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2D compressible Navier-Stokes equations

3D compressible isentropic Navier-Stokes equations on thin domains

Qs =T x (6T)? (0< 6§ < 1):
Otps + div(psus) = 0,
Ot(psus) + div(psus @ us) — pAus — EVdivus + Vp(ps) =0, (1)
ps(0,x) = po,s(x), us(0, x) = ugs(x).

@ 27 periodic interval: T = R/(27Z).
o >0, p+&>0.
o Pressure p(ps) = ap), a>0, v € [1,00).

Main results:
o Global-in-time well-posedness when § is small.

@ The 3D CNS can be well approximated by the 1D CNS.




Some known results on global existence

For certain small initial data:
e Matsumura-Nishida 1980, ||po — 1, up||ys < 1.

@ Small energy with vaccum: Huang-Li-Xin 2012, Huang-Li 2018,
Li-Xin 2019.

@ Smallness in Besov Space: Danchin, Charve-Danchin,
Chen-Miao-Zhang, Haspot, - - -

For certain large initial velocity:

@ Ding-Wen-Yao-Zhu 2012: Spherically symmetric solutions.
Danchin-Mucha 2018, Chen-Zhai 20109.
Fang-Zhang-Zi 2018, by dispersive property.
He-Huang-Wang 2019, velocity with large incompressible part.
L.-Zhang 2021, 2D with a slow variable.
Yang 2023, 3D with two slow variables.




Some known results on global existence

Global smooth solutions for large initial data:

o = const, i’ = p®, in 2D: Vaigant-Kazhikhov 1995 (3 > 3),
Huang-Li 2015 (8 > 4/3)...

Blow-up smooth solutions:

@ Density with compact support: Xin 1998, Xin-Yan 2013, Li-Wang-Xin
2019.

v

Blow-up criterion :

@ Upper bound of the density: Sun-Zhang 2010, Sun-Wang-Zhang
2010, Huang-Li-Xin 2010, Wen-Zhu 2013, Huang-Li-Wang 2013...

Weak solutions:
P. L. Lions 1998, Jiang-Zhang 2001, Feireisl-Novotny-Petzeltova 2001.
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Limit equations

Let f € C(6T). Then

Given a solution (ug, ps) in Q5 = T x (6T)?, one would expect:

(55 5)05320) = (8, 3)00) = ey [ (0 p)o )
with x, = (x2, x3) € (6T)2.




Limit equations

Taking the average of the equations in x, € (6T)? gives:
Oeps + 8X1(p5u5) =0,

) ('u + g)axlxl ué =+ aX1 ( = 0’

Orpsus + O (Péua u3
atp&”?; + 8><1 (Péu(s %) M8X1X1

=0,

| S

Ppsus + Oy <p5u(1; : ug) — Oy qui = 0.

Formally passing 6 — 0 and assuming (ps,us) — (r,v) = (r,v1,v2,v3),
Orr 4 0y (rvt) = 0,
Dt(rv}) + Ox (rvv) — (p + &) V! + 9, p(r) = 0,
Dt(rv?) + Oy (rviv?) — 1Dy v? = 0,
Ot(rv3) 4 04 (rvv3) — 10y, v3 = 0.

()

1D CNS on T: globally well-posedness.

el




Well-posedness for 1D CNS

Theorem (Kazhikhov 1979, Stradkraba-Zlotnik 2002)
Let (ro,vo) € H°(T) satisfy

1
/ ro(xl)dxl =1, /(I’oVo)(Xl)Xm =0, 0<a<nr<b <oo.
2w T T

Then (2) admits a unique global-in-time strong solution (r,v)
€ C([0, 00); H3(T)) with initial datum (ro,vo) so that

0<a; <r<b <oo,

o (3)
1(r = 1)(t, lmsry + vt ) psery < CeF, a > 0.

v




Main results

Assumptions on initial data:

Let x € (0, 3) and assume

(po,s, uo,s) = (ro,vo) + (705, Uo ),

where (7’0’5, U075) S H2(Qg) with

/ 70,5(X1, Xp)dxp = 0, / Uo,s(x1, xp)dxp =0, Vx; € T,
(oT)2 (aT)2

/Q TO,(;UO,(S(X)dX =0, H(V27-0,57 V2U076)HL2(Q’5) <6

1

There holds

1
9] /o posdx =1, / po,suo,sdx = 0.
5

Qs




Main results

Pertubations

Ts:=ps—r, Us:=us—v.

