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N
Outline of talk

@ Sharp minimax result for covariance testing;

Multi-level thresholding test;

@ More powerful than both Ly and L.y type tests;

Testing problem for precision matrices.
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-
Background

Signal detection: whether a block of covariance (precision) matrix = 0;

Signal detection vs. signal identification (multiple testing problem);

Studying association (conditional association) is common in science;

@ Gene co-expression network, brain connectivity studies;

Omics data analysis: association given one type of variables.
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One-sample covariance testing

@ Xi,...,Xp~N(p,X) (normality can be relaxed to sub-Gaussanity);

o Xy = (Xut,..., Xup)" for k=1,...,n, p>n;

o p=(p1,...,pp)" and X = (0j),)pxp;

@ Testing X being diagonal:

Ho:0jj, =0 forall j1 #j vs. H,:05j, #0 forsome ji #jo (1)

@ Testing for sub-blocks of ¥ and two-sample problems
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|
Existing minimax rate result, Cai and Ma (2013)

Ho: ¥ =1, vs. H;: X # |, under Gaussian distribution;

o Alternative covariance class Uy (b) = { : |X — I,||r > b(p/n)*/?};

Wi ot all a-level tests for the null hypothesis Hy : & = I;
@ There exist positive constants by and w € (0,1) such that

sup inf . P(W=1)<1-w,
Wew, , Z€U1(bo)

for any w € (0,1 — «), as n, p — <.

@ The expression of by is unknown.
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|
Existing minimax rate result, Cai, Liu and Xia (2013)
@ Hy: X1 =%5vs. Hy: ¥y # Yy
@ Alternative covariance class: m, = p” (k < 1/2) unequal covariances,
Us(c,my, Ko) = {(T1,%2): max {01,024} < Ko,

1<j<p
|£1— T2l > cm,log(p)/n}

@ W» ,: all a-level tests for the two-sample hypotheses;

@ There exist positive constant ¢g such that, as n, p — oo,

sup inf PW=1)<1-w.
WeWs , (X1,%2)€la(co,ma,Ko)

@ The expression of ¢g is unknown.
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Limitation of existing minimax result

only provide the rate of the minimum signals that can be detected;

tight bound on the minimax power is unknown;

e Caiand Ma (2013) for non-sparse regime (m, = p with strength n=1/2);

Cai, Liu and Xia (2013) for high sparsity regime (m, < p/?);

@ moderate sparsity regime is unknown (pl/2 <K my L p);
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Sparse and weak signals for means

Donoho and Jin (2004)

@ Test for pp = (p1,...,pp)" = 0 of normal distribution N(p, /)

e Nonzero value (signal): s, = \/2rlog(p)/n

Proportion of signals: € = p~"

[: signal sparsity parameter; r: signal strength parameter

Ho:pj=0 forall1<j<p vs. Hy:pj Hg (I —€)vy + ey,
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Detection boundary—phase transition property

[ B=1)2 if 1/2<p8<3/4,
DB(ﬂ)_{ (1-vI=5)2 if3/4<p<Ll. )

e If r < DB(f), Type | error rare + Type Il error rare — 1 for any test;
e If r > DB(f), Type | error rare + Type Il error rare — 0 for some test;

@ Higher Criticism test can achieve the detection boundary.
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Detection boundary
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Covariance class under alternative hypothesis

Ho :0jj, =0 forall j1 #jo» vs. H,:05, #0 for some ji1 # jo
@ Sample size n, dimension p, and ¢ = p(p — 1)/2
o Number of nonzero )}, j1 # jo: ma = gt~ | for B € (1/2,1)
o Nonzero covariance: o), = /2rj, log(q)/n if o},j, # O;
UB, r0,7) = {X : my = |qP] nonzero o, with r;,j, > ro,

max o;; < 7, min o > C_l}.
1<j<p 1<j<p
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Detection boundary for covariances

Theorem (Sharp minimax result)

Under log p = o(n*/3) and Gaussian distributed data, if o7—2 < DB(j),

sup inf - PW=1)<1l-w
wew,, TeU(B,r,T)

for any w € (0,1 — «), as n, p — 0.

