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Transaction Networks

Billions of entities (nodes) with at least 100 billions of transactions (edges)



Protein-Protein Interaction 
Networks

0.5 millions of nodes 



Large Networks
• Hard to visualize
• Hard to analyze
• Hard for downstream computation



Subnetwork
• A representation (or a sketch) of the large 

network
• Subsampling:  methods for taking 

subnetwork from the large network



Three Settings
• The original large network is accessible

• The original large network is not accessible

• Something in between 



Desirable Properties of 
Subsampling

• Local to global: Importance indices of 
nodes and/or edges are local features with 
global (whole network) information 

• Local computation: The subsampling 
methods do not need to compute the 
importance indices of all nodes and/or 
edges. 



Graph and Matrix 

Numerical Linear Algebra



Graphon and Graphex 



Manifolds 



Manifolds 

No predetermined coordinates
• The flexibility to choose coordinates 

arbitrarily
• Ensure that any objects we define globally 

on a manifold do not depend on a 
particular choice of coordinates. 



Classification Theorem of 
Circles

Congruence: same radius r



Local-to-Global Theorem of 
Circles

Circumference: 2𝜋𝑟



Curvature

κ 𝑡 = |𝛾”(𝑡)|

Lee (2018)



Curvature Theorems
• Classification: Two curves are congruent iff

their curvatures are the same.
• Local-to-global: For a simple closed curve, 

the integration of its curvature is 2𝜋.



Curvature in High Dimension

Khan (2022)



Sectional Curvature

K(X, Y ) is defined to be the sectional curvature of the tangent plane 
spanned by X and Y 

P
P



Ricci Curvature

The Ricci curvature Ric(X,X) is (n − 1) times the average of all of the 
sectional curvatures of tangent planes containing X.



Ricci Curvature
• Measuring the degree to which the 

geometry determined by a given 
Riemannian metric might differ from that of 
ordinary Euclidean space



Olivier-Ricci Curvature
Transport ball B(x) to ball B(y).  

The average distance is 



Olivier-Ricci Curvature
Transport ball B(x) to ball B(y).  

The average distance is 

=W



Olivier-Ricci Curvature
Transport ball B(x) to ball B(y).  

The average distance is 

=W 𝜅



Olivier-Ricci Curvature

• Graphs are generated from manifold
• OR curvature on Graphs  → Ricci curvature on Manifold



Subsampling in Graphs

Edges with large curvature are within a community;
Edges with small curvature are between communities















Wasserstein Distance



Subsampling in Graphs

Edges with large curvature are within a community;
Edges with small curvature are between communities



OR Curvature Gradient-based 
Subsampling

𝑥 "#$ , 𝑦 "#$ = argmax -,. ∈0 - ! ,. ! 𝜅 𝑥, 𝑦 − 𝜅 𝑥 "#$ , 𝑦 "#$

(A) (B) (C)



Experiment Results

Dataset Prop
.

ORG-sub MHRW CSE FFS Snowball RW MDRW

Polbooks
(T: 1.88 s)

10% 0.00
(T: 0.10 s)

1.20 0.62 2.68 0.48 0.33 0.00

Polblogs
(T: 48.6 s)

5% 0.00
(T: 0.23 s)

1.87 0.90 2.00 0.43 1.03 0.30

PubMed
(T: NA)

2% 0.00
(T: 4.42 s)

0.30 0.80 0.40 0.20 1.20 1.80
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