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Motivation

Minimal entropy is additive for classical channels!

Definitions:

‖x‖p = (
∑n

i=1 |xi |p)1/p

a : `p → `q linear map given by a matrix a.

‖a‖p→q = sup
‖x‖p≤1

‖a(x)‖q .

‖b‖`p(`q) = (
∑n

i=1(
∑

j |bij |q)p/q)1/p.

Entropy S(x) = −
∑

i xi ln xi = −‖x‖1
d
dp‖x‖p

∣∣∣∣
p=1
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Minimal Entropy:

Let a : `1 → `1 with aij ≥ 0. Then

Smin(a) = min
x ≥ 0,‖x‖1=1

S(a(x)) .

Theorem 1: Smin(a⊗ b) = Smin(a) + Smin(b).

Lemma: Let p ≤ q. Then

‖a⊗ b : `nm
p → `nm

q ‖1→p = ‖a‖1→p‖b‖1→p .
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Proof:

First

‖id ⊗ a : `np(`
m
p ) → `np(`

m
q )‖ = ‖a‖p→q .

Observe `np(`
m
q ) ⊂ `mq (`np) (flip) . Then

‖id ⊗ b : `mq (`np) → `mq (`nq)‖ = ‖b‖p→q .

Using `nm
p = `np(`

m
p ) and `mq (`nq)

∼= `nm
q , we get

‖a⊗ b : `nm
p → `nm

q ‖ ≤ ‖a‖p→q‖b‖p→q .

The reverse inequality is easy.
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Proof of Theorem 1 :

Let a, b be positive maps such that

‖a‖1→1 = 1 = ‖b‖1→1. Then ‖a⊗ b‖1→1 = 1. More

importantly

Smin(c) = − d

dp
‖c‖1→p

∣∣∣∣
p=1

holds for all channels with ‖c‖1→1 = 1. Let f (p) = ‖a‖1→p

and g(p) = ‖b‖1→p. By product rule

−Smin(a⊗ b) = (fg)′(1) = f ′(1)g(1) + f (1)g ′(1)

= −Smin(a)− Smin(b) .
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Noncommutative analogue?

Definitions:

‖x‖p = [tr(|x |p)]1/p = (
∑n

k=1 λk(|x |)p)1/p is the p-norm

of a matrix.

Lp(Mn, tr) = Sn
p = (Mn, ‖ ‖p) is the space of n × n

matrices equipped with this norm.

‖Φ‖p→q = ‖Φ : Lp(Mn, tr) → Lq(Mn, tr)‖ stands for the

operator norm.

Remark: 1) Sp = Lp(B(`2), tr) stands for Schatten p-class.

2) Exercise: ‖ ‖p is a norm for 1 ≤ p ≤ ∞ and

‖x + y‖p
p ≤ ‖x‖p

p + ‖y‖p
p

for 0 ≤ p ≤ 1.
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Lp(Mn, tr) = Sn
p = (Mn, ‖ ‖p) is the space of n × n

matrices equipped with this norm.

‖Φ‖p→q = ‖Φ : Lp(Mn, tr) → Lq(Mn, tr)‖ stands for the

operator norm.

Remark: 1) Sp = Lp(B(`2), tr) stands for Schatten p-class.

2) Exercise: ‖ ‖p is a norm for 1 ≤ p ≤ ∞ and

‖x + y‖p
p ≤ ‖x‖p

p + ‖y‖p
p

for 0 ≤ p ≤ 1.
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Remarks:

1) Let Φ : Mn → Mn be positive and trace

preserving, i.e. tr(Φ(x)) = Φ(x). It is open whether

Smin(Φ) = min
tr(x)=1

S(Φ(x))

is additive.

2) This follows from

‖Φ⊗Ψ‖1→p = ‖Φ‖1→p‖Ψ‖1→p .

3) Use noncommutative Lp. Carlen-Lieb introduced (naive)

Lp{Lq} spaces

‖x‖Lq{Lp} = ‖(id ⊗ tr(xp))1/p‖q .

Literature: id ⊗ tr = tr2 partial trace.
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Results on partial trace Lp-spaces

Carlen-Lieb: Lq{Lp} ⊂ Lp{Lq} for q ≤ p.

