ)2

8 , 1/2 < β ≤ 5/8− ξ/16;
β − 1/2, 5/8− ξ/16 < β ≤ 3/4;

(1−
√

1− β)2, 3/4 < β < 1.

(3)

n ∼ pξ for ξ ∈ (0, 2];

ξ = 0: exponential growth of p with respect to n;

r̄ = max(j1,j2)∈A1

rj1j2
σj1j1σj2j2

and
¯
r = min(j1,j2)∈A1

rj1j2
σj1j1σj2j2

;

If
¯
r > DB∗(β, ξ), power of MTT converges to 1;

If r̄ < DB∗(β, ξ), power of MTT converges to 0,
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Detection boundary of MTT

0.5 0.6 0.7 0.8 0.9 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Detection boundary of MTT

β

r~

(1 − 1 − β)2

ρ*(β, 0)
ρ*(β, 0.75)
ρ*(β, 1.5)
β − 0.5

Power → 1 if
¯
r > DB∗(β, ξ)

DB∗(β, ξ) = DB(β)
for β > 5/8− ξ/16

DB∗(β, ξ) > DB(β)
for β < 5/8− ξ/16

Due to imposing s > s0

Lmax test: r̄ > 4

L2 test: powerless if β > 1/2
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Sharp optimality of MTT

Theorem (Sharp optimality of MTT)

Under the Gaussian distribution and either (i) log p ∼ n$ with 5/8 < β < 1
or (ii) n ∼ pξ with 5/8− ξ/16 < β < 1, as n, p →∞,

(i) if r0τ
−2 > DB(β), infΣ∈U(β,r0,τ) Power of MTT→ 1;

(ii) if r0τ
−2 < DB(β), supW∈Wα

infΣ∈U(β,r0,τ) P(W = 1) ≤ α.
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Simulation design

Σ = σ2
0I under H0

σjj+1 =
√

4r log(p)/n for j = 1, . . . ,ma under Ha

ma = bq(1−β)c for q = p(p − 1)/2

Qiu and Chen (2012) (QC): L2 test

Cai and Jiang (2011) (CJ): Lmax test
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Empirical size–nominal level 5%

σ2
0 = 1 σ2

0 = 1.5 σ2
0 = 2

n p MTT CQ CJ MTT CQ CJ MTT CQ CJ

200 0.031 0.060 0.006 0.033 0.052 0.008 0.038 0.055 0.010
60 300 0.018 0.054 0.001 0.024 0.059 0.014 0.011 0.074 0.001

400 0.015 0.067 0.002 0.012 0.062 0 0.015 0.056 0.002

200 0.056 0.054 0.016 0.040 0.068 0.013 0.058 0.061 0.012
80 300 0.035 0.061 0.012 0.027 0.063 0.004 0.034 0.046 0.007

400 0.032 0.065 0.008 0.037 0.042 0.017 0.027 0.034 0.004

200 0.054 0.074 0.011 0.056 0.062 0.023 0.062 0.046 0.018
100 300 0.049 0.044 0.015 0.046 0.040 0.012 0.016 0.061 0.006

400 0.031 0.058 0.010 0.039 0.071 0.013 0.023 0.058 0.009
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Power versus signal strength
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Power versus signal sparsity
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Two sample covariances testing

X1, . . . ,Xn1

i .i .d .∼ F1 and Y1, . . . ,Yn2

i .i .d .∼ F2

Xk = (Xk1, . . . ,Xkp)T and Yk = (Yk1, . . . ,Ykp)T

Covariances: Σ1 = (σij1)p×p and Σ2 = (σij2)p×p

H0 : Σ1 = Σ2 vs. Ha : Σ1 6= Σ2
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Standardization of Sample Covariances

Sn1 = (sij1), Sn2 = (sij2): sample covariances from {Xk} and {Yk}

θij1 = Var{(Xki−µ1i )(Xkj−µ1j)} and θij2 = Var{(Yki−µ2i )(Ykj−µ2j)}

θ̂ij1 = 1
n1

∑n1
k=1{(Xki − X̄i )(Xkj − X̄j)− sij1}2 → θij1

θ̂ij2 = 1
n2

∑n2
k=1{(Yki − Ȳi )(Ykj − Ȳj)− sij2}2 → θij2

Apply multi-level thresholding procedure on

Mij =
(sij1 − sij2)2

θ̂ij1/n1 + θ̂ij2/n2

, 1 ≤ i ≤ j ≤ p.
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Simulation Results
Left: β = 0.6; Right: r = 0.6
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Signal detection in precision matrices

Precision matrix: Ω = Σ−1 = (ωj1j2)

Gaussian graphical model (GGM)

Target variables: A1 ⊂ {1, . . . , p}

H0 : ωj1j2 = 0 for all j1, j2 ∈ A1 and j1 6= j2 vs.

