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m The network is a directed acyclic graph N with unit edge
capacities, a single source node s and several sinks t € T
m The transfer matrix is F = (| — K)~1 € GF(q)"*",
where K and has zero coefficients whenever the adjacency
matrix of the line graph of N does [Koetter, Medard 03].
m If x is transmitted from the source node s and edges of

the network are corrupted by an error vector e then the
network transmission is

Eimear Byrne

y=(x+e)F.



Example - The Butterfly Network
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F=l+K+K+K=(I-K)*!
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The Transfer Matrix for each Receiver
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Eimear Byrne F; is the n x n; submatrix of F whose columns correspond
to the n; edges connected to t.

m Node t receives
y =(x+e)F:.

The code C; is a subset of {zF;:z € GF(q)"}.
Messages z,Zz' € GF(q)" are identified if

z—7 €kerF; =: K;.



The Transfer Matrix for each Receiver
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L The transfer matrix for the Butterfly Network is given by
orrecting
Codes

F=l+K+K+K3=(-K)!
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The Transfer Matrix for each Receiver
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Eimear Byrne F=l+K+K +K=(-K)!
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The Transfer Matrix for each Receiver
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B If the message x = [x1,x1,0,0,0,0,0,0,0] is transmitted

Correcting

Codes without error then receivers 1 and 2 get
Eimear Byrne

1 17 [0 17
01 11
10 0 0
01 01

xFi=x|0 1 |=[x,xt+x,xFa=x|0 1 | =][x,x+x)].

00 10
01 01
01 00

L0 0 | L 0 1 ]

C1,Cr C GF(2)2.



Relevant Errors
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m Observe that if x is sent and the error e € K; occurs then
(x + e)F; = xF; is received, as if without error.

m Thus the decoder is only interested in errors e satisfying

eFt#O.



A Distance Function
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m K; induces a distance function on GF(q)™ by

Eimear Byrne
d¢(u,v) := min{d(x,y) : xF: = u,yF; = v},

where d is a distance function on GF(q)".

m Then d¢(u,v) =0 if and only if x —y € K; for some
X,y € GF(q)" satisfying xF; = u,yF; = v.

m For the Hamming distance, w¢(u) = d¢(u, 0) counts the
minimum number of linearly independent rows of F;
required to obtain a representation of u = xF;.



Weights Induced by K;j for the Butterfly Network
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1

A=

= O

1000000]
0110110]|°
K1 induces the following weights on GF(2)2.

c |00 01 10 11
cF 1| Ky | 010..0 + Ky | 0010...0 + Ky | 10...0 + Ky
w(c) | 0 1 1 1




Error Correction
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Eimear Byme that ¢ = xF; has been transmitted if

dt(Y7 C) < dt(y7 cl)

for all ¢’ € C;.

m The decoder at node t can correct e errors if
d¢(Ct) > 2e+ 1.

m Thatis, if d¢(Ct) > 2e + 1 then C; can correct any error
pattern e satisfying w¢(eF;) < e.



Parameters of a Network Code
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Let A/ be a network with a single source node s and set of sink
nodes 7. Let F be a transfer matrix for \V.
A network code C is a collection

Eimear Byrne

C:={C;:teT},

where C; C {xF; : x € GF(q)"} = GF(q)"™ is an (n¢, |Ct|, d¢)
code.

m Ki:=ker Fy = {x € GF(q)" : xF; = o}, {; := |supp K¢|.
m We say that C is an (n, {(n, l¢, |Ct|,d:) : t € T}) network
code.



The Size of a Network Code
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Error We call ¢ := min{|C¢| : t € T} the size of C.

Correcting
Codes

Eimear Byme The number ¢ denotes the minimum number of distinct

messages that can be transmitted by s to any node t using the
transfer matrix F.

Definition
We denote by

Aq(n, {(n¢, s, de) : t €T})

the maximum size of any (n, {(n¢, 4t,|C¢|, di) : t € T}) network
code.



