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Many data analysis 
approaches in high-
throughput biology employ 
item-by-item testing.

Multiple Testing



Benjamini-Hochberg and false discovery rates



Benjamini-Hochberg and false discovery rates

Limma (DESeq2, edgeR,….)



Our contributions

We develop a nonparametric framework that 
generalizes and justifies limma.


Powerful idea: 

“Pretend” nuisance parameters are i.i.d. and 
proceed with empirical partially Bayes. 




Differential Methylation

the parental DNA strand onto the newly synthesized
daughter strand (Figure 1b). All three Dnmts are extensively
involved in the development of an embryo. By the time cells
reach terminal differentiation, Dnmt expression is much
reduced. This would seem to suggest that the DNA methyla-
tion pattern in postmitotic cells is stable. However,
postmitotic neurons in the mature mammalian brain still
express substantial levels of Dnmts, raising the possibility
that Dnmts and DNA methylation may play a novel role in
the brain (Goto et al, 1994; Feng et al, 2005).
Neurons react to the environment through patterns of

depolarization that both relay information and encode a
response. In recent years, it has become increasingly
apparent that following depolarization, alterations in gene
expression are accompanied by modifications of the
epigenetic landscape that include alterations in the pattern
of DNA methylation (Martinowich et al, 2003; Guo et al,
2011a). In order for the DNA methylation pattern to be
altered, there must be both active DNA methylation and
demethylation in the neuronal genome. However, no
enzymes are known to cleave the methyl group directly
from 5mC. As discussed below, the recent identification of
5-hydroxymethyl-cytosine (5hmC) in postmitotic neurons
suggests that 5hmC serves as an intermediate in the DNA

demethylation pathway. In this review, we will discuss the
basic function of DNA methylation in epigenetic gene
regulation, and further highlight its role in neural develop-
ment and neurological disease.

LOCATION OF DNA METHYLATION

Although the brain contains some of the highest levels of
DNA methylation of any tissue in the body, 5mC only
accounts for B1% of nucleic acids in the human genome
(Ehrlich et al, 1982). The majority of DNA methylation
occurs on cytosines that precede a guanine nucleotide or
CpG sites. Overall, mammalian genomes are depleted of
CpG sites that may result from the mutagenic potential of
5mC that can deaminate to thymine (Coulondre et al, 1978;
Bird, 1980). The remaining CpG sites are spread out across
the genome where they are heavily methylated with the
exception of CpG islands (Bird et al, 1985). Interestingly,
there is evidence of non-CpG methylation in mouse and
human embryonic stem cells, however these methylation
are lost in mature tissues (Ramsahoye et al, 2000; Lister
et al, 2009). More thorough analysis of the murine frontal
cortex has recently revealed that although the majority of
methylation occurs within CpG sites, there is a significant
percentage of methylated non-CpG sites (Xie et al, 2012).
Because of its recent discovery, the role of non-CpG
methylation is still unclear.
DNA methylation is essential for silencing retroviral

elements, regulating tissue-specific gene expression, geno-
mic imprinting, and X chromosome inactivation. Impor-
tantly, DNA methylation in different genomic regions may
exert different influences on gene activities based on the
underlying genetic sequence. In the following sections, we
will further elaborate upon the role of DNA methylation in
different genomic regions.

Intergenic Regions

Approximately 45% of the mammalian genome consists of
transposable and viral elements that are silenced by bulk
methylation (Schulz et al, 2006). The vast majority of these
elements are inactivated by DNA methylation or by
mutations acquired over time as the result of the deamina-
tion of 5mC (Walsh et al, 1998). If expressed, these elements
are potentially harmful as their replication and insertion
can lead to gene disruption and DNA mutation (Michaud
et al, 1994; Wu et al, 1997; Kuster et al, 1997; Gwynn et al,
1998; Ukai et al, 2003). The intracisternal A particle (IAP) is
one of most aggressive retroviruses in the mouse genome
(Walsh et al, 1998). IAP is heavily methylated throughout
life in gametogenesis, development, and adulthood (Walsh
et al, 1998; Gaudet et al, 2004). Even within the embryo
when the rest of the genome is relatively hypomethylated,
Dnmt1 maintains the repression of IAP elements (Gaudet
et al, 2004). When Dnmt1 is depleted by genetic mutations,
leading to extensive hypomethylation, IAP elements are
expressed (Walsh et al, 1998; Hutnick et al, 2010). This
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Figure 1. DNA methylation pathways. A family of DNA methyltrans-
ferases (Dnmts) catalyzes the transfer of a methyl group from S-adenyl
methionine (SAM) to the fifth carbon of cytosine residue to form 5-
methylcytosine (5mC). (a) Dnmt3a and Dnmt3b are the de novo Dnmts
and transfer methyl groups (red) onto naked DNA. (b) Dnmt1 is the
maintenance Dnmt and maintains DNA methylation pattern during
replication. When DNA undergoes semiconservative replication, the
parental DNA stand retains the original DNA methylation pattern (gray).
Dnmt1 associates at the replication foci and precisely replicates the
original DNA methylation pattern by adding methyl groups (red) onto the
newly formed daughter strand (blue).
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The p-value