(Lieb-Hia) For q > 2 the function

f (x1, ..., xn) = ‖(
∑n

i=1 xq
i )1/q‖p is not convex. Note:

special case of x =


x1 · · · 0 0

0 x2 · · · 0
...

0 · · · 0 xn

.

Exercise: For q > 2 the function f (x) = ϕ(xq)1/q is not

convex.
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More

(J.-Xu) For 1 < q < 2 there is no norm ‖ ‖q on the space

of selfadjoint matrices such that f (x) = ϕ(xq)1/q such

that f (x) = ‖x‖q.

(Central-limit trick). Let D be the density of ϕ. Consider

the infinite tensor product ⊗n∈NMk and the elements

xk = D1/p ⊗ · · · ⊗ x︸︷︷︸
k-th position

⊗D
1
p ⊗ · · · .

Then limn n−1/q‖(
∑n

k=1 xq
k )1/q‖p = tr(D1−q/pxq)1/q.
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Proposition (J.-Xu-2007)

Let q 6= 2. Then there is no norm

‖ ‖ on the space of selfadjoint sequences such that

‖(
∑

i

xq
i )1/q‖ = ‖(x1, ....., xn)‖ .

Theorem

(J.-Xu-2007) There exists q1 > 1 such that

f (x1, ..., xn) = tr((
∑

i x
q
i )1/q) is not convex for 1 < q < q1.

Tools: 1) We construct a cp map Φ : M2 → M2 such that

f (x) = tr(Φ(xq)1/q)

is not convex for 1 < q < q1.

Remark: f is convex if either the domain or range of Φ is

commutative.

2) Matrix valued-version of the central limit theorem.
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What do we need to copy classical

argument?

* Lp(Mn, Lp(Mm)) = Lp(Mn ⊗Mm) (Fubini)

* Lp(Lq) ⊂ Lq(Lp) (Minkowski) for p ≤ q

* ‖id ⊗ Φ : Lq(Lp) → Lq(Lq)‖ = ‖Φ‖L∞(Lp)

* ‖Φ : L1 → Lp‖ = ‖Φ‖L∞(Lp).

Remark: 1) If we were to find norms on Mnm satisfying these

requirements, then the minimal entropy is additive.

2) For any collection of norms satisfying the first three

condition the new expression

S̃min(Φ) = − d

dp
‖Φ‖L∞(Lp)

∣∣∣∣
p=1

is additive.
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∣∣∣∣
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Operator spaces

Definitions:

A Banach space X is called operator space if there exists a
sequence ‖ ‖n of norms on Mn(X ) such that

R∞ ‖
(

x 0

0 y

)
‖n+m = max{‖x‖n, ‖y‖m}.

Rcp For every completely positive map Φ : Mn → Mn

‖Φ⊗ idX : Mn(X ) → Mn(X )‖ ≤ ‖Φ‖ .

A linear map Φ : X1 → X2 is completely bounded if the

cb-norm

‖Φ‖cb = sup
n
‖id ⊗ Φ : Mm(X1) → Mn(X2)‖

is finite.
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Remark:

Just notation: 1) Mn(X ) ∼= L∞(Mn,X ).

Remark 2) New feature: Duality!

Mn(X
∗) = CB(X ,Mn) = CB(M∗

n,X
∗)

defines all we have to know about X ∗.

Example 3): Classical: (`n∞)∗ = `n1. Quantum: M∗
n = L1(Mn)

Example 4) 1
p + 1

p′ = 1

CB(L1(Mn), Lp(Mk)) = CB(Lp′(Mk),Mn) = L∞(Mn, Lp(Mk)) .

Need to know Lp(Lq) and differentiate!
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Definition (Effros-Ruan/Pisier) Let 1 ≤ q ≤ ∞.

Then

‖x‖Lq(X ) = inf
x=(a⊗1)y(b⊗1)

‖a‖2q‖y‖Mn(X )‖b‖2q .

Motivation (algebraic):

Lp(X ) = Lp(R) L∞(X ) = L2p(R)L∞(X )L2p(R) .

