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On evolutionary stability of optimal foraging



Talk outline:

1. Two paradigmas of the optimal foraging theory: patch and diet choice models. 

2.     Derivation of frequency dependent fitness functions

3.     Calculation of ESS, emergence of partial preferences



Optimal foraging theory
(MacArthur and Pianka, 1966; Emlen 1966)

Two paradigms: 

Patch model (Charnov 1976a) – heterogeneous environments consisting of foraging patches.
When a forager should leave its current patch and start to search for a new patch?

Question: What is the ``optimal’’ foraging strategy? 

Diet choice model (Charnov 1976b)  - homogeneous environments with several 
resource types, strategy is defined as the probability with which a resource is included in 
the consumer diet
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Fitness function for the diet choice model

Total time spent by handling and searching food: (1+u1h1λ1x1+u2h2λ2x2)Ts

Energy gained during search time Ts: (u1e1λ1x1 + u2e2λ2x2)Ts

W (ũ, u) =
e1λ1ũ1x1 + e2λ2ũ2x2

1 + h1λ1ũ1x1 + h2λ2ũ2x2

Fitness = Energy gained
Total time



Optimal strategy for the diet choice

W =
e1λ1ũ1x1 + e2λ2ũ2x2

1 + h1λ1ũ1x1 + h2λ2ũ2x2
�→ max

(ũ1,ũ2)

Zero-one rule:

Assumption: Prey 1 is more profitable than prey 2, (i.e., e1
h1
> e2

h2
)

(1) The preferred food 1 is always included in diet (ũ1 = 1)

(2) The alternative food 2 is included when the abundance of the preferred
food type 1 is lower than the threshold

x⋆1 =
e2

λ1(e1h2 − e2h1)

otherwise it is excluded.



Preferred food density
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2. The optimal strategy does not depend on the number of foragers.

1. When x1 = x
∗

1 the strategy is not uniquely defined.
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Experiments with great tits

Rate encounter with large food item 
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Fitness function for the patch model
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W (ũ, u) = (e1λ1x1 −m1)ũ1 + (e2λ2x2 −m2)ũ2

Optimal strategy

ũ1 =

{
1 if e1λ1x1 −m1 > e2λ2x2 −m2

0 if e1λ1x1 −m1 < e2λ2x2 −m2

ũ2 = 1− u1

What is the optimal strategy when e1λ1x1 −m1 = e2λ2x2 −m2?



Is it possible to define the strategy when maximization of fitness functions does 
not predict a unique optimal strategy?

For the prey model this happens when the more profitable prey density reaches
the switching threshold x1 = x

∗

1

For the patch model this happens when both patches provide the same payoff
(e1λ1x1 −m1 = e2λ2x2 −m2)



Both fitness functions are missing: 

1. the ecological feedback, i.e., the effect of consumers on resources 
and resources on consumer strategy

2. The effect of consumer numbers on consumer strategy (i.e., 
consumer density dependence)

Consumer strategy Resource densities



Ecological feedback for the patch model 
(Krivan and Schmitz 2003)

x1

e1λ1x1 −m1 = e2λ2x2 −m2

x2

dx1
dt

= a1x1

(
1−

x1
L1

)
− u1λ1x1y

dx2
dt

= a2x2

(
1−

x2
L2

)
− u2λ2x2y

dy

dt
= (e1λ1x1 −m1)u1y + (e2λ2x2 −m2)u2y



Assumption: Resource population dynamics run on a fast time scale when compared 
with consumer population dynamics, i.e., resources equilibrate quickly
with current consumer numbers

Frequency dependent fitness function:

Time scale separation

Resource equilibrium:

W (ũ, u) = ũ1(e1λ1x1−m1)+ũ2(e2λ2x2−m2) = ũ1r1

(
1 −

u1y

K1

)
+ũ2r2

(
1−

u2y

K2

)

xi = Li

(
1−

λiuiy

ri

)

dx1
dt

= a1x1

(
1−

x1
L1

)
− u1λ1x1y

dx2
dt

= a2x2

(
1−

x2
L2

)
− u2λ2x2y

dy

dt
= (e1λ1x1 −m1)u1y + (e2λ2x2 −m2)u2y

ri = eiλiLi −mi
where Ki =

ai(eiλiLi−mi)
eiLiλ

2
i



ESS for the patch model
(Cressman et al. 2004)

u∗1 =






K1r2
K1r2 +K2r1

+
K1K2(r1 − r2)
(K1r2 +K2r1)y

if y > (r1−r2)K1

r1

1 if y ≤ (r1−r2)K1

r1

dy

dt
=






r1y

(
1−

y

K1

)
if y ≤ (r1−r2)K1

r1

r1r2(K1 +K2)

