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Lagranglans

/‘\

@ max  f,(x)
sothatf (x)=0, i=1,...,s
f(x)=0,i=s+1,...,m
# Lagrangian:
fo(x)+iyl.fl.(x)if y,20,i=1,...,s

| —oo othervwse
# concave-convex,

L(x,y)=-
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Hamiltonians

# Opt-control: min, ®(x +Jl(t x,.0, ).
= f(f,u,,xt), u U, tel0,T].
#® Hamiltonian: H.xy.u) = 1,u,x)+(y, f{,xu0))

# Optimality: x*:aaiy y*_—aaix V' (T) = VO(x!)

ut* € arg minveUt H(t,x, ,v,yf), t €[0,7T]
# Approximation: state x and co-state y
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Hypo/Epi-Convergence

#  saddle point L2 ~ saddle point L

—O0Q

# Attouch-W. def. (90's):
_ pidomK

v (xa y) =P
(A)Vx"' - x,dy" > y: liminf L'(x",y") = L(x,y)

(b)Vy" = y,dx" > x: limsupL’'(x",y") < L(x,y)

# “problem”: hypo/epi-topology not Hausdorff
... the pitfall “equivalence classes”
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Hypo/Epi convergence - 21st C.

dy"le DY
—>yeD

Vy eD’
— )
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* (.X,y)

CxD

/

4

\% \%

(x",y

C"x D'

L
-

limsup, K" (x",y") < K(x,y) when x € C
K"(x",y")—> —cowhenx ¢ C

Vx'eC" - x

o(X>Y)

CxD

.
-

C"x D'

/

liminf, K" (x",y") 2 K(x,y) wheny € D
K"(x",y") —>ocowhenx g D

dx'eC’" -5 xeC
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Hypo/epi: max-inf framework
L:CxD-R, {L':C"xD" >R}

@)Vx"'eC"—>xeC,VyeD,dy" eD" —> y:
limsup L' (x",y") < L(x,y)

(a,)Vx' eC"—>xe¢C,VyeD,dy ' eD" > y:
L'(x",y") — —oo

b)Yy eD"—>yeD,VxeC,dx" €eC’ — x:
liminf L (x",y") = L(x,y)

@ )Vy'eD"—->yegD VxeC,dx" €eC” > x:

L'(x",y") = oo
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Hypo/epi: elementary properties
saddle points L 2 ~ saddle points L

hypo/epi = epi-convergence if L(x,y)=g(»)

hypo/epi = hypo-convergence if L(x,y)= f(x)
but not y-epi-convergence or x-hypo-convergence

Remarks: not a I'-convergence (De Giorgi)
in co-dim. different topologies (c-hypo/t-epi)
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Hypo/epi-convergence: Properties

L'"—>L, (x",y")saddle-pts ",

hle

(x",y")—(x,y) = (x,y)saddle-ptof L

veN

Moreover, F(x,y)=lim _ F"(x",y").

{ L concave-convex | closed under epi/hypo-convergence
hypo/epi-limits: L(e,y) usc, L(x,)lsc
bijection 7: fv-biv(R™™ ) <> pr-biv(R™")
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Zero-sum games

{%} Strategies: x € X,y €Y - Players: Max-1 & Minie-2
Payoft: u, (x,y)+u,(x,y)=0; setu =u,
Nash: x* € argmax , u(x,y’), y €argmin _, u(x ,y)
{*gr} Existence: X,Y compact, convex
u(s,y) concave-usc, u(x,»)convex-lsc
= d optimal strategies (equilibirum)
& Convergence: u’ : X" XY" — R (as for existence),

X' ->XY ->Yandu"—-u =
hle

3 soln's(x",y") — (¥,¥) equilibrium for u: X x¥ — R

cluster
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MAX-INF POINTS (maxinf)

or MIN-SUP POINTS

N
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Fixed Points (Brouwer)

C compact convex, G :C — C continuous

C" compact convex, G" :C" — C" continuous
x" e C" fixed points of G" on C"

and x" — x. When is x a fixed point of G on C?
The approach K4CX-C o REKY1CEXC- R,
set K(x,y)= <G(x) — x,y>, K'(x,y)= <Gv(x) — x,y>
x fixed point < x € argmax(inf,_. K(e,y))

So, K" — K yields convergence of max-inf points?
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Variational Inequalities

® CcR" non-empty, convex
® G:C—>R" continuous
# find u € C suchthat —G(u) e N_(u)

where ve N .(u) < <v,u—ﬁ> <0,VueC
# C"'>C, G":C"—R"continuous
# approx. u"eC” suchthat ~G'(u")e N _, (u")
# Question: «'—u? when, how.
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V.I.: The approach

® Let

K(u,v)= <G(u),v— u> ondom K =CXxC

#® then -Gw)eN_.(w) if and only if
# du e argmax—inf K with K(u,») =20
« (GG),v-u)=K(@@,)20,VveC

= 0< K(it.2)< sup,..(inf . K(u,))

u eargmax—nf K& K(u,0)>20=

(-G(),v-u)<0,VveC or —G(ii) e N (i)

