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1 A short reminder of the subject area of the workshop
Vibrations and waves play a major role in many fields of physics and of engineering, whether they are of
acoustic, mechanical, optical or quantum nature. In many cases, the understanding of a vibrational system
can be brought back to its spectral properties, i.e. the properties of the eigenvalues and eigenfunctions of the
related wave operator. In disordered systems or in complex geometry, these eigenfunctions may exhibit a
very peculiar characteristic called localization: the spatial distribution of the eigenfunctions can be strongly
uneven, most of the energy being stored in a very small subregion of the entire domain. This phenomenon
can have important consequences on the macroscopic behavior of physical systems, as for instance the metal-
insulator transition in disordered alloys or the enhanced damping of waves achieved by complex geometries.

In terms of mathematics, the central question is the spatial behavior of the eigenfunctions of a divergence
form elliptic operator, e.g., L = −divA∇ + V , in a bounded domain Ω, with various types of boundary
conditions. In particular, one aims to predict and to quantify localization of the eigenfunctions triggered by
irregularities of the coefficients of the elliptic matrix A = A(x), of the potential V , or of the domain Ω. Given
an obviously extended range of applications, many ad hoc approaches have been developed to treat particular
instances of this problem, in particular, Laplacian on various peculiarly shaped domains (e.g., fractals), or
Hamiltonian L = −∆ +V with a disordered potential (e.g., semiclassical theory and the studies surrounding
Anderson localization). However, there has been no overreaching theory which would address occurrence
and frequency of localized eigenfunctions, their specific spatial location and severity of localization in the
general scenario. In particular, interplay between the influence of A, V , and Ω, seemed largely out of reach.

2 A more precise description of the specific program for Research in
Teams

The recent years brought several breakthroughs elucidating the profound mechanism of localization of eigen-
functions.
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In 2009, Filoche et Mayboroda have shown in [Phys. Rev. Letters, 2009] that even an apparently very
simple modification of the boundary of the domain can lead to a drastic alteration of the properties of its low
frequency vibrations. In their example, clamping one point inside the domain could split a vibrating plate into
two almost independent subregions in which the stationary waves would localize. In particular, the example
indicated the strength and the peculiarities of localization of eigenfunctions of the biLaplacian.

This preliminary work has been followed by the discovery in 2011 of a universal mechanism of localiza-
tion for the eigenfunctions of elliptic operators [Filoche, Mayboroda, PNAS 2012]. In this theory, one single
function, obtained in the entire domain as the solution of a simple Dirichlet problem (or, more generally,
as an L1 norm of the Green function in one of the variables), defines a landscape in which the valleys are
the boundary lines (in 2D) or surfaces (in 3D) separating neighboring localization subregions. This theory
therefore splits every complex vibrating system into a hidden partition of disjoint subregions in which the
low frequency eigenfuntions are localized.

Further development of the collaboration indicated that the boundaries separating the localization subre-
gions can also be seen as free boundaries of a certain minimization problem. The functional defining min-
imization is comprised of two terms. The first one is the energy naturally associated to the aforementioned
landscape on each localization subregion. For instance, for a Hamiltonian, this energy is

∫
|∇u|2+V u2−2u.

The second term is a convex function of the volumes of the localization subregions, used, in particular, in
order to eliminate trivial solutions but its exact role is yet to be understood. We have been able to prove
[David, Filoche, Jerison, Mayboroda, 2014, submitted] that the minimizers exist, are Lipschitz regular, and
that the free boundaries of all (nondegenerate) subregions are (n-1)-Ahlfors regular and uniformly rectifiable.
Actually, we demonstrate a stronger result, that the subregions satisfy interior and exterior big balls condition.
All these results pertain to a slight generalization of the case of the Hamiltonian and treating functionals with
variable coefficients or higher order differential operators remains a challenging open problem. We have,
however, already obtained some preliminary results for the case of the bilaplacian.

In the workshop, we mostly focused on a completely different direction. We have recently showed that
the landscape function, or rather its reciprocal, W = 1/u, determines an Agmon distance. Hence, not only
it governs the decay of eigenfunctions at a linear scale, as described above, but also is responsible for their
exponential decay under favorable circumstances. We have worked out several key examples illuminating the
advantages that the landscape function offers compared to the original potential of the system (if the latter is
present) in terms of the precise estimates for exponential decay.

3 What we did in Banff
The week in Banff allowed us to finalize a description of the some of the results mentioned above (a paper
called “The effective confining potential of quantum states in disordered media” just submitted). We also
plan to write a paper that describes the mathematical aspects of the results concerning W (that is, exponential
decay and Agmon distance, etc.), and the Banff meeting greatly helped to crystallize our ideas in this regard.
In addition we spent some time testing predictions for the localization of eigenmodes and the values of the
coresponding eigenvalues for a variety of random operators (mainly Schrödinger operators with a random
periodic potential on the line), and imagine automatic ways to compute the first eigenvalues in higher di-
mensions. We believe that the algorithms developed in Banff give a base for a future paper in numerical
analysis, concerning the approximation of the lower energy eigenvalues. Finally we think we made progress
on the reciprocal to the localization statements hinted above, i.e., find reasonable conditions under which, if
the Schrödinger operator with potential V has strong localization properties, than this is seen by the Agmon
distance computed with the help of our effective potential W = 1/u.

We also tried to set reasonable tasks, to be pursued in the foreseeable future. We don’t give the list here.
We are very happy with the results of the workshop. Obviously discussions with the whole group present

at the same time helped us make substantial progress in the understanding of the relation between the wells of
the effective potential W and the localization properties of the initial operator. It was particularly helpful that
D. Arnold could come, because this way we were able to do quite a number of experiments which otherwise
would probably have taken forever.

The material conditions of the meeting were nearly perfect.
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