Energy functional: T > 0, ws := curlUgs, D;Us := 0:Us + us - VUs,

ES(T) = sup / (JUs + 1752 + [VUsP + |DeUsl? + [Veus?) dx
0<t<T JQy

.
+/ / (IVUs[2 + |DUs [ + |Vws® + [VD:Us|?) dxdt,
0 Qs

Is(T) =, 175 ()| Loo (025)

Theorem 2 (Li-L.-Sun 2023). Let § > 0 be small. The problem (1) admits
a unique global-in-time strong solution (ps,us) € C([0, 00); H?(Qs)) with

Es(c0) < CO72%,  [2(o0) < C6°, B e(0,1—2k).




Remarks

@ Second order derivatives of (75, Us) are large as 6 — 0. While, by
Poincaré inequalities in thin domains of size § gives

V706l i205) + 1V Uo,sl 2(5) < COET),

HTO:(SHLz(Q(;) + ||U075HL2(Q(;) S C(s(z*’{)'

@ No size restriction on (rp, vo).

@ The initial data can be generalized as

(po,s, uo,s) = (r0.5,vo0,5) + (70,6, Uo,s),

with
(r0.5,vo,6) — (ro,vo) in H5(’]T).




Perturbed equations

Let (ps,us) be the solution to (1) with maximal existence time T;. Recall

Ts:=ps—r, Us:=us—v.

Then
015 + div (psUs) + div (7sv) = 0,
psD:Us — pAUs — EVdiv Us + V(p(ps) — p(r))
+ psUs - Vv + 75(0¢v + v - Vv) = 0,

75(0, x) = 70,6(x), Us(0, x) = Ug 5(x).

(5)

Define
al

Ts" =sup{T < T3, I5(T) = sup_[|75(t)llr0s) = 5}
o<t<T

Then for all t < TF*,

a a
O<al—?1§p5§b1+?1<oo.

ot




Basic energy estimates

Energy functional

e = [ (3lUsf + Plow) - P = P07 ) ()0

where

P(P):,Yilpva if v>1, P(p)=aplogp, if y=1.

Relative entropy inequality: for all t < T5*,

t t
5(t)+/0 /Q(u!VU5\2+§\diVU5|2)dxdt:S(O)—i-/o R(t)dt,

R = —/ psDev - Usdx — / (Vv : VUs + &divvdiv Ug) dx
Qs Qs

- / (150:P'(r) — (rv — psus)VP'(r)) dx — / divv - (p(ps) — p(r))dx.
Qs

Qs

v



Basic energy estimates

By Gronwall's inequality

t
t +/ / 1|VUs|? dx dt < CE(0).
0 JQs

Observe:

N/ |U§|2+T5 )dX,

Qs

2
S~

(IUos? + 785) (x)dx < Ccod=2m),
Qs

Then for t < T,

t
/ (|U5|2 + 7'52) (t,x)dx -1—/ |VU5|2dxdt’ < C54-2r).
2 0 JQs




Decay estimates of L2 norms
Proposition 1

For each t < T4, there exist positive constants C and « independent of
T5* such that

/ (JUsP + 752) (£, x) < Co%e.
Qs

Proposition 2

For each t < T4, there exist positive constants C and « independent of
T5* such that

/ (JusP + |os — 117) (£,x) < Co2ee,
Qs

Proposition 2 and the decay estimates of (r,v) implies Proposition 1.




Decay estimates of L2 norms

Basic idea:

F() + af(t) < 0 = f(t) < F(0)e .

Basic energy equality

d .
el + / (1l Vsl + €]div us?)dx = 0, (7)
t Qs

where

a0 - | (gmua\z T P(ps) — P(1) — P'(1) (05 — 1)) (t)dx.

Observe:

P(ps) — P(1) = P'(1)(ps — 1) ~ (ps — 1)*.