Ha : ωj1j2 6= 0 for some j1, j2 ∈ A1 and j1 6= j2.
(4)

Applied to evaluate spatial dependence structure using “concliques”
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Precision matrix class under alternative hypothesis

Sample size n, p1 = |A|1, and q1 = p1(p1 − 1)/2

Number of signals: ma =
∑

(j1,j2)∈A1,j1<j2
I(ωj1j2 6= 0) = bq(1−β)

1 c

β ∈ (1/2, 1)

Nonzero ωj1j2 : ωj1j2 =
√

2rj1j2 log(q1)/n if ωj1j2 6= 0;

U(β, r0, τ) =
{

Ω : ma ≥ bq(1−β)
1 c nonzero ωj1j2 with rj1j2 ≥ r0,

maxj∈A1 ωjj ≤ τ , minj∈A1 ωjj ≥ C−1
}
.
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Detection boundary for precision matrices

Theorem (Sharp minimax result)

Under n � pξ for ξ ∈ (0, 1] and Gaussian distributed data, if r0τ
−2 < DB(β)

and 3/4− ξ/4 < β < 1, we have, as n, p →∞,

sup
W∈Wα

inf
Ω∈U(β,r0,τ)

P(W = 1) ≤ α

W1,α: all α-level tests;

requires 3/4− ξ/4 < β < 1;

if n � p, this covers the entire sparse regime 1/2 < β < 1;

r0τ
−2: minimum standardized signal strength

Yumou Qiu Sharp optimal test for cov/precision matrix 34 / 42



Estimation of Ω–node-wise regression

Xij1 − µj1 =
∑
j2 6=j1

βj1j2(Xij2 − µj2) + εij1

εij1 ⊥ Xij2 for j2 6= j1 if and only if βj1j2 = −ωj1j2/ωj1j1 ;

error covariance satisfies Cov(εij1 , εij2) = ωj1j2/(ωj1j1ωj2j2);

ωj1j2 can be estimated by the residuals from node-wise regressions
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Estimation of Ω–Liu (2013)

Xij1 − µj1 =
∑
j2 6=j1

βj1j2(Xij2 − µj2) + εij1

Lasso estimates: β̂j = argmin
β∈Rp ,βjj=−1

[
1
n

∑n
i=1{β

T(Xi − X̄)}2 + 2λj |β|1
]

;

set β̂jj = −1 for notation simplicity;

residuals: ε̂ij = −β̂
T

j (Xi − X̄);

ω̂j1j2 =
v̂j1j2

v̂j1j1 v̂j2j2
where v̂j1j2 = −1

n

n∑
i=1

(ε̂ij1 ε̂ij2 + β̂j1j2 ε̂
2
ij2 + β̂j2j1 ε̂

2
ij1).
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MTT for precision matrices

ψ̂j1j2 = v̂j1j2(v̂j1j1 v̂j2j2)−1/2: −ψ̂j1j2 is the estimated partial correlation;

Standardized statistic for testing ωj1j2 = 0: Vj1j2 = nψ̂2
j1j2

;

Thresholding statistic: T (t) =
∑

j1,j2∈A1,j1<j2
Vj1j2I{Vj1j2 ≥ λq(t)};

Derive large deviation results for ψ̂j1j2 ;

MTT procedure on T (t).
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Detection boundary of MTT for precision matrices

DB(β, ξ/γ, ν) =


{√

8−8c(ξ/γ,ν)−
√

8−8β−4c(ξ/γ,ν)
}2

8
, 1/2 < β ≤ 3/4− c(ξ/γ, ν)/4,

β − 1/2, 3/4− c(ξ/γ, ν)/4 < β ≤ 3/4,
(1−

√
1− β)2, 3/4 < β < 1,

c(ξ/γ, ν) = min{(ξ/γ)(1/2− ν), 1};

ξ ∈ (0, 1]: n � pξ;

γ ∈ (0, 1]: p1 = |A1| � pγ ;

ν ∈ [0, 1/2): max1≤j1≤p
∑p

j2=1 I(ωj1j2 6= 0) ≤ Cnν .
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Detection boundary of MTT for precision matrices

DB(β, ξ/γ, ν) =


{√

8−8c(ξ/γ,ν)−
√

8−8β−4c(ξ/γ,ν)
}2

8
, 1/2 < β ≤ 3/4− c(ξ/γ, ν)/4,

β − 1/2, 3/4− c(ξ/γ, ν)/4 < β ≤ 3/4,
(1−

√
1− β)2, 3/4 < β < 1,

Power of MTT→ 1 if r0τ
−2 > DB(β, ξ/γ, ν);

DB(β, ξ/γ, ν) = DB(β) if β > 3/4− c(ξ/γ, ν)/4;

DB(β, ξ/γ, ν) > DB(β) if β < 3/4− c(ξ/γ, ν)/4.
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Conclusion

Tight minimax result for testing covariance and precision matrices.

Sharp optimal multi-level thresholding test.

More powerful tests for sparse and weak signals.
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