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1. One-fluid Euler-Poisson system

plasma model

r Oin + div(nv) =0

Ot(nv) + div(nv ® v) + Vp(n) = —nVe¢ — 1y, t>0, rcR?

! — MNA¢p =n —b, lim ¢(t,x) =0 damping

|| =400

L t=0 : (n,v) = (nor(z),vox(z))

n > 0 : density of electrons

v : velocity of electrons

p : pressure, p'(n) > 0 for n > 0, example : p(n) =nY, v>1

@ : electric potential

b > 0 : density of ions, given function of (z,z), for simplicity, take b =1

g = nv : momentum

A > 0 : Debye length, small parameter compared to the size of (n,v)

* F.Chen, Introduction to Plasma Physics and Controlled Fusion, 1984



the quasi-neutrality of a plasma means

electron density = ion density <= n=1 (b=1)

It is formally realized from the Poisson equation as A — 0
~NAp=n—-1
Therefore, A — 0 is called the quasi-neutral limit

Goal : Study the limit behavior of smooth solutions to EPS as A — 0



EPS : Euler equations coupled to a Poisson equation

Another form of the Poisson equation

“NAp=n-1 = —INAd¢=0n=—divg

Introduce the electric field £ = V¢ and a projection operator

P =VA~div
Then
div (\*0,F) = divg => \?0,F = Pq
We obtain a first-order PDEs
( Oyn + div(nv) =0
Ot (nv) + div(nv ® v) + Vp(n) = —nE — nv
\ MO, E = Pq

N\

with
[Pl < lqll, -l =1 ll2ray



Hyperbolic structure of EPS

e B) = gy DB Fog) = 0 )
7Q7 2n 2 Y ’q 277/2 q
where | - | is the Euclidean norm of R¢ and

(€, F) is a pair of entropy-entropy flux satisfying an entropy equality

[q*
n

0E(n,q, E) +divF(n,q) + —— = (P —I)qE

and an energy equality

/ 2
/ 5(”>Q7E)d$+// Mdﬂﬁdt’:/ E(nox, Qox, Eox)dx
Rd 0 JRA n Rd

Jox = MOAVON, Eox = Voox, ~ M Aoy = nox — 1

where



Moreover
[ lgl> +n%'(n) —ng” 0 )
1

Vn >0, E"(n,q, FE) = 3 —ng n?l, 0

\ 0 0 A3l )

which is symmetric positive definite = £ is a strictly convex entropy

A system of balance laws admitting a strictly convex entropy is symmetrizable
hyperbolic (S.K. Godunov 1961)

Consequence : EPS is a symmetrizable hyperbolic system




Local existence of smooth solutions (Lax 1973, Kato 1975, Majda 1984

m > d/2 + 11is an integer, ngx — 1,vpx, Voor € H™ = Hm(Rd)

Then 4 a maximum time 7Ty > 0 and a smooth solution (ny, vy, ¢,) satisfying

(nx — 1,05, Vor) € C([0,Ty); H™) N C([0,Ty); H™ 1)

Global existence with small initial data
* Ali-Bini-Rionero 2000

* H.L.Li-M.Mei-Markowich 2002

* Hsiao-Markowich-Wang 2003

344y > 0 such that if

Imox — Ulm + [[voxllm + [[V@ox][m < dx
the smooth solution is defined for all time

(7?,)\ — 1,?})\, ng)\) ~ C(R+; Hm) M Cl(R+; Hm_l)



2. Justification of the quasi-neutral limit

Let (nyx,vx, ¢x) be the smooth solution to

( Oyny + div(nyvy) =0

Or(nyvy) + div(nyvy @ vy) + Vp(ny) = —nx Vo — nyvy
\ — M A¢py =ny —1

N\

Formal limit leads, as A — 0

lim (ny, vy, Vor) = (n,v, VP)
A—0

and
(n=1

div v = 0 (incompressibility condition)

\(9tv+(v-V)v+VP:—v

I\

Therefore, v satisfies incompressible Euler equations with damping

Justification

(nA7UA7¢A) — (17U7¢) !



Local-in-time convergence : assume

170x = 1lm + [lvox = v(0)|[m + Al[V(¢ox = &(0))[[m < CA

3 constants T > 0 and C > 0 (independent of \) such that

sup_([[na(t) = Ll + [loa(t) — v(@®)[1 + AV (ea(t) — d())]]) < CA

te[0,T]

Method : energy estimates for U = (ny — 1, vy — v, V(¢ — ¢))

* Cordier and Grenier 2000, from 1-d model to compressible Euler equations
( O¢n + Oz (nv) =0

Oy (nv) + 0, (nv?) + a*0yn = —ndy¢

- N0y =n — e?

