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Design-based Inference for Surveys

e Survey population: U = {1,2,...,N}; U is treated as fixed

e Associated with each unit i € U, survey variables Z; are non-
random;

e §S: the set of sampled units selected from the finite population U
by a probability sampling design.

e n: the realized sample size which could be a random number un-
der certain sampling designs.

e m; = Pr(i € S) and m; = Pr(i,j € S): the first and second order
inclusion probabilities

e Design-based inference: Frequentist interpretation with respect to
the probability sampling design for the given finite population.
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Census Estimating Equations

e Let € © C R? be a parameter of interest and ¢ € ¥ be some
nuisance function

e The true parameter 8, € O is uniquely determined by the system
of equations

N

1
UN(HNa(pN) = N Zg(ZhHNv(pN) = Oa
i=1

where @y = oy (-, 0y) € U,
e g=1(g1,-+,g) " is avector of g functions with r > p;
e g(Z,0, ) is non-smooth in both ¢ and ¢.
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Literature Reivew

Smooth estimating equation inference without nuisance parame-
ter; i.e., Binder (1983); Binder and Patak (1994) and Chen and
Kim (2014);

Smooth estimating equation inference with nuisance parameter;
i.e., Oguz-Alper and Berger (2016);

Nonsmooth estimating equation inference with/without nuisance
parameter, in which the nuisance parameter should be estimated
at a \/n rate; i.e., Wang and Opsomer (2011).

Design-based two-step semiparametric GEE inference, in which
the convergence rates for the “plug-in” estimators are slower than
n'/2, that is, the nuisance parameters are infinite-dimensional and
are estimated nonparametrically; i.e., Zhao et al., (2020).
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Design-Based Two-Step EL Inference

e Assume that we have at hand a suitable estimator ¢ for .

e Let (p1,--+ ,pn) be the discrete probability measure assigned to
the n sampled units. For any § € O, we define

L.(9,9) = sup{ 1 (np:) )pi >0,> pi=1,
€S €S

> pilmi 'g(Zi, 6, 2)] :O}‘

i€S
o This leads to the following two-step log EL ratio function
(0, 8) = —log{Lu(0,9)} = Y log{1 + A7 '¢(2:,0,9)}
i€S

@ The two-step maximum EL estimator éEL for 6, is the maximum
point of L, (6, ), or equivalently, the minimum point of Z,(6, ).
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Design-Based Two-Step EL Inference

Problems with the design-based two-step EL approach:

e For complex survey data, the Wilks’ theorem breaks down with
the two-step EL approach even under simple random sampling.

e A bootstrap calibration procedure could be employed to com-
pute the limiting distribution of —21log L, (6, ¢), but the method
is computationally intensive and theoretical justifications are not
available for general survey designs.

e Inferences based on the two-step EL approach do not use infor-
mation on the main parameters and on the nuisance functionals
simultaneously and therefore are not efficient.
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Augmented Survey Weighted GEE

e We propose an augmented survey weighted generalized estimat-
ing equations (GEE) approach to restore Wilks’ phenomenon in
design-based two-step EL inferences.

e Assume that

%Zwi_lg(zi,ﬁ,v, Zﬂ— { ZnHN?QON)

€S zeS (1)
— -1/2
+‘:‘(Z7'9N790N)}+0P( ))
where =(Z, 0y, ¢y) has finite fourth population moments and

Yies T 12(Z;, 0y, @) is asymptotically normally distributed with
mean zero and variance-covariance matrix at the order O(n, ' N?).
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Augmented Survey Weighted GEE

e The proposed augmented estimating functions are given by

V(Z,0,¢p) =8(Z,0,0)+E(Z,0, ), (2)

where the augmentation term =(Z, 6, ¢) is specified in (1).

e With the given finite population F, = (Z;,- - - ,Zy), we define the
following augmented population (census) estimating functions

1 N
Ur(0,9) = 3 > _ (2,0, 0). 3)
i=1

Note that Uy (6, ¢) = 0 has a unique root at (6, ¢) = (6, ¢x).
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Augmented Survey Weighted GEE

e Given the set of sampled units S and the set of survey weights
{r7',i € S}, the augmented survey weighted estimating func-
tions are defined as