Some Known Upper Bounds
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Eimear Byrne Theorem (Yang, Yeung, NGai, 2007)

Aqg(n, {(n¢, b, de) : t €T})

® < min {W te ’T} (sphere-packing bound)

m <min{q" 9%l :te T} (Singleton bound)



The Classical Plotkin and Elias Bounds

UL The classical Plotkin and Elias bounds find upper and lower
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Error bounds on the sum of the distances between codewords of an
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ICl(ICI=1)d < D dxy) = > > dlx.y)

x,yeC i=1 x,yeC



The Classical Plotkin and Elias Bounds

UL The classical Plotkin and Elias bounds find upper and lower

for Network

Error bounds on the sum of the distances between codewords of an

Correcting

Codes (n7 ‘C‘, d) Code.

ICl(ICI=1)d < D dxy) = > > dlx.y)

x,yeC i=1 x,yeC

n
1111111 i i
1111000 = Zma(‘c|_ma)
1100110 i—1
1010101
0000111 - |C|?ny Plotkin
0011001 2 .
0101010 - |C|2(2r—%) Elias
1110001
1011011 g—1
1101110 Y=
1101101 q
1010100 2
1118100 r<—2ynr+ynd > 0.
1110111
0110111



Pulling Back the Network Code
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These arguments work because the Hamming weight of a word
can be expressed as the sum of the weights of its components.

Eimear Byrne

This is not true of our distance function!

For example, the Butterfly Network matrix F; gave

c |00]01[10]11
wie) [ 0| 1|1 [1]
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Cel(ICel —1)de < D de(xFe,yFe)
xFt,yFe€Ct
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Cel(ICel —1)de < D de(xFe,yFe)
xFt,yFe€Ct

= ) min{du(x,y) X —xy —y €K}
th,yFtECt
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Cel(ICel —1)de < D de(xFe,yFe)
xFe,yFreCt
= Z min{dp(x,y'): X —x,¥y —y € K;}
xFe,yFteCt
< ) av{du(x,y) X —xy —y €Ki}

xFt,yF+E€Ce
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ICel(ICe| = 1)de

IN

Z de(xFe, yFe)

xFi,yFt€Ct

= Z min{dp(x,y'): X —x,¥y —y € K;}
xFe,yFt€Ct

< Z av{dy(x,y") : X' — x,y —y € K;}
xFe,yFt€Ct

Instead of computing the sum of the distances between the
distinct cosets of K; in My, we compute the sum of the average
distances between elements of distinct cosets.



A Key Lemma
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’% Z w(v + x) = vy[supp V| + w(my(x)),

vev

where vy (x) is obtained by puncturing x on supp V.



A Key Lemma
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1
v Z w(v + x) = v|supp V| + w(my(x)),
veV

where vy (x) is obtained by puncturing x on supp V.

1000 (1 10
01001110
1011110
01111110

—— N~
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Let v = q L and let d > yn. Then

Aq(n, {(n¢, e, de) :t€T}) < min {dt_—’ygt te T}.
dt —yn



Proof Sketch:
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Proof Sketch:
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= Z min{dy(x',y’) : X' —x,y —y € K¢}
xFe,yF+€Cy




Proof Sketch:
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Codes |Ct|(|ct| — 1)dt S Z dt(XFt7yFt)
Eimear Byrne XthFtECt

= Z min{dy(x',y’) : X' —x,y —y € K¢}
xFe,yF+€Cy

> av{du(d.y) X —xy —y € K}
xFe,yF+€Cy

IN



Proof Sketch:
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Eimear Byrne XthFtECt

= Z min{dy(x',y’) : X' —x,y —y € K¢}
xFe,yF+€Cy

< Z av{dp(x,y") : X' —x,y —y € K¢}
xFt,yF:€Ct

= 1|2 Z dH(X,Y)—\Ct||Kt|ZWH(Z)

K
| t x,y€ M, zeK:
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Eimear Byrne = |Kt|2 Z dH(X7 y) - |Ct||Kt| Z WH(Z)

x,yeM; zeK;

/

-~
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Eimear Byrne |Kt|2 Z dH(X7 y) - |Ct||Kt| Z WH(Z)
x,yeM; zeK;

= Plotkin Key Lemma
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1

Eimear Byrne = W Z dH(X7 y) — |Ct||Kt| Z WH(Z)
x,yeM; zeK;
= Plotkin Key Lemma

1
| Kel?