@ signal sparsity parameter 5 € (1/2,1) implies 1 < m, < p;

2.

@ 97T “: minimum standardized signal strength;

@ the exact minimum signal strength ry at the order {log(p)/n}*/?;
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Proof: least favorable prior under H,
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@ Least favorable H,: uniform prior on all random shuffles

@ Hellinger distance of densities under Hy and least favorable H,
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Tight detection boundary?

Detection Lower Boundary
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|
Proposed test

~

e Sample covariance: T = (6j,,)pxp = = S p_1(Xk — X)(Xk — X)T;
. Y R S
e Standardization: Gjj, = W = ﬁpjljz, 1< <p<p;
: : _ 2.
@ Squared standardized sample covariance: M ;, = Gjljz’

. A el p1)/2 o A .
o Non-Gaussian data: Gjj, = /ndy,j,0; ;'* as standardization of Gy, ;

0]1]2 = Va’r{(ijl - .u.il)(th - sz)};

AJ1J2 =1 Zk 1{(ij1 J1)(ijz XJ2) 01112}
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Thresholding for covariance testing

Thresholding on M, j,, powerful for sparse and weak signals

12!

To(s)= D Mipl{M;, > Mo(s)}
1<jn<p2<p

Ap(s) = 4slog(p) for a thresholding parameter s € (0, 1).

e Cai and Jiang (2011): Lpax statistic M, = maxi<j,<j<p Mjj,

e only use the maximal signal, powerful for strong signals

@ Qiu and Chen (2012): L, statistic, summation of all M,

e include too many uninformative entries, powerful for dense signals
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Mean and variance of T,(s) under Hj

o 1io(s) = B{Tx(s)|Ho} and o3(s) = Var{ T,(s)|Ho};

e Large deviation: tail of M;;, can be approximated by tail of X?;
o L,: multi-log(p) term;

o io(s) = fio(s){1 + O(Lpn~1/2)} and 03(s) = 53(s){1+ o(1)};
o fio(s) = a{2Xy*(s)e(\ () + 28 (N ()}

o 53(s) = 203y *(s) + 3N *(5)}o (A (5)) + 60 (N *(5))]:

@ Under Gaussian data, po(s) has an exact closed form expression.
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Asymptotic normality of T,(s) under Hy

Theorem (Asymptotic normality)

Under Hyp, and either (i) log p ~ n® for w € (0,1/5) and s > 1/2 or (ii)
n~ pt for&c(0,2] and s >1/2 —£/4, we have

o5 1(){Ta(s) — po(s)} > N(0,1) asn, p— oo.

e M;,;, is dependent with M ;, for all ji, jo, j3 (circular dependence)

@ Larger s helps to alleviated the covariances among {M; ), }
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-
Selecting threshold level

@ Reject Hp of (1) if T,(s) > po(s) + zabo(s)
@ z, is the upper a quantile of N(0,1)

@ Single-level thresholding test
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-
Selecting threshold level

@ Reject Hp of (1) if T,(s) > po(s) + zabo(s)

z, is the upper a quantile of N(0,1)

Single-level thresholding test

How to select threshold level s?
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Multi-level thresholding—a higher criticism approach

Standardization of T,(s): Ua(s) = &4 *(s){ Tn(s) — ro(s)}

P-value: pv(s) = P{N(0,1) > Un(s)}

Choose s € (sp, 1) that minimizes pv(s): most significant threshold

so=1/20rsg=1/2—&/4if n~ pS fora & €(0,2)

Equivalently: maximize U,(s) over multiple thresholds

Vn(so) = sup Unx(s)
s€(sp,1)
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|
Limiting distribution of V,(so)

Theorem

Under Hy and the conditions for asymptotic normality of T,(s),
P{a(log(p))Vn(so) — b(log(p),s0) < x} — exp(—e ),

where a(y) = (2log(y))Y/? and b(y,sy) = 2log(y) + 2~ loglog(y) —
271 log(7) + log(1 — so).

v

® Vi(s0) = supse(sy,1) Un(s): asymptotic Gumbel

e Multi-thresholding test (MTT):

Vn(s0) > {ga + b(log(p), 50)}/a(log(p))
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-
Detection boundary of MTT