Feature: ‖T‖cb = ‖id ⊗ T : Lp(B(`2);X1) → Lp(B(`2);X2)‖
for all 1 ≤ p ≤ ∞ and T : X1 → X2.
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Properties of vector-valued Lp

* (Fubini) Lp(Mn, Lp(Mm)) = Lp(Mnm) ;

* (Minkowski) Lp(Lq) ⊂ Lq(Lp) ;

* (algebraic formula 1) Let p ≤ q and 1
p = 1

q + 1
r . Then

Lp(Mn, Lq(Mm)) = L2r (Mn)Lq(Mnm)L2r (Mn) .

* (algebraic formula 2) Let p ≥ q and 1
q = 1

p + 1
r . Then

‖x‖Lq(Mn;Lp(Mm)) = sup
‖a‖2r=‖b‖2r=1

‖(a⊗ 1)x(b ⊗ 1)‖Lp(Mnm) .
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More properties

* Lp(Lq)
∗ = Lp′(Lq′).

* Let x be positive. Then ‖x‖Lp(L1) = ‖id ⊗ tr(x)‖Lp .

* Lp{Lq} ⊂ Lp(Lq) for p ≥ q.

* In particular

‖x‖L∞(Lp) ≤ ‖id ⊗ tr(xp)‖1/p
∞ .

* Let Φ : Lp → Lq be completely positive. Then

‖Φ⊗ idX : Lp(X ) → Lq(X )‖ ≤ ‖Φ‖p→q .
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Cb-entropy

Theorem (1)

(DJKR)

The expression

Smin,cb(Φ) = − d

dp
‖Φ‖L∞(Mn,Lp(Mn))

∣∣
p=1

is additive trace preserving, i.e.

Smin,cb(Φ⊗Ψ) = Smin,cb(Φ) + Smin,cb(Ψ) .



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Cb-entropy

Theorem (1)

(DJKR) The expression

Smin,cb(Φ) = − d

dp
‖Φ‖L∞(Mn,Lp(Mn))

∣∣
p=1

is additive trace preserving, i.e.

Smin,cb(Φ⊗Ψ) = Smin,cb(Φ) + Smin,cb(Ψ) .



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Cb-entropy

Theorem (1)

(DJKR) The expression

Smin,cb(Φ) = − d

dp
‖Φ‖L∞(Mn,Lp(Mn))

∣∣
p=1

is additive trace preserving,

i.e.

Smin,cb(Φ⊗Ψ) = Smin,cb(Φ) + Smin,cb(Ψ) .



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Cb-entropy

Theorem (1)

(DJKR) The expression

Smin,cb(Φ) = − d

dp
‖Φ‖L∞(Mn,Lp(Mn))

∣∣
p=1

is additive trace preserving, i.e.

Smin,cb(Φ⊗Ψ) = Smin,cb(Φ) + Smin,cb(Ψ) .



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Cb-entropy

Theorem (1)

(DJKR) The expression

Smin,cb(Φ) = − d

dp
‖Φ‖L∞(Mn,Lp(Mn))

∣∣
p=1

is additive trace preserving, i.e.

Smin,cb(Φ⊗Ψ) = Smin,cb(Φ) + Smin,cb(Ψ) .



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Theorem (2)

Let Φ be completely positive and T be a linear map.

Then

‖Φ⊗ T : L1(Mnm) → Lp(Mnm)‖
≤ ‖Φ : L1 → Lp‖ ‖T : L1 → Lp‖cb .
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Proof of Theorem (2):

Since Φ is completely positive,

‖Φ : L1(Mn; L1(Mm)) → Lp(Mn, L1(Mm))‖ ≤ ‖Φ‖ . (7.1)

Moreover,

‖id ⊗ T : Lp(Mn, L1(Mm)) → Lp(Mn, Lp(Mm))‖
≤ ‖T‖min(n,m) , (7.2)

where ‖T : X1 → X2‖k = ‖idMk
⊗ T : Mk(X1) → Mk(X2)‖.

Clearly, ‖T‖n ≤ ‖T‖cb. Compose (7.1) and (7.2).
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Moreover,

‖id ⊗ T : Lp(Mn, L1(Mm)) → Lp(Mn, Lp(Mm))‖
≤ ‖T‖min(n,m) , (7.2)

where ‖T : X1 → X2‖k = ‖idMk
⊗ T : Mk(X1) → Mk(X2)‖.

