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Some background
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Descents

W = (s, : a € A) finite Coxeter group

A ={ai,...,an} (nodes of Dynkin diagram)

D(w):={1<i<n:waq; <0}

Ay = AU{ag = —a} (nodes of extended Dynkin diagram)

b(W) ={0<i<n:wa; <0}
w | D(w) | D(w)
123 0 | {0}
132 {2} [{0,2}

Type A'is “cyclic” descents: 213 | {1} |{0,1}

231| {2} | {2

312 | {1} | {1}
321 | {1,2} | {1,2}
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Descent algebras

= > w (inZ[W)

D(w)CJ

Solomon (1976): Sol(W) := Span{X, : J C [n]} is a subalgebra

Xp= 3w (inz[W])

D(w)CJ
=S X (inzZ(w))
|J|=k

Cellini (1995): Span{xx : k € [n]} is a commutative subalgebra
Span{X,} is NOT a subalgebra. However. ..



Main result

Sol(W) :=Span{X; = Y w:JC[o,n]}
D(w)CJ

Theorem (Aguiar-P.)

Sol(W) is a left module over Solomon'’s descent algebra

e We call §5I(W) the "module of affine descents”



The geometric approach
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The geometric approach

Tits (1976), Bidigare (1997):
Coxeter complex «— Sol(W)

Our approach: s
Steinberg torus «— Sol(W)



The module of affine descents

Solomon’s descent algebra



The Coxeter arrangement

Y = {Hg: § € ®}, the Coxeter arrangement
Ho,

/.

G

Gy

G

>~ 7

S1



Semigroup of faces

N/

3[1)2 132 123 123

312 123

321 23|1 2/13 2(1/3

/o \



Semigroup of faces

\ o/

3)1[2 132 1/23 1123
3|12 123 .

| - L/

3)2/1 231 2|13 213

/ \ 2 is a semigroup
2|3|1

12[3-23]1 = 2[1|3



W-orbits

1)23

312

2|13 faces of color J

/ \ — w such that D(w) C J



The algebra =% of invariants

op = 123 (origin)

o1 = 1|23 4 2|13 + 3]12

oy = + +

o1 = 1123+ 1[3]2 + 2|1[3 + 2[3|1 + 3|1|2 + 3|21




The algebra =% of invariants

op = 123 (origin)

o1 =123+ 2|13 + 3[12

oy = + +

o1 = 123 + 132 + 2|1|3 4 2/3|1 + 3[1[2 + 3[2]1

W-orbits closed under products of faces:

112]3 + 1132 + 1|23+
o109 = 2|13+ 23|14 2|13+
3|12 4+ 3/2|1 + 3|12

=012+ 01



Solomon'’s descent algebra

Theorem (Bidigare, Tits, - see also Brown)
¥ W is (anti-)isomorphic to Solomon’s descent algebra via:

oy Xp= Y wo (JCn)

D(w)CJ
op = 123 Xy =123
o1 = 1]23 + 2|13 + 3|12 Xy = 123 + 213 + 312
o = + + Xo =123 +132 + 231
12[3 + 13)2 + 2|13 123 + 132 + 213

27 o332 +3201 | TR T 423143124321



Solomon'’s descent algebra

1123 4 1[3)2 + 123+
ook =Y oL oro2= 213+2(31+2[13+
L 31102 + 3[2|1 4 3]12

=012+ 01

123 + 132 + 231+
XX =3 cheXe  XoXi= 2134312+ 321+
L 312 4213 4 123

= X2+ Xq



The module of affine descents

Affine structures



The affine arrangement

W = (s, : a € DAg)

Y (A) :

0

1S

a,l



The affine arrangement

L
I

e

=
-

of faces on Z

KAY/Q
KAY ]



The Steinberg torus

Yrey/L

(Product is ill-defined) //




W-orbits in the Steinberg torus



The Steinberg torus

Theorem (Dilks-P.-Stembridge (2009))

Affine descent sets characterize faces of the Steinberg torus:
{faces with color-set J} — {w € W : D(w) C J},

i.e.,
gy« Xy



The Tits cone

Y (A1) :

Z(Al) :

AATAVAVAVANANAL:
T AVAVAVANVAVAYY
| AYAVANVANAYavir)
 TAVAVANVAI |
il 1l
NNNAVAVAVAVAY7 !

//?4’
NN




The module of affine descents

The affine descent module



The product Y XY Y




The product 27 X X~ — X1

The semigroup ¥
actson X1



W-invariants

YW = Sol(W)



W-invariants
YW = Sol(W)
acts on
(X7)" = Sol(W)

~ 2 : L ~ v 2 : L vy
OJOK = CJ7K0'L<_>XKXJ: CJ7KXL
L L



W-invariants

YW = Sol(W)
acts on
(X7)" = Sol(W)
gJO'K = ZCJLJ(gL ~ XK)?_] = ZCJL,K)N(L
L L
1 2 3

2 0o+ 2 0+ 2 0 « 231+ 132+123
23 13 12



Main result

Theorem (Aguiar-P.)

For any irreducible (finite) Weyl group
1. $(W) is a right module over ¥(W)
2. X7 (W) is a right module over (W)
3. Sol(W) is a left module over Sol(W)
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