2\

A—0 = ¢ =Inn (Boltzmann relation)
* 5.Wang 2004, for multi-d model
* P. and Y.G.Wang 2005, for multi-d model with variable ion density

* Gérard-Varet, Han-Kwan and Rousset 2013, in a bounded domain ------



Global convergence with small initial data : P. 2015, d = 2,3 (m > 3)

Method : energy estimates and passage to the limit in the system

Uniform global existence : 3 constants § > 0 and C' > 0 (independent of \) such
that for all A € (0, 1], if

1n0x = Llm + [[vorllm + AV or|lm <0

the smooth solution is defined for all time and satisfies

sup (|Ina(t) = Lllm + [0A(E)llm + AV (E)lIm) < C6

teERT

Consequence :

Ina(t) = 1jm—1 < CoA
ny — 1 =n strongly in L°° (R+;Hm_1)
and up to a subsequence
vy — v  weakly- % in L (R+;Hm)
V xvy — V x v strongly in C’([O,T];Hm_2), V1 >0

This allows to pass to the limit in the system



3. Quasi-neutral limit in two-fluid Euler-Poisson system

(

Oine + div(neve) =0

Ot (Neve) + div(neve ® ve) + Vpe(ne) = ne Vo — neve
on; + div(n;v;) =0

O (n;v;) + div(ngv; @ v;) + Vp;(n;) = —nZng N4 V;
—N2A¢ =n; — ne, lim o(t, x

|| =400

)
) =

=02 (nw) = (nd(2). 0, (@), v=rcii
0

—NAgy =np; —n
p.(ne) >0, pi(n;) >0

As A — 0, we have formally n., —n, n; > n

e

e

on + div(nv.) =0
Ot (nve) + div(nve ® ve) + Vpe(n) = nVeo — no,
on + div(nv;) =0
O (nv;) + div(nv; Q@ v;) + Vp;(n) = —nVe¢ — nv;




Existence of solution (n, ue,u;, Vo) 7

One can prove that if u., = u; at t =0, then

ue(t) = u;(t), Vte[0,T], T >0
Therefore
[ On + div(nv) =0

Ot(nv) + div(nv ® v) + Vpe(n) = nVeo — nv
| O¢(nw) +div(nv ® v) + Vp;(n) = —nVe¢ — nv

2/

Adding and subtracting two momentum equations yields compressible Euler

equations with damping

on + div(nv) =0

Or(nv) + div(nv ® v) + Vpi(n) = —nv,  pi(n) = o (pe(n) + pi(n))

1
2
and

Vo=Vh(n),  h_(n)= 5 (sl(n) ~ pi(n))



Justification of local convergence
Q.C. Ju, H.L.. Li, Y. Li and S. Jiang 2010
If

179, — 1(0)[lm + |05, — v(0)[lm + AV (dor — ¢(0)) [l < CA
47 > 0 such that

S (Ilny (&) = )]l + lup () — u@®)] + AV(@a(t) = ¢(1)]]) < CA



Justification of global convergence (P. and C.M.Liu 2023)

Let (n),v),¢"), v = e, i, be the solution to the original system, near an

equilibrium state (1,0,0) for v = e, 7. We need to show

A

e_

A

n nf‘%(), ve—vi}‘%()

The first limit follows from Poisson equation

NAPN =nd —n)

i
For the second one, introduce

i = he(nd) = hy(n?) — 20

(

The momentum equations give

Opul + ((u>‘ V) + (u) - Vui‘)) +ur +Vur =0



Using

we obtain
O*ur + Oud + 207 ?Pud = F

O (I =Py + (I —Plud = —(1—P)((u - V)ud + (u} - V)ud)
which imply an error estimate of
uw = Pur + (I —Plud
Finally, assume
113, — Ulm + lvoullm + [[VOR ||l is uniformly small
Inge = 1gillm—1 + [05e = vgillm—1 + IV (0)lm—2 = O(A?)
Then the solution is globally defined, and for all t > 0

In5 () = L + 107 () lm + [V (#)[| i uniformly small

2 (&) = 13 () [lm—1 + [z () = 07 ()l m—1 + [V () lm—2 = O(N)



Thank you for your attention !