1
U0, 0) = D77 (.0, ). ©)
i€eS

e For scenarios where r = p, a design-based estimator of 6, may be
obtained by solving Uy (6, ) = 0. The resulting estimator for 6
is bias-corrected in the sense that

I[AJN(HM @) = IDN(QN; on) + Op(”zz_l/z)-

In other words, the estimation of the nuisance functional has no
impact asymptotically on the estimation of the main parameters
of interest.
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Bias-Corrected GEL

e Let p(v) be a concave function of the scalar v € V (an open in-
terval containing zero); let p;(v) = &p(v)/0V and p; = p;(0) for
j=0,1,2,....

e Define the re-centred generalized empirical likelihood (GEL) ob-
jective function as

Py(0,m,0) = > {p(n" 7" ¥(Z,0,9)) — po},
€S

where 7 is an r-vector of “pseudo parameters” related to the La-
grange multipliers.

00000 0000000
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Bias-Corrected GEL

Given ¢, a class of augmented design-based two-step generalized em-
pirical likelihood (GEL) estimators for 8 can be defined as the solution
to the following saddle-point problem

HGEL—arggm(g sup  Py(0,1,8), (5)
< NEAN, 4 (0,9)

where Ay ,(0,0) = {n:n 7 W(Z,0,0) € V,ic S}.
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Consistency and Efficiency

Besides certain regularity assumptions on the probability sampling de-
sign and estimating equations, we further require the following high-
level conditions for establishing consistency and efficiency of the pro-
posed estimators.

B1. There exists real-valued functions U(6, ) such that
sup  [[Un(0,9) = U0, 9)|| = o(1)
(0,0)€OX ¥ (dy)

for all sequences of positive numbers {d,} with §, = o(1).

B2. The ordinary derivative I'2(60, ) of U(6, ) with respect to 6 ex-
ists for § € ©(4), and is continuous at § = 6; the matrix I';(6, ¢)
has full column rank p;

B3. Forall (0, ¢), (¢,¢") € ©(0y)x¥(dy) with &y = o(1), [|[U(H, p)—
U0, )| < cll¢ — ¢'||3 for some constant ¢ > 0.
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Consistency and Efficiency

Suppose that o = @y + 0p(1), and that conditions BI-B3 hold. Then,
as N — oo,
(i) limy_, o Pr{[|0sz — O4]| > € | Fu} = 0 for any e > 0.

(i1) the proposed two-step GEL estimators éGEL are asymptotically
normally distributed with mean 0y and variance-covariance ma-
trix Vo = ol W, 'QW, 'Tu %, ,, where ¥, = (I'y W, 'Ty) 7},
T2 = Ta(0y, ou), Wa = (s/N%) Yoy 7 02 O, 00)2, 0 =
(nB/NZ)Var{EiES 7Ti_ [g(zia 9N7 (PN) —+ E(Zia eNa SON)] ’ ]:N} )

Under single-stage PPS sampling with replacement or single-stage

PPS sampling without replacement with negligible sampling fractions,
the asymptotic variance-covariance matrix Vy = 3.
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Hypothesis Testing

The GEL ratio statistic for testing Hy : 6 = 6, is
TN(Q) = _2{[PN(éGEL7 ﬁGEL7 95) - i)N(ea N, @)}7

where 7)gg, = n(éGELv @) and ng = (0, ).

Suppose that the assumptions for Theorem I hold. Then, as N — oo,

TJ(6y) 5 0TAQ,

where Q ~ N(0,1,), A = Q2w 'To(T] W, 'Ty) T w, 'Q!/2,
and I, is the r X r identity matrix.

v

18/26



Introduction A New Approach Main Results Simulation Studies
000000 000000 [efeleYel } 0000000

Hypothesis Testing

Under single-stage PPS sampling with replacement or single-stage
PPS sampling without replacement with negligible sampling fractions,

we have Ty(6y) 5 X3 as N — oo.
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Simulation Studies

e Consider the finite population quantile share 0y (7, 72) with some
fixed quantile levels 7y, € (0,1), 71 < 7.