(VAZ2EvO=B5=9"  1/2 < B < 5/8 — ¢/16;
DB*(3,¢) = B—1/2, 5/8—¢/16 < 5 <3/4;,  (3)
(1—-1I—-p5)?, 3/4< B < 1.

o n~ ptfor & €(0,2];
o ¢ = 0: exponential growth of p with respect to n;

@ T = max( ; lhiz
(JI:JZ)G-AI Oj1j1 %o

— min,. . vy
and r = ming, i)ea, T

e If r > DB*(5,&), power of MTT converges to 1;

o If ¥ < DB*(3,&), power of MTT converges to 0,
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-
Detection boundary of MTT

e Power — 1if r > DB*(3,¢)

Detection boundary of MTT

e DB*(3,£) = DB(p)
for 3 >5/8 —¢/16

o DB*(3,£) > DB(p)
for B <5/8 — /16

@ Due to imposing s > sp

@ [, test: 7> 4

@ L, test: powerless if 5 > 1/2
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Sharp optimality of MTT

Theorem (Sharp optimality of MTT)

Under the Gaussian distribution and either (i) logp ~ n® with5/8 < < 1
or (ii) n ~ p¢ with5/8 —£/16 < B <1, as n, p — oo,

(i) if oT=2 > DB(B), infsey(s,r,7) Power of MTT — 1;

(ii) if oT=2 < DB(B), supywew, infsev(g,r,r) P(W =1) < o
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Simulation design

ey — agl under Hy

gjji+1 = \/4rlog(p)/nfor j=1,...,m, under H,

o m, = [q1=A)] for g = p(p—1)/2

Qiu and Chen (2012) (QQC): L test

e Cai and Jiang (2011) (CJ): Lmax test
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Empirical

size—nominal level 5%

o =1 oa =15 o8 =2
n p MTT cQ CcJ MTT cQ cJ MTT cQ CJ

200 | 0.031 0.060 0.006 | 0.033 0.052 0.008 | 0.038 0.055 0.010

60 300 | 0.018 0.054 0.001 | 0.024 0.059 0.014 | 0.011 0.07v4 0.001
400 | 0.015 0.067 0.002 | 0.012 0.062 0 0.015 0.056 0.002

200 | 0.056 0.054 0.016 | 0.040 0.068 0.013 | 0.0568 0.061 0.012

80 300 | 0.035 0.061 0.012 | 0.027 0.063 0.004 | 0.034 0.046 0.007
400 | 0.032 0.065 0.008 | 0.037 0.042 0.017 | 0.027 0.034 0.004

200 | 0.054 0.074 0.011 | 0.056 0.062 0.023 | 0.062 0.046 0.018

100 300 | 0.049 0.044 0.015 | 0.046 0.040 0.012 | 0.016 0.061 0.006
400 | 0.031 0.058 0.010 | 0.039 0.071 0.013 | 0.023 0.058 0.009
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Power versus signal strength
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Power versus signal sparsity
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Two sample covariances testing

j.i.d. j.i.d.
 Xi,...,.Xn "X Frand Yi,..., Y, "R F,

® Xy = (Xk1,---, Xip)" and Yo = (Yier, .-, Yip)"
@ Covariances: ¥1 = (Uijl)pxp and ¥, = (UU2)P><P

H0221222 VS. Ha:zl#ZQ
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Standardization of Sample Covariances

Sn1 = (sjj1), Sn2 = (sjj2): sample covariances from {X,} and {Y}

Oij1 = Var{(Xxi—pai)(Xij—paj)} and 02 = Var{(Yii—p2i)(Yij—p2j) }

O = = 30 {(Xui — X)) (Xig — X)) — s} — i

é/j2 = nLQ n2 (Ykl - Y)(ij Y) SU2} — 0’12

Apply multi-level thresholding procedure on

(st — sij2)?

My = i2)”
ij1/m + 0ij2/n>

<i<j<p
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Simulation Results
Left: 8 = 0.6; Right: r = 0.6

(a) Design 1, p =277, n; =80, n, =80

(a) Design 1, p =277, n; =80, n, =80
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Signal detection in precision matrices

o Precision matrix: Q =¥ = (wj,,)
e Gaussian graphical model (GGM)

@ Target variables: A4; C {1,...,p}

Ho : wjj, = 0 for all j1,jo € Ay and j1 # jo vs. )

H, : wjj, # 0 for some ji, o € Ay and j1 # jo.