Clearly, ‖T‖n ≤ ‖T‖cb. Compose (7.1) and (7.2).



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Proof of Theorem (1):

Let Φ and Ψ arbitrary linear maps

‖id ⊗ Φ : L1(L1) → L1(Lp)‖cb ≤ ‖Φ‖cb

Moreover, L1(Lp) ⊂ Lp(L1) holds contractively on the cb-level.

Then

‖idLp ⊗Ψ : Lp(L1) → Lp(Lp)‖cb ≤ ‖Ψ‖cb .

Using Lp(Lp) = Lp(Mnm) we get

‖Φ⊗Ψ : L1(Mnm) → Lp(Mnm)‖cb ≤ ‖Φ‖cb‖Ψ‖cb .

The reverse is easy.
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Problems and examples

1 ‖id : L1(Mn) → Lp(Mn)‖cb = n1−1/p. Hence

Smin,cb(id) = − ln n ≤ 0 = Smin(id) .

2 However, let Φ(eij) = γijeij . Then

‖Φ⊗Ψ‖1→p = ‖Φ‖1→p‖Ψ‖1→p .

This includes Φ = id .

3 Φ has rank 1. Then ‖Φ‖cb = ‖Φ‖. Hence

‖Φ⊗Ψ : L1(Mnm) → Lp(Mnm)‖ = ‖Φ‖‖Ψ‖ .
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Examples from groups

1) Let G be a finite group, m = |G |. The basis (δh)h∈G in `m2
is indexed by elements in G .

Let λ(g)δh = δgh. Define the

matrix

λ(f ) = [f (g−1h)]gh

and τ(λ(f )) = f (1) the normalized trace. Define the channel

(Schur multiplier)

Φf (egh) = f (g−1h)egh .

Theorem: (JNR) Let f such that λ(f ) ≥ 0 and f (e) = 1.

Then Smin(Φf ) = 0 but Smin,cb(Φf ) = −τ(λ(f ) lnλ(f )).
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Examples from groups-Part 2

2) Define Ψf (x) =
∑

g f (g)λ(g−1)xλ(g).

Theorem: (JNR) Let f such that
∑

g f (g) = 1
n ,

f (g) ≥ 0.Then we don’t know Smin(Φf ) = 0 but

Smin,cb(Ψf ) = −1

n

∑
g

f (g) ln f (g) .

(see more: Mathias Neufang’s talk).
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cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel.

Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij .

Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|.

Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

cb-entropy and capacity

Let Φ : Mn → Mn be a channel. Let XΦ ∈ Mn2 the Choi

matrix [XΦ(eij)]ij . Then

‖Φ : L1(Mn) → Lp(Mn)‖cb = sup
〈ψ|ψ〉=1

‖id ⊗ Φ(|a〉〈a|)‖p

‖id ⊗ tr2(|ψ〉〈ψ|)‖p
.

For ψ ∈ Cn2
we set γ12 = id ⊗ Φ(|ψ〉〈ψ|)and

γ2 = id ⊗ tr(γ) = (id ⊗ tr)|ψ〉〈ψ|. Then

d

dp
‖Φ : L1 → Lp‖cb = sup

ψ∈Cn⊗Cn
−S(γ12) + S(γ2)



Lp(Lq)

Motivation

Noncomm.

spaces

Partial trace

Lp -spaces

Requirements

Operator

spaces

Properties of

Lp(X )

Cb-entropy

results

Problems-

examples

Examples

from groups

CB-Entropy

and capacity

Conclusion: Smin,cb(Φ) = inf‖ψ‖=1 S(γ12)− S(γ2) is additive.

Compare with: The capacity of a quantum channel for

transmission of classical information when assisted by unlimited

entanglement is given by

CEA(Φ) = sup
γ

S(γ1) + S(γ2)− S(γ12)

where γ1 = tr ⊗ id(id ⊗ Φ(|ψ〉〈ψ|) depends on Φ. CEA(Φ) is

also additive, but CQ = S(γ1)− S(γ12) is not.

Thanks for your attention!
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