e Fixed finite population (Z;,--- ,Zy) with size N = 20,000 is
generated from Z; = X; +¢;, i=1,--- N, where X; ~ 0.25 4
Weibull(2,2) and &; ~ x3.

e Repeated simulation samples of size n = 300 are selected from
the finite population by the following four sampling methods:

(A) Single-stage PPS sampling without replacement with negligible
sampling fractions;

(B) Single-stage PPS sampling without replacement with non-negligible
sampling fractions;

(C) Stratified PPS sampling;

(D) Two-stage cluster sampling with self-weighting designs.
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Simulation Studies

e We consider four scenarios for the quantile levels (7, 72), i.e., SI:
(0,0.25); S2: (0.25,0.5); S3: (0.5,0.75); S4: (0.75,1).

e For each selected sample, we use six different methods to con-
struct the 95% confidence intervals for the quantile share 6, (71, 72)
at each quantile levels (71, 7):

(1) The GEL ratio confidence intervals using the standard chi-square
limiting distributions for each of EL, ET, CU and GMM;

(2) The normal approximation confidence interval using the estimat-
ing equation based point estimator and a bootstrap estimate of the
standard error (BC,);

(3) The bootstrap percentile interval with the estimating equation based
point estimator (BC,).
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Simulation Studies

In all simulations, the proposed method (Augmented SWEE) is com-
pared with the method of Zhao et al. (2020) (Conventional SWEE) un-
der an assumed standard chi-square limiting distribution for the GEL
ratio statistic.

23/26



Introduction
000000

95% Confidence Intervals Under the Survey Design A

A New Approach
000000

Main Results
00000 0000800

Methods Levels

Augmented SWEE

Conventional SWEE

LE CP UE AL

LE CP UE AL

EL

ET

CU

S1
S2
S3
S4
S1
S2
S3
S4
S1
S2
S3
S4

0.037 0.940 0.023 0.024
0.031 0.947 0.022 0.019
0.032 0.940 0.028 0.020
0.017 0.944 0.039 0.040
0.051 0.932 0.017 0.023
0.033 0.944 0.023 0.019
0.031 0.940 0.029 0.020
0.013 0.943 0.044 0.039
0.057 0.932 0.011 0.023
0.031 0.948 0.021 0.019
0.031 0.942 0.027 0.020
0.009 0.944 0.047 0.040

0.000 1.000 0.000 0.068
0.000 1.000 0.000 0.091
0.000 1.000 0.000 0.111
0.000 1.000 0.000 0.137
0.000 1.000 0.000 0.068
0.000 1.000 0.000 0.091
0.000 1.000 0.000 0.111
0.000 1.000 0.000 0.138
0.000 1.000 0.000 0.068
0.000 1.000 0.000 0.091
0.000 1.000 0.000 0.112
0.000 1.000 0.000 0.139
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Methods Levels

Augmented SWEE

Conventional SWEE

LE CP UE AL

LE CP UE AL

GMM

BC,

BC,

S1
S2
S3
S4
S1
S2
S3
S4
S1
S2
S3
S4

0.059 0.929 0.012 0.023
0.033 0.944 0.023 0.019
0.031 0.940 0.029 0.020
0.010 0.942 0.048 0.039
0.059 0.928 0.013 0.023
0.014 0.969 0.017 0.021
0.008 0.966 0.026 0.023
0.008 0.945 0.047 0.041
0.060 0.926 0.014 0.022
0.010 0.972 0.018 0.021
0.007 0.965 0.028 0.023
0.007 0.936 0.057 0.041

0.000 1.000 0.000 0.068
0.000 1.000 0.000 0.091
0.000 1.000 0.000 0.111
0.000 1.000 0.000 0.138
0.057 0.930 0.013 0.023
0.021 0.966 0.013 0.021
0.022 0.958 0.020 0.023
0.011 0.951 0.038 0.041
0.045 0.945 0.010 0.024
0.012 0.981 0.007 0.024
0.004 0.992 0.004 0.026
0.009 0.949 0.042 0.041
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