IN

(IM¢|?|supp Me|y — |Ce||Ke|*|supp Ke|7)



Proof Sketch:
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1

= kE| 2 ey eIk Y wa(z)
t X,y€M; zeK;
= Plotkin Key Lemma
1
< kP (IMe[?|supp Me|y — |C:||Ke|*[supp Kel)

So
Ce|(ICe| — 1)d¢ < |Ce|?|supp M|y — |Ce||supp K|y

Rearrange to get
< dy — Lt

G < de —yn



An Elias Bound
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Let di < vn. Let r be a positive real number satisfying

Ve < r <yn—/y(yn—ds)(n— ;) foreacht € T.
Then

Aq(n, {(ne,le,de) : t € T}) <

min (de — vle)y(n — Le)g" " _
{ [(r = n) = 7(3n— d)(n =€) IB™(r — )] " © T} ’

where B"~%(r — ~{;) is the sphere of radius r — v{; about
0 € GF(q)"%.
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o Let A, C C GF(q)N. Then there exists x € GF(q)" such that

Eimear Byrne

|(x+A) N Clq"

Cl <
€] A
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o Let A, C C GF(q)N. Then there exists x € GF(q)" such that
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Corollary

Set A= B*(r), C =C; C GF(q)™. Then

Bt (r) N Celg™
B2 (r)]

|Ce| <
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Set N = ny, A= B*(r),C =C¢ C GF(q)™. Then

Bt (r) N Celqg™

¢ < av
G < =B )
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Set N = ny, A= B*(r),C =C¢ C GF(q)™. Then

Bt (r) N Celqg™

¢ < av
G < =B )

m BY(r):={z e GF(q)" : av{wn(x) : xFs =z} < r}.
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Set N = ny, A= B*(r),C =C¢ C GF(q)™. Then

Bt (r) N Celqg™

¢ < av
G < =B )

m BY(r):={z e GF(q)" : av{wn(x) : xFs =z} < r}.
m BY(r) = {xF: € GF(q)" : wu(me(x)) < r — ly}.
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Corollary
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Set N = ny, A= B*(r),C =C¢ C GF(q)™. Then

Bt (r) N Celqg™

¢ < av
G < =B )

m BY(r):={z e GF(q)" : av{wn(x) : xFs =z} < r}.
m BY(r) = {xF: € GF(q)" : wu(me(x)) < r — ly}.

o B ()] = B (r — L) g,
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000 4=2+2

Eimear Byrne 0 0 0 0 |1 1 0
1 1 0o o0 1 1 o
0 0 1 1 |1 1 0
1 1 1 1 |1 1 0
1 0 0 0 |1 1 0 001 4=2+4+2
0 1 0 0 |1 1 0
1 0 1 1 |1 1 0
0 1 1 1 |1 1 0
0 0 1 0 |1 1 0 111 4=2+4+2
1 1 1 0 1 1 o0
0 0 0 1 |1 1 0
1 1 0 1 |1 1 0
0 1 1 0 |1 1 0 111 4=2+4+2
1 0o 1 o0 1 1 o0
0o 1 0 1 |1 1 o0
1 0 o 1 1 1 o0



An Upper Bound on |B;|

Upper Bounds
for Network
Error .
Correcting NeXt we flnd an Upper bound on ‘Bt
Codes

BB -1 < 3 wilxFe—yF)
xF:,yF:€Bt

= |B&V(r) N Cy.
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An Upper Bound on |B;|
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Correcting NeXt we flnd an Upper bound on ‘Bt
Codes

BB -1 < 3 wilxFe—yF)
xF:,yF:€Bt

< Z av{w(z) :z € (x —y) + K¢}

xFt,yFt€B: e

= |B&V(r) N Cy.

Eimear Byrne




An Upper Bound on |B;|
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= |B&V(r) N Cy.