@ Applied to evaluate spatial dependence structure using “concliques”
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Precision matrix class under alternative hypothesis

Sample size n, p; = | A|1, and g1 = p1(p1 — 1)/2

. 1-8
Number of signals: m, =3_; .yea, ji<p Uwjip # 0) = ng ‘ )J

o 3 e(1/2,1)

Nonzero wj,j,: wjj, = \/2rjj, log(qu)/n if wyj, # 0;

UB,ro,7)={Q: my> ngl_ﬁ)J nonzero wj,j, with rj,j, > ro,

: -1
maxje 4, wjj < T, Minje 4, wjj > C }
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Detection boundary for precision matrices

Theorem (Sharp minimax result)
Under n < p¢ for & € (0, 1] and Gaussian distributed data, if ror—2 < DB(}3)
and3/4 —¢/4 < B <1, we have, as n,p — o0,

sup inf P(W=1)<a«a
WeW, Qeu(ﬁ,foﬂ')

@ Wi, all a-level tests;

@ requires 3/4 —¢/4 < < 1;

e if n < p, this covers the entire sparse regime 1/2 < § < 1;
2

@ o7 “: minimum standardized signal strength
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Estimation of (2-node-wise regression

Xijy — pjy = Z Birjz (Xijz - :ujz) + €ij
271

e ¢, L Xj, for jo # ji if and only if B}, = —wj ), /Wi

@ error covariance satisfies Cov(ejj,, €i5,) = Wjijp / (WjijiWhjo )

@ wj,j, can be estimated by the residuals from node-wise regressions
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Estimation of Q-Liu (2013)

Xij — My = Z lejz (Xijz - :ujz) + €ij
J2Fq

n

@ Lasso estimates: Ej = argmin [1 ST ABTX = X)}2 + 201801 |
BGRP,ﬁjj:—l

@ set BJ-J- = —1 for notation simplicity;

e residuals: € = —BJ-T(X,- —X);

~ n
Vi : 1 ~ ~
~ . _ J1J2 = . _ _ ~_ o~ . ~ i '/\2
Wijp = ViU where Vit = ; E :(6U1€U2 + /lejzeijz + /Bleleijl)‘
it Vizj2 —1
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MTT for precision matrices

’\..7/\../\_./\”712. A . . . .
® Vi, = Virj, (Vij Vinjp) /2. —1j,j, is the estimated partial correlation;

e Standardized statistic for testing wjj, = 0: V};, = n@bjm'
o Thresholding statistic: T(t) =3_; 4, ii<j, VislH{ Vip = Aq(D)}:
@ Derive large deviation results for {p\jljé;

@ MTT procedure on T(t).
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Detection boundary of MTT for precision matrices

DB(S,&/7,v) = 5-1/2, 3/4 — (€)1, v)/4 < B < 3/4,

(VSR ANITTITIE 172 < < 3 cle/rov)o
{ (1-vI=By, 3/4<p <,
o c(§/v,v) = min{(¢/7)(1/2 = v),1};
o £€(0,1]: n= p;
o v €(0,1]: p1 = [A1] < p7;

e v €[0,1/2): maxi<j<p ij2:1 I(wj,j, # 0) < Cn”.
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Detection boundary of MTT for precision matrices

WA E AR IY. 172 < < 378 — el /7,0)/4,
DB(6,&/7,v) = 8-1/2, 3/4— c(/7,v)/4 < B < 3/4,
(1-vI=5)3 3/4<B8<1,

e Power of MTT— 1 if ro7=2 > DB(3,¢/7,v);
o DB(8,£/v,v) = DB(p) if 8 >3/4—c(&/v,v)/4
o DB(5,£/7,v) > DB(S) if f < 3/4 — c(¢/7,v)/4.
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Conclusion

@ Tight minimax result for testing covariance and precision matrices.
@ Sharp optimal multi-level thresholding test.

@ More powerful tests for sparse and weak signals.
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