May 2007
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V.I1.:The approach

® K'(u,v)= <Gv(u),v—u>, domK"=C"xC"
#® y" eargmax—inf K" with K" (u",») <0

® e cluster points {uv} = ? u € argmin—sup K

May 2007 Banff Summer School
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Non-Cooperative Games
@ player:a e #, payoff u (x ,x_):R" >R
# Nash equilibrium: (x ,ae #) such that

x €argmaxu (x ,x_), Va€ #
# Nikaido-Isoda function:

N@y)=2, u,(x )= u,(y,.x,)
® X=(x,,ae #) is a Nash equilibrium

& x € argmax—inf N
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The approach:

# Nikaido-Isoda functions of approximating games

NGy =D esm )= %)

# x' eargmax—inf N', x € cluster points {xv}

N"— N and ...

® oxe argmax—1inf N ~ equilibrium point
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Applications:
Convergence an

d stability

# Saddle-points: Lagrangians, Hamiltonians

# Fixed points

# Solutions of cooperative and
non-cooperative games

# Economic-Equilibrium
# Generalized Nash Equi
# Solutions of set-valued

noints (Walras)
ibrium Problems

inclusions

# Stability of mountain-pass paths
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'Optimization: Max-Framework

# max f(x), xe R" with
f:R” %H_%:[—oo,oo]

f(x)ifxeCc R’
—  ifxeC

®  f(x)=

C={rxe X|f(x)<0,ie ], f,(x)=0,ie ], }
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Hypo-Convergence (max-framework)

@ argmax 2 ~ argmax f

# argmax (¥ + g) = argmax (f+g),
vV cont. g => hypo-convergence

® new definition f : D — R, {fv D" — R}

veN
(a) Vx" e D" - xe D, limsup f"(x") < f(x)
(@) Vx'eD" =»xe¢D, f/(x")—>—o

(b) Vx € D, dx" — x, liminf f"(x") 2> f(x)
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Hypo-convergence: Properties

& [ [ S5, ] \\

® o> =15 f

@}[fvﬁf,xveargmaxl)v f',x"* >xeD=Xx ecargmax, f }

hypo

# Xxeargmax, f=3e" \0,x" € g'—argmax , f"ix" —>Xx

® ' — f o dl(hypo f', hypo f)—0

(I"-convergence)
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Tight Hypo-Convergence

*® [

D" h— tlghtly

Io i o %fD & Ve >0,3dB compact :

Vv>v :sup, . f <sup , f —€

#® THM: f — fp.sup, f ER=sup , fr—sup, f

h—tightly

also: x" eargmax f,, x* — x € D = x € argmax f,
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Lopsided convergence

max-inf framework

K:CxD—R, {KV:CVxDVeR}

veN

arg max-inf K = arg max-inf K

x € arg max-inf K < x € argmax(inf K(x,y))
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Lopsided convergence: definition

dy"le DY
—>yeD

Vy eD’
— )

May 2007

N ( (x,y)

CxD

/

4

\% \%

(x",y

C"x D'

limsup, K" (x",y") < K(x,y) when x € C
K"(x",y")—> —cowhenx ¢ C

like hypo/epi convergence

Vx'eC" - x

CxD

.
-

\% \%

(x",y

C"x D'

o(X:Y)
;

liminf, K" (x",y") 2 K(x,y) wheny € D
K"(x",y") —>ocowhenx g D

unlike hypo/epi convergence

@ECV—)XEC
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Lopsided convergence

argmax-inf K@ ~ argmax-inf K
x € arg max-inf K < x € argmax(inf K(x,y))

definition: K:CxD—-R, {K":C"x D" QR}VEN
(a) Vx"eC"—>xe(C,VyeDdy" eD— y:
limsup K" (x",y") < K(x,y)
(a )Vx"'eC"—>xeC,NVNy 3y" eD" > y:K'(x",y") > —o0
(b) Vxe C,dx" - x,Vy" e D" andy" — y:
limsupK"(x",y")< K(x,y) ifye D
K" (x",y")—> o ifygD
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Lopsided: elementary properties

argmax-inf K@ ~ argmax-inf K

lopsided = epi-convergence if K(x,y)= g(y)

lopsided = hypo-convergence if K(x,y)= f(x)

Remarks: not a I'-convergence,
In co-dim. different topologies
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Ancillary tight lop-convergence

& KV - K., if K,

C"xD" ancil .—tight (xD

v%KCXD&

D" 1op

b)) Vxe(C,dx" > x,Vy" e D" andy" — y:
liminf K" (x",y")> K(x,y) ifye D
K'(x",y")—> e ifyeD

but also Ve>0, 1B, compact (depends on x" — x):

inf  K"(x",9)<inf K"(x",o)+¢€, Vv2=>v
B.ND D €

& THM. K,

,— K ancillary tight, x cluster point of

XD lop

v ° v — .
(x" eargmax—-int K|} = xecargmax—inf K,
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Proof ....

® K’

CVxDV

— K., ancillary tight

lop

Letg' =it  K'(s,y), g=inf ,K(y).

