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Linear Complementarity Problem

@ find
220:(w,2)=0and0<w=Mz +q

# approximating problem: find
z20:(w,z)=0 and 0<w=M"z+q" <r"

# suppose

M"—>M,q" —q,r" /o andZz — z
cluster
# when does it imply
z solves LCP? ... under what conditions?
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LCP: The approach

define  [K(@v)=(Mz+q,v—z) on R} xR}
Z solves LCP: 220 :(w,z)=0and 0 <w= Mz+gq
& z eargmax-inf K & K(z,2) =0

® 7 solves LCP: inf K (z,) = —cc unless Mz+qg =0 (z is such a 7)

with Mz + g =0,v =0 is optimal, and
> O=max ., —(Mz+ q,z) attained by 7 with K(z,+)>0
€ argmax-inf K & K(z,+) =0
= 7 20,Mz + g =20 & O potential arg max-inf value
since K(z,)20 = (Mz +q,z) <(Mz +4,0) (v=0)
= (Mz+4,2)=0, i.e., 7 solves LCP

MN)

May 2007 Banff Summer School



LCP:Approximate solutions

& K'(zv)=(M"z+q",v-2z) on R’ x[0,r']"
& z eargmax—inf K" with K" (z",+) 20
2 (MV%M,qV%q,rV/'OO):KV%K

lop

P={ZER1|MZ+QZO},PVZ{ZE[O,I"V]n M'z+q" 20}

When P - P = K" = K ancillary tight
op

e
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Nonlinear Complementarity Problem
# find
220:(w,7)=0and0<w=M((Z)+q
# approximating problem: find
220:(w,z)=0 and 0<w=M"(2)+q" <r"
# suppose

M'—>M,q" —>q, 1 /eoandz’ — 7

cluster
# define bivariate functions:
K(z,v)= <M(z)+ q,v— z) on R” xR’

KV(Z>V)2<MV(Z)+QV,V_Z> on RiX[O,rV]n
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Arrow-Debreu model

# Economy: pure exchange of goods

#agents: iel, |1l finite

@ consumption by agent i  x;, free disposal

# endowment: e, strict survivability (€ int X,)

@ utility: »:R"— R, concave, insatiability

# survival set: X. = dom u., convex, not necessarily closed
# exchange at market prices: p €A, unit simplex

# budget constraint:  (p.x) <(p.e;)
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Market Clearing & Equilibrium

<p,xl. —el.> SO}

market clearing: Zi(ei — fi(p)) =s(p)=0

agent's problem: x;(p) € arg max {ui (x,)

equilibirum price: p such that s(p) =0
Equilibrium with utility scaling: market clearing with
s,(p)=0 when p, >0 and EI/Tl. (utility scale factor) so that
X, € arg max{ul. (x,)— /'_Ll. <13,xl. - el.>}
2.20,{p,x,—e,)<0if 1, =0
(p,x,—¢)=0if A, >0
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Variational representation

VI:ZeC,-G(Z)eN.(2)={v[(v.z-7)<0,VzeC}

existence of solutions: C convex compact, G continuous

define C = Ax{Hxi}x[HRr}

iel iel
G:C—>R" X|:HR":|X|:HR:|
iel iel
G5y Xjyeesyenes Ayen)
= (zi[el. =X |5 Ap = Vi, (x,),5... 0| €, — xi],...)

May 2007 Banff Summer School 10



V.1. & Equilibrium

3 ( B, (X, ),(Zi)) an equilibirum with utility scaling

G(p.(x). (AN =| Y, (= (A= Vu(x)):(p.e, — x,) |
c=ax([T.x)x(TTR.)
~G(P,(X),(A)) € No(p,(X,),(A,)) | has a solution

C (unfortunately) 1s unbounded
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bounding D: “solvable” V.I.

from C to C bounded with
explicit bounds derived via duality

(global bound for X;: k;, depends on 'var'(u,))
~G(P,(X),(A)) € N(P,(%),(A))

iz ax(TT. %)% (I 10.x,1)

Polyhedral case: efficient algorithmic procedures
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Limiting iterative scheme

Theorem. When k" > threshold, ( pv,(xiv)) furnish a

classical equilibrium w.r.t. X, and u; but possibly with

different endowments e;” > e¢;,e. — e,. The sequence

of nearby classical equilibria ( p . (x) )) is bounded and every

cluster point ( 13,()_@)) furnishes a virtual equilibirum. When

only one virtual equilibirum exists, it's the limit of the sequence.

Proof. Lopsided-convergence applied to V.1."o
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Consumption & Production

Consumers: choose x; € X,

Producers: choose y. €Y,
Endowment and shares: e, + Zjé?l.jy o = O’Z,-Qij =1

Walrasian Equilibrium: as earlier (adjusted endowments)

and y, € argmax[<1_9,yj>‘yj € Yj]

= V.I functional type: —G(z)€df () =z e M(Z)
M = (I +00df)" o(I —aG), forany o >0
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Path Solver ... (M.Ferris et al)

~G(Z)eN.(R), Z=(p,(x).(A))
C=Ax([Tx)x(ITR.)={zlaz 2 b}

Complementarity problem:
-G()=A"y, y=0, Az—b Ly
with K = R" xRY :
(z,y)e K, H(z,y)e-K", (z,y) L H(z,y)
G()+ATy| (oj

H(z,v)=
(2.) Az ] b
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Equivalent nonsmooth mapping

#® 0= H(prjg(z,y) +(z,y) — prix (z,y)

# with simplified K:
(CP)0<x L F(x)20 Complementarity Problem
(NS) 0= F(x,)+ x—x, Nonlinear system

& x sol'n (CP) = x sol'n (NS):
% =% if F(X)=0, % =-F(X)if {(%)>0
x sol'n (NS) = x, sol'n (CP):
X, 20, F(x,)=x,-x=20&x, L x —X
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PATH Solver: x-= (2,¥), x,=Pprj, (x,y)

# PATH: Newton method based on
nonsmooth normal mapping:

H(x,)+x—x,

# Newton point: solution of piecewise
linearization:

H(xf)+<VH(xf),x+ —xf>+x—x+ =0
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The "Newton” step
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A dynamic problem
Agent's problems:
max ulo (x”) + ul1 (x")
so that <p0,x0 + Tl.0y> < <p0,eo>
(') <(ple + 1)

e X a eXl,yz()

y, activity levels (savings, production technology, ..

T'y, input goods, T,'y. output goods
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using PATH Solver

#® Economy: (5 goods)
= Skilled & unskilled workers
= Businesses: Basic goods & leisure
= Banker: bonds (riskless), 2 stocks

#® 2-stages, solved under # of scenarios (280)

# utilities: CES-functions (gen. Cobb-Douglas)
= Utility in stage 2 assigned to financial instruments
= Financial instruments only used for transfer in stage 1

# used for calibration (-> stochastic model)
numerically: " blink’ (5000 iterations).

N
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