K2r1 +K1r2
y

(
1−

y

K1 +K2

)
if y > (r1−r2)K1

r1



Comparision of unscaled (solid line) and scaled (dashed line) population dynamics

xi = Li(1− λiuiy/ai)

dy

dt
=






r1y

(
1 −

y

K1

)
if y ≤ (r1−r2)K1

r1

r1r2(K1 +K2)

K2r1 +K1r2
y

(
1 −

y

K1 + K2

)
if y > (r1−r2)K1

r1
,

dx1
dt

= a1x1

(
1−

x1
L1

)
− u1(x1, x2)λ1x1y

dx2
dt

= a2x2

(
1−

x2
L2

)
− u2(x1, x2)λ2x2y

dy

dt
= (e1λ1x1 −m1)u1(x1, x2)y + (e2λ2x2 −m2)u2(x1, x2)y



The ecological feedback mechanism for the prey model
(Krivan and Schmitz 2003):

Low resource carrying capacity High resource carrying capacity
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dx1
dt

= a1x1

(
1 −

x1
L1

)
−

λ1x1y

1 + h1λ1x1 + h2λ2u2(x1)x2

dy

dt
=

(
e1λ1x1 + e2λ2u2(x1)x2

1 + h1λ1x1 + h2λ2u2(x1)x2
−m

)
y



The ecological feedback mechanism for the prey model

Time scale separation: Resource population dynamics run on a fast time scale when compared 
with consumer population dynamics, i.e., resources equilibrate quickly
with current consumer numbers

x1+ =
−1 + h1L1λ1 − h2u2x2λ2 +H(u2)

√
1− c(u2)y

2h1λ1

dx1
dt

= a1x1

(
1−

x1
L1

)
−

λ1x1y

1 + h1λ1x1 + h2λ2u2(x1)x2

dy

dt
=

(
e1λ1x1 + e2λ2u2(x1)x2

1 + h1λ1x1 + h2λ2u2(x1)x2
−m

)
y



Frequency dependent fitness function for the prey model 

W (ũ2, u2) =
2h1(e1L1λ1 + e2x2ũ2λ2)− e1H(u2)(1−

√
1− c(u2)y)

2h1H(ũ2)− h1H(u2)(1−
√
1− c(u2)y)

.

Strategy

u∗2 =
L1λ

2
1(e1h2 − e2h1)

a1h2λ2x2(L1λ1(e1h2 − e2h1)− e2)
y −

e1
λ2x2(e1h2 − e2h1)

is a convergence stable ESS (Krivan, subm.).

W =
e1λ1x1 + e2λ2ũ2x2

1 + h1λ1x1 + h2λ2ũ2x2



Consumer population dynamics driven by the singular strategy

u∗2 =






0
L1λ

2
1(e1h2−e2h1)

a1h2λ2x2(L1λ1(e1h2−e2h1)−e2)
y − e1

λ2x2(e1h2−e2h1)

1

dy

dt
=






y e2−h2m
h2

if 0 < u∗2 < 1

ry

(
1− K(u2)

1+
√
1−c(u2)y

)
if u∗2 = 0 or u∗2 = 1



x1+ =
−1 + h1L1λ1 − h2u2x2λ2 +H(u2)

√
1 − c(u2)y

2h1λ1

x1

y

dx1
dt

= a1x1

(
1−

x1
L1

)
−

λ1x1y

1 + h1λ1x1 + h2λ2u2(x1)x2

dy

dt
=

(
e1λ1x1 + e2λ2u2(x1)x2

1 + h1λ1x1 + h2λ2u2(x1)x2
−m

)
y

2 3 4 5 6 7
1

2

3

4

5

dy

dt
=






y e2−h2m
h2

if 0 < u2 < 1

ry

(
1 − K(u2)

1+
√
1−c(u2)y

)
if u2 = 0 or u2 = 1

x∗1
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Conclusions:

1. Frequency dependent fitness functions can be derived from population models using 
time scale argument.

2. The resulting models can be analyzed using the static methods of evolutionarily game
theory

4. For  optimal foraging models this approach can predict partial consumer preferences 
for various food types.
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