Decay estimates of L2 norms

Conservation of mass and linear momentum:

1
ol ps(t,x)dx =1, / psus(t, x)dx = 0.
’ 5| Qs Qs

Poincaré type Lemma (Zhang-Zi 2020): if ps < p < oo, then

/ pslus|® dx < p° |Vus|? dx.
Qs Qs

Indeed, using IQilal de ps =1, an pu =0,

[ dx—/ R Tl A A Ve ORI ]

_2 x) —u(x 2dxdx
< St /g/' el

L)

:,3/ yu—<u>|2dxgﬁ/ Vul? dx.
Qs Qs




Decay estimates of L2 norms

Bogovskii operator: let p € (1,00), f € Dy(2s), g € (D'(Q25))3, then

IBIfIllwres) < Cllifllras)s
1B[div g]lle(as) < Cliglle(ay)-

Testing the momentum equations by B[ps — 1] implies
d
/ P(ps)(ps — 1)dx — —/ psus - Blps — 1]dx
Qs dt Jq,
= —/ psusB[Oeps|dx — / psus @ us : VB[ps — 1]dx
Qs Qs

+/Q (uVus : VB[ps — 1] + &divus(ps — 1))dx.

Observe:

/Q PUps)(ps 1) e = /Q (o)~ 1)(ps — 1)~ /2 (5= 1Rax




Decay estimates of L2 norms

One has
—/ p(;u(;B[(?tpg]dx=/ psusB[div (psus)]dx
Qs Qs

<[ pslusPax < c/ Vs 2dx.
Qs Q;

Also,

—/ psus ® us : VBps — 1dx < Cllusl|feia,) IV Blos — Ulli2ay)

Qs
< CllusllFaonlles = Uleis) < Colluslfagaylles — Lllie ()
< C6|lus|Fagqy)-




Decay estimates of L2 norms

Gagliardo-Nirenberg type inequalities:

é 1
Jusll o) < COGD)|Vusllizgay)
b 14 o
+ €52 (lusll 2y + sl oy IV U5 o)

< Co™ (H\/_U6||L2(§25 + IVus |l 2(a,))
< G 2|’VU<$|!L2(s25)-

Thus,

—/96 psus @ us : VB[ps — 1]dx < Cdllus||ferq,) < ClIVusliZ2q,)

(8)




Decay estimates of L2 norms

Hence

/Q {p5) = D)5 — 1 - 2 /Q s -Blps ~ 1

< Ce M| Vusi2 g, + ell(os — DIz,

Together with basic energy equality

d

e +/ (4 Vus? + €|div us [2)dx = 0,
dt Qs

where

exte) = [ (Gostusl + P(os) — P~ P15~ 1)) (B,

one deduces the exponential decay estimates.




Estimates of the energy functional

Recall:

Es(T):= sup / (IUs]? + |75]% + |VUs]? + |DeUs|* + |Vws|?) dx
0<t<T JQs

.
+/ / (IVUs[2 + [D:Us [ + |Vws|® + [VD:Us|?) dxdt,
0 Qs

Is(T) =, |75 ()]l Loo (025) -

After a long journey (idea of D. Hoff): If T < T;*:

.
Es(T) < C67 2% + C/ |VUs|* dx dt.
0 JQs




Estimates on velocity
Effective viscous flux:

Fs == vdiv Uz — (P(pé) - p(r)),
Then

vi=p+¢€.

vAUs = vVdiv Us 4+ vV+ws

= VF5+ V(p(ps) — p(r)) + vV ws.
Then

IVUsll 30y < Cllwsllisay) + I1Fslliaq) + lp(0s) — p(r)llsay))-




Estimates of effective viscous flux:

Firstly,

[1Fsll2s) < ClIIVUsl2(s) + Cllps — rlli2(ay)
< CHVU&HLQ(Q(S) + €6t

From the momentum equation,

AF; = div (pAUs +EVdiv Us — V(p(ps) — p(r)))
=div (psDtUs + psUs - Vv + 75(0ev + v - VV)).