Eimear Byrne |Bt‘(’8t’ . ]-)dt < Z Wt(XFt _ yFt)
xFt,yF+€B:
< Z av{w(z) 1z € (x —y) + K¢}
xFt,yF+€B: e

Key Lemma



An Upper Bound on |B;|
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Correcting NeXt we flnd an Upper bound on ‘Bt
Codes

= |B&V(r) N Cy.

Eimear Byrne |Bt‘(’8t’ . ]-)dt < Z Wt(XFt _ yFt)
xFt,yF+€B:
< Z av{w(z) 1z € (x —y) + K¢}
xFt,yF+€B: e

Key Lemma

= > (ylsupp Ke| + w(me(x — y)))
xFt,yFt€Bt
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An Upper Bound on |B;|

|Bt|(|Be| — 1)d:

Next we find an upper bound on |B;

<

IN

\
Z we(xF: — yFy)

= |BV(r) N Cyl.

xFi,yFt€B:
Z av{w(z):ze€ (x —y) + K:}
xFi,yFt€B: e

Key Lemma

> (vlsupp Ke| + w(me(x —y)))
xFt,yFt€B:

Bel(1Bel = Dty + > wim(x —y)),
xFt,yFt€B:
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< B(IBel = 1)ley+ > wlm(x—y)),
xFe,yF+€Bt
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< B(IBel = 1)ley+ > wlm(x—y)),
xFe,yF+€Bt

Elias
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< B(IBel = 1)ley+ > wlm(x—y)),
xFt,yF+€Bt

Elias
< |Be|(1Be| — 1)ey +2|Be|*(r — Ley) —

for vy < d < r <~vnand (r —yn)® — y(yn —d;) > 0.

As before, rearrange the inequality to obtain the required upper
bound on |By|.
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Let vl < d < r <~n and let
r2 —2ynr + v%4:n + ~vde(n—¥¢;) > 0. Then

’Y(dt - ’Yet)(” - gt)
(r —n)2 —~(yn —d)(n —ve)

|Be| <
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Let di < vn. Let r be a positive real number satisfying

Ve < r <yn—/y(yn—ds)(n— ;) foreacht € T.
Then

Aq(n, {(ne,le,de) : t € T}) <

min (de — vle)y(n — Le)g" " _
{ [(r —yn)? —y(yn — de)(n — v£:)]| B 4 (r — vLs)| te T} '

where B"~%(r — ~{;) is the sphere of radius r — v{; about
0 € GF(q)"%.
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ag({(ve, A, 6¢) st €T}) =

lim sup % log, (Aq(n, {(ven, Atn, é:n) : t € T})).
n—oo

We seek an upper bound on this quantity.
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m (Plotkin) Let §; > ~y for each t. Then
aq({l/t, 51:, >\t te T}) =0.
m (Singleton) Let 0 < §; < 1 for each t. Then

ag({ve, 0, A\e 1 t€eT}) <v—0.
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EEN et r > 0. Given n, {(n¢, b, dy) i t € T} satisfying
md < yn,
m e < r <yn—/y(yn —de)(n — L)

for each t, let (v,¢,d) =

argmin { (de — yle)y(n — te)q" " }
[(r—7n) — (77— de)(n — VENB™ (r )| e
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SRR ety )\, 0, € (0,1) such that 6, <y and

YA <p <y — VA —0) (1 — Ae)

p— A
1=

for each t. Let & =
Then

. Let r=pn, d =dn, £ = \n.

aq({ve e he t€TY) < (1— A1~ Hy(€)):

Remark: As A — 0, this quantity — 1 — Hq(p).
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Corollary (Asymptotic Elias Bound)

o))

ag({ve, 0, A\ 1t € T}) < (1-1)




Concluding Remarks
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m These results extend completely to the case where we
replace GF(q) by a finite Frobenius ring and the Hamming
weight with the homogeneous weight.

For example, for codes over Z, for the Lee weight.

m In both bounds, the support size ¢; of the kernel K; plays
a role, whereas n; does not, (unless we replace ¢; by
n— ng < Et)
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