(Yi1 Yi2 Yi3 Yi4 Yi5 Yi6)probe i
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This work: a nonparametric framework
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A note on partially Bayes inference and the linear model
BY D. R. COX

Department of Mathematics, Imperial College, London

SUMMARY

Some results are outlined for estimation in a replicated linear model in which the variance
changes from cell to cell in accordance with an inverse gamma prior density. The primary
parameters of the linear model are, however, treated as fixed unknown parameters. The
analysis thus exemplifies the treatment of problems in which the nuisance parameters have
a prior distribution but the parameters of primary interest do not.

Some key words: Ancillary statistic; Behrens-Fisher problem; Conditional estimation; Empirical
Bayes; Linear model; Maximum likelihood; Variance heterogeneity.

1. INTRODUCTION

This note concerns confidence intervals and significance tests in parametric models in
which some, but not all, of the unknown parameters have a prior distribution. The results
are thus of interest primarily for empirical Bayes problems, the prior distribution being
interpreted as a frequency distribution, and should be contrasted with fully Bayesian
treatments of analogous problems. There are two main interesting cases:

(i) the parameters of interest do have a prior distribution, but some or all of the nuisance
parameters do not;

(ii) some or all of the nuisance parameters have a prior distribution, but the parameters
of interest do not.

For (i), modification of the posterior distribution to allow for errors of estimation of the
prior distribution has been considered by Cox (1975) and therefore this case will not be
considered further here. We concentrate instead on (ii). The approach is general but is
set out in terms of its main potential application, the normal-theory linear model with
replicated observations and with variances changing from cell to cell. There is a close
connexion with a treatment of the Behrens-Fisher problem by Brown (1967), who took
a known prior distribution for the ratio of variances.

2. SINGLE SAMPLE

It is convenient to begin by considering a single normal distribution of unknown mean
/i and variance T = cr*. Let ylt..., yn be observations corresponding to independent random
variables Ylt...,Yn with this distribution. Further we suppose that T has a known prior
density

Po(r) = (i/oTi)^T-*/o-iexp(-i/0T^/T)/r(|/0), (1)

where /0 is an effective degree of freedom and the mean is T0 = TQ/0/(/0 — 2). The mean ft is
regarded as a fixed unknown parameter.
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Proposition: Under the null , the partially Bayes p-values are 
conditionally uniform.
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Let X be a random variable which for simplicity we shall assume to have discrete
values x and which has a probability distribution depending in a known way on an un-
known real parameter A,
(1) p (xIX) =Pr [X = xIA =X],
A-itself being a random variable with a priori distribution function
(2) G (X) =Pr [A-< X.

The unconditional probability distribution of X is then given by
(3) PG(x) =Pr[X=xI =fP(xjX)dG(X),
and the expected squared deviation of any estimator of A of the form sp(X) is
(4) Ek[o(X) -A2 =E{E[(op(X) -A)21A=X] I

=flP(x X)[ (x) -X]2dG(X)

='I (x X) [z (x)- ] 2dG (X)

which is a minimum when so(x) is defined for each x as that value y = y(x) for which
(5) I (x) =fp (x I X) (y-X) 2dG (X) = minimum.
But for any fixed x the quantity
(6) I (x) =y2fpdG-2yfpXdG+fPX2dG

fbpdG (Y - fpXdG\) + [fpXrCIdG.- (fpXdG) 2
Pd-GJ fpdG J

is a minimum with respect to y when

(7) y =rfpdG'
the minimum value of I(x) being
(8) I a(x) =fp (x IX))2dG (X)- [fpp(x I X) dG (X) ]
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If we are facing many simultaneous and related 
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Ĝ ∈ argmax
G {

n

∏
i=1

fG(S2
i )}

0.00 0.05 0.10 0.15 0.20 0.25
0.00

0.05

0.10

0.15

0.20

0.25

�2

dG
(�

2 )

NPMLE

Nonparametric maximum likelihood
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Empirical partially Bayes p-values

Theorem (I. & Sen): Suppose ,  have support 
bounded away from  and , , then:

G Ĝ
0 +∞ ν ≥ 3

𝔼G [ PĜ(Zi, S2
i ) ∧ 0.99 − PG(Zi, S2

i ) ∧ 0.99 ] ≲
(log n)5/2

n
.

lim sup
n→∞

𝔼G [ sup
t∈[0,1]

ℙG[PĜ(Zi, S2
i ) ≤ t ∣ S2

1 , …, S2
n] − t ] = 0.