Consequently,

IVFslli2i5) < ClID:Usli2(,) + Ce~* (1Usl 205) + 1751l 2(025))
< C[|DeUs |l 2y + Ce 1637,




Estimates of effective viscous flux

Gagliardo-Nirenberg inequality: for f € H*(Qs) and p € [2, 6]

Fllisy < C52G D (IFllzgay) + 1oty IV F )

Thus,

/IIF5HL4 dt</ Co2(IFsll T2y + I Foll 2o IV Fall2(qy))dt
= /o IV Uslli2qa,) + €83 ([ DeUs |2, + Cem 61 3)d

t t
</o C5—2HVU6HL2(95)|’DtU6Hi2(Qa)dt+/0 CO™"IDeUs 72, et
3
< C5*”E52(t),
where we used

t
/ IVUs|2dxdt’ < Cc6(4=2).
0 JQs

~



Estimates of effective viscous flux

Refined GN inequality: for f € H1(Qs) and p € [2,6],

|mmmw<cazpnmmmmvmpm

+ C(S 2(2 p (”f”LZ(Qé) + Hf”zg Q(g ||foL2(QJ))

+ CHfHLz(Q ||Vf|\Lz(Q X
1lLr(0s) < C(S(E_E)HV'CHB ()

1 1 —i——
+ 2D gy + IF It VIl )

Consequently,
' 3
/0 ||F5||t4(95)dt < C5(2_2’€)E5(t) + C5(2_'€)E52(t).

No singular coefficients.




Estimates of density

Initially,

l_l’v’
||PO,5 - rOHLOO(Qé) < co(z—"),

Proposition. Let 5 € (0, % — k). If T < T},

I5(T) = sup_|[(ps = r)(t, )= () < CO°.
o<t<T

Idea: renormalized continuity equation

D:(log ps — log r) + Us - Vlog r + divUs = 0,
together withe the definition of Fs implies

Di(log ps — log r) + Us - Vogr + v~ (p(ps) — p(r)) = —v"'F5.




Refined Gagliardo-Nirenberg inequalities

Recall

1_2
HfHLP(Qg) <Co 2 p Hf”LZ(QJ)HVf“B ¢

—2(z—= +7 7_1
4 cs 263 (||f||L2(Qa) + ||f||i2 (Qs) ||Vf||1_2(§z ))

3_
p

1
+ CIFIany IVl Gy

£l p(es) < C6(5_2)HVfHL2 ()

—2(3-1
+ € (Hf||L2(Q5 + ”f||1_2(96)||Vf||L2 Qs) )

Trade-off between the regularity and thinness of domain.




Fourier analysis on Q5 = T x (6T)?

Notations:

Z=17/5, k=(ki kp)€ZxZL? ky=(ko,ks) e Z>

For f € L2(Q(g),

keZXTZ?

lkx —ik-x
IS e
with f, :/ —_—
Z v87r3 A Qs V8m362

f dx.

Define

lkx

le_kaW Maf = Y~

k= ko#0,k3=0

elk X

Msf = > fk\/ﬁ, Maf = >

ko=0,k3#0 ko#0,k3#0

Mif = Mof + Msf + Myf.

V8362’




Littlewood-Paley decomposition on Q5 = T x (JT)?

Let ¢, x be smooth and radial functions satisfying
4

2(x) = x(5) = x(x),
X(€) + > ¢(27¢) =1 for any £ € R,
j=0
Z ©(279¢) =1 for any € € R\{0}.
JEZ
For f € D'(Q5) and j € Z, define

. L elkx fo
f = —J f =
af= Y IR, S =

kEZX 72

W




Bernstein type inequalities

Proposition. Let (p,q) € [1,00]?, p < q, s € [0, 0).
187V Flle(s) < CP Aoy,
1||AJ'Vf||LP(Qg) < )| Ajfllras) < CIAVF r(y)s

and
1AM || Lagay) < C5‘2(%‘%)2’(%‘%)”A-Mﬁ”umé)

1AM |y < €6~ G256 20565 | A M f || 1ogy)s | = 2,3,

18 Maf gy < €25~ 2565 AjMaf| 1oy )-




Thank you very much!
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