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X reflexive Banach space, H a Hilbert space

minimize ¢(x) s.t. x in X (1)

¢ X — Ry proper, weakly-Isc
with weakly compact level sets

For constructing the dual, we need the following ingredients...
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Take a duality parameterization for (1), i.e.,
g: X xH—Riyx suchthat g(x,0)=¢(x) Vx € X.

and an augmenting function o : H — R

proper, w-Isc, level-bounded, and:

0(0)=0, o(y)=llylvy, and Argymin a(y) = {0}
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L0y, 1) i= inf{g(x,2) = (2.y) + ro(2)}
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L(X7y7 r) = IQL{Q(X7 Z) - <Z7 y> + rO'(Z)}
z

The dual function: g: H x Ry — R_

q(y7 r) = ianEX L(X7y7 r)

with dual problem:

maximize q(y,r) st. (y,r) in Hx R, (D)
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Duality Properties

Augmented Lagrangians proposed by Rockafellar and Wets,
1997:

@ Strong duality: dual optimal value = primal optimal value
@ Saddle point properties: get primal solution using dual one
@ Dual problem is convex: use known solution techniques

Also true in infinite dimensions [Burachik-Rubinov, 2007]
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Fix (v, r) a dual variable, and ¢ > 0, find:

(x,2) e X-(y,r)

where

X (y;r) = {(x,2) € XxH : g(x,2)=(z,y)+ro(2) < q(y, r)+e}

Fact: (—2,0(2))e 8.q(y,r)
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Let | Mp :=infyex ¢o(X) — optimal primal value

Dual solutions=D.,

Fix e, > 0:

X, € X is e,—primal solution if| o(Xs) < Mp + €,

(e, C.) € H x Ry is e, —dual solution if | [G/ANCHISIMp = e
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An e-subgradient method

Update rule: Given current wy := (uk, c), search along
e-subgradient direction gxe d.q(wy):

Wi41 = Wk + Sk Gk
where step-size s, > 0. An e-subgradient of g at wy is
9k = (—2k, 0 (2k))

where
(Xk, Zk) € X(u, cx)
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Leta > 0,0 €(0,1),e. >0

Step 0 Choose (up, ¢p) with co> 0 and choose ¢ | 0.
Step k Given (u, ck):
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Step k.1 Find (Xk, zx) € X, (Uk, c) . If zZx= 0 and ex < ¢, STOP
Step k.2 If zx= 0 and ¢4 > «,, set ¢, = dex GOTO Step k.1
Step k.3

Set Uky1 = Uk — SkZk ,
Cki1 = Ck+ Sk(1 + Ozk)U(Zk),
where s, > 0 ake (0,a)
(Gasimov 2002; Gasimov & Ismayilova 2004)
(Burachik & Gasimov & Ismayilova & Kaya, 2006, Burachik & Kaya 2007,
Burachik & Kaya & Mammadov, 2009)
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