Proposition: For  with :i μi = 0

PG(z, s2)Oracle partially Bayes p-values:

PĜ(z, s2)Empirical partially Bayes p-values:



On conditionality
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Two-dimensional p-value contours
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Asymptotic FDR control

Y11 Y12 … Y1K
Y21 Y22 … Y2K
Y31 Y32 … Y3K
⋮ ⋮ ⋱ …

Yn1 Yn2 … YnK

probe 1
probe 2
probe 3
⋮

probe n

sample 1 sample 2 … sample K

PĜ(Z1, S2
1)

PĜ(Z2, S2
2)

PĜ(Z3, S2
3)

⋮
PĜ(Zn, S2

n)

δ1
δ2
δ3
⋮
δn

BH
Empirical 
partially 
Bayes

549 discoveries

α = 0.05



Asymptotic FDR control

Y11 Y12 … Y1K
Y21 Y22 … Y2K
Y31 Y32 … Y3K
⋮ ⋮ ⋱ …

Yn1 Yn2 … YnK

probe 1
probe 2
probe 3
⋮

probe n

sample 1 sample 2 … sample K

PĜ(Z1, S2
1)

PĜ(Z2, S2
2)

PĜ(Z3, S2
3)

⋮
PĜ(Zn, S2

n)

δ1
δ2
δ3
⋮
δn

BH
Empirical 
partially 
Bayes

Theorem (I. & Sen): Under previous assumption, and a 
requirement on the effect size of non-zero s, the above 
procedure controls the FDR asymptotically.

μi

lim sup
n→∞

FDR ≤ α . Storey, Taylor, and Siegmund (2004)

549 discoveries

α = 0.05



Step 3:

σ2
i

iid∼ G ( ⋆ )

1. Assume  holds and  is known. How 
should we proceed? partially Bayes


2. Assume  holds and  is unknown. How 
should we proceed? empirical partially Bayes


3.  What if  does not hold and the  are 
deterministic? compound decisions

( ⋆ ) G

( ⋆ ) G

( ⋆ ) σ2
i

Agenda:

(Zi, S2
i ) ind.∼ 𝒩(μi, σ2

i ) ⊗
σ2

i

ν
χ2

ν  for i = 1,…, n .



Compound decisions
σ2

i
iid∼ G ( ⋆ )So far we assumed that:

“Let us use a mixed model, even if it might not be appropriate.”
van Houwelingen (2014)



Compound decisions
σ2

i
iid∼ G ( ⋆ )So far we assumed that:

Several of our results hold even if  
are in fact deterministic. We build upon 
techniques from compound decision theory.

σ2
1 , …, σ2

n

Robbins (1951), James, and Stein (1961), Zhang (2003),  Armstrong (2022)

lim sup
n→∞

FDR ≤ α .

Example: Theorem on asymptotic FDR control remains valid,

“Let us use a mixed model, even if it might not be appropriate.”
van Houwelingen (2014)



Simulations

(Zi, S2
i ) ∣ μi, σ2

i
ind.∼ 𝒩(μi, σ2

i ) ⊗
σ2

i

ν
χ2

ν .

σ2
i

iid∼ G,
μi ∣ σ2

i
ind.∼ 0.9δ0 + 0.1𝒩(0, 16σ2

i ),

n = 10,000

Apply Benjamini-Hochberg at level α = 0.1.

We consider the following p-values:

1. Standard t-test p-values.

2. Oracle z-test p-values (under knowledge of 

3. Empirical partially Bayes p-values.

σ2
i ) .

Vary  and .G ν



Simulation results
ℙG[σ2

i = 1] = 1

FDR Power
t-test 0.09 0.00
Oracle z 0.09 0.50
Empirical 
partially 
Bayes

0.09 0.50

FDR Power
0.09 0.13
0.09 0.50
0.09 0.50

ν = 2 ν = 4 ν = 32
FDR Power
0.09 0.47
0.09 0.50
0.09 0.50



Simulation results
ℙG[σ2

i = 1] = 1

FDR Power
t-test 0.09 0.00
Oracle z 0.09 0.50
Empirical 
partially 
Bayes

0.09 0.50

FDR Power
0.09 0.13
0.09 0.50
0.09 0.50

ν = 2 ν = 4 ν = 32
FDR Power
0.09 0.47
0.09 0.50
0.09 0.50

ℙG[σ2
i = 1] = ℙG[σ2

i = 10] = 1/2.
FDR Power

t-test 0.09 0.00
Oracle z 0.09 0.50
Empirical 
partially 
Bayes

0.09 0.28

FDR Power
0.09 0.13
0.09 0.50
0.09 0.34

FDR Power
0.09 0.47
0.09 0.50
0.09 0.50



Empirical Bayes presents a powerful framework for learning 
from others.  

Opportunities presented by large-scale data that were not 
available in classical statistics.


N.I., and Bodhisattva Sen

arXiv:2303.02887 (2023)

Conclusion

Empirical partially Bayes multiple testing and 
compound  decisionsχ2

Robbins (1956) 
Efron (2010) 
Stephens (2016)