Cgvz{xeCV gV(x)>—oo}
= ¢' — ¢ when - # D

hpo - C, = {x € Clg(x)>—oo}

# then apply

" ]?pogc,xv cargmax , g",x" —>x eC =X cargmax g
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Ky Fan functions & Inequality

# K :CxC— R Ky Fan function if
(a) Vy:x+— K(x,y) usc
(b)Vx:y+> K(x,y) convex
# K Ky Fan fcn, dom K = C X C, C compact
— argmax—inf K # J

if K(x,x) =20 on dom K, x € argmax—inf K
= nf K(x,y)=0.
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Extending Ky Fan’s inequality

& K" — K ancillary tight with C" — C,

lop

K" Ky Fan = K Ky Fan
* & Vv:argmax—inf K" #
if X € cluster-pts {argmax—inf K"}

= x e argmax—inf K & K(x,*)=0

# Ky Fan fcns closed under lopsided

saddle fcns closed under h/e-convergence
usc fcns closed under hypo-convergence
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Lopsided & hypo/epi-convergence

# lopsided = hypo/epi-convergence
# not conversely

LY =0
N JL(0,0)=0
Vx' =0, N L=-1 dx" =0,
dy" —0... Lv=-1 Vy —0...
hypo/epi . lopsided
(-1,-1) -y

(x,7)=(0,0),y"  =—v' = x" =—v " : liminf K" (x",7") =0
but with "' =—v' /2: liminf K" (x",»")=-1<0 !

May 2007 Banff Summer School 34



Lopsided & hypo/epi-convergence

& L' — L, convex-concave = L — L
hle lop

first condition ... identical

for the second condition: given (x,y), let
uec axL(xay)a —VeE ay(_L(an/))
L' L= L' ~(ue)+{v,) = L~ () +(v.)
(x,y) saddle point of L — <u,-> + <v,->
A(x",y") saddle-pts — (x,y) & {xv} is 'lop-sequence' — x

veN
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APPLICATIONS
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Fixed Points (Brouwer)

C compact convex, G :C — C continuous

findx e C: G(x)=Xx, fixed point
set K(x,y)=(G(x)~x,)
Ky Fan Inequality applies (usc,convex, K(x,x) = 0):

dXx such that <G()?)—)?,y> <0,Vyed

= Xx 1s a fixed point of G
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Convergence of fixed points

G": C" — CV continuous, C" convex

C"'-— C=C’compact, - G"—G

cont

ie., Vx' -5 x:G"(x") > G(x)

= K"K, K(x,9)={G(x)-x,»)

lop

Hence 3dx” fixed points of G¥ on C"
— x fixed point of G on C

Extension: C just convex
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Set-valued Inclusions

N

S".S: R = cl/cvx—sets(R"), non-empty
Inclusions: S"(#)>a’, S(u)30, a”"—0
o’ (e,u) = supp. fcn S¥ (1), o (e, u) of S(u)
Vu:0" (s,u), o(s,u) convex

S§",S continuous, compact-valued (sufficient)

P e e ee

&0 (s,u") —>,,; O (1) as u® —u; also o
® o0 (u")— 0" (i) =0"(x,), 0(x,)usc
® K" =0" — <av,->,K =0 . Ky Fan fcns

May 2007 Banff Summer School 39




Variational Inequalities
#® CcR" nonempty, convex, compact
#® G : C-> R™ continuous, (m=n)

# find 1« e C such that —G(L_t)ENC(L_t)
where veN (@) & (vu-i)<0,VueC

#® with Ku,v)= <G(u),v—u> ondomK=CxC
—> Kis a Ky Fan function, K(u,u) = 0.
Find

u € argmax—inf K(e,») so that K(u,») =0
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Convergence: V.I. + extension

C"—> C=C" compact v=>Vv, G" continuous
G'— G:G(x")>Gx), Vx"eC" —>x
K" (u,v)= <Gv(u),v — u> ondom K" =C"xC"
i.e., Ky Fan functions
# |op-converge ancillary tight to K, i.e.

any cluster point of the solutions of the
approximating V.I. is sol'n of limit V.I.

(sufficient conditions)
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Nash Equilibrium points

x €argmaxu (x ,x_ ), Vae€ #

® @

Nash function:
Ny =2, u,(x )= u,(y,.x,)
# u usc&u (x ,)lsc; u (e,x_ ) concave
— N a Ky Fan function & N(x,x) =0
# u — u &domu — domu compact
= N" — N ancillary tight
— Nash equilibr.” — Nash equilibr. (cluster)

May 2007 Banff Summer School
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Walras Equilibrium points

#® Vae A d(p)= argmax{ua(xa)‘<p,xa> < <p,ea>}
& s(p)=), (e,—d(p)) excesssupply

# find p € A (unit simplex) so that s(p) =20

® Walrasian: W (p.9)=(q.s(p)) Ky Fan fcn
& p e argmax—inf W < s(p) =0

# conditions: e e€int domu_, "globally compact"

@ Convergence: u, —, u,e —>e =
W' lop-converge ancillary tight to W
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