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Outline

I Ribbon number, q-ribbon number, and (q, t)-ribbon number.

I Equidistribution of maj and inv over inverse descent classes.

I Interpretion of the ribbon numbers by representations of Sn

and GL(n,Fq). (Reiner-Stanton 2010)
I 0-Hecke algebra actions on coinvariants and flags:

I another interpretation of the (q, t)-ribbon number,
I a folumar involving maj, inv and inverse descent.
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New result II
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Compositions

I Let I = (i1, . . . , ik) be a composition of n = i1 + · · ·+ ik .

I The descent set of I is D(I ) = {i1, i1 + i2, . . . , i1 + · · ·+ ik−1}.
I e.g.

I = (3, 1, 2, 2) is a composition of 8

↔ D(I ) = {3, 3 + 1, 3 + 1 + 2} = {3, 4, 6} ⊆ [7].
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Ribbon number

I

rI = #{w ∈ Sn : Des(w) = D(I )}.

I

r(1,2,1) = 4!
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Descent class of I = (1, 2, 1)
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q-ribbon number

I

rI (q) =
∑

w :Des(w)=D(I )

qinv(w).

I

r(1,2,1)(q) = [4]q!
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(1− q)(1− q2) · · · (1− qn)

(1− q)(1− q) · · · (1− q)
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t-ribbon number

I

rI (t) =
∑

w :Des(w−1)=D(I )

tmaj(w).

I Equidistribution of maj and inv on inverse descent classes
(Foata-Schützenberger 1978) implies

rI (t)
t→q−−−→ rI (q).
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(q, t)-ribbon number (Reiner-Stanton 2010)

I

rI (q, t) =
∑

w :Des(w)=D(I )

wt(w ; q, t).

I If n!q,t = (1− tqn−1)(1− tqn−q) · · · (1− tqn−qn−1
) then

r(1,2,1)(q, t) =4!q,t
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More examples

I

r(1,2) = 2

I

r(1,2)(q) = q + q2

I

r(1,2)(t) = t + t2

I

r(1,2)(q, t) = tq−1 + t2(q−1) + · · ·+ t(q+q2)(q−1).
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Coxeter complex ∆(W , S) of W = Sn

I Partial flags of subsets of [n] ordered by containment.

I n = 3:
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Tits building ∆(G , B) of G = GL(n, Fq)

I Partial flags of subspaces of (Fq)n ordered by containment.

I n = 3, q = 2:
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Homology representations

I

χI = top homology of ∆(W ,S)I

χI
q = top homology of ∆(G ,B)I

I

M I = HomZW

(
χI ,Z[x]

)
, a Z[x]W -module

M I
q = HomFqG

(
χI

q,Fq[x]
)
, an Fq[x]G -module
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Interpreting ribbon numbers
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0-Hecke algebra

I Our goal is to show two similar pictures obtained from
representations of 0-Hecke algebra Hn(0) of type A
(0-deformation for Z[Sn]).

I Hn(0) is generated (over Z) by T1, . . . ,Tn−1 with relations
T 2

i = −Ti , 1 ≤ i ≤ n − 1,
TiTi+1Ti = Ti+1TiTi+1, 1 ≤ i ≤ n − 2,
TiTj = TjTi , |i − j | > 1.
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Representation theory of Hn(0) (Norton 1979)

I Simple modules CI ↔ compositions I of n:

Ti =

{
−1, if i ∈ D(I ),
0, if i /∈ D(I ).

I Indecomposable projective modules PI ↔ compositions I of n.

I PI is the projective cover of CI , CI = top(PI ) = PI/radPI .

I

Hn(0) =
⊕

I

PI .
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Frobenius characteristic (Krob-Thibon 1997)

I QSym has a basis consisting of Quasi-ribbon functions

FI =
∑

J refining I

MJ .

e.g. F212 = M212 + M1112 + M2111 + M11111.

I

F :
⊕
n≥0

G0(Hn(0))
∼−→ QSym,

M =
k⊕

i=1

[CIi ] 7→ FI1 + · · ·+ FIk .
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n = 3
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Fq(Hn(0))

Fq(Hn(0)) =
∑

w∈Sn

qinv(w)FDes(w−1)

=
∑

I

rI (q)FI

q→1−−−→ F(Hn(0)) =
∑

I

rI FI .



Demazure Operators

I Hn(0) acts on Z[x]/(Z[x]Sn
+ ) by Ti = πi = ∂ixi − 1, where

∂i =
1− si

xi − xi+1
, si = (i , i + 1).

I e.g. Let f = x3
1 x2x3x4

4 . Then

I π1f = (x2
1 x2

2 + x1x3
2 )x3x4

4 ,

I π2f = x3
1 · 0 · x4

4 ,

I π3f = x3
1 x2(−x3x4

4 − x2
3 x3

4 − x3
3 x2

4 ).
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Coinvariant algebra Z[x]/(Z[x]Sn
+ )

Theorem (H.)

(i) Z[x]/(Z[x]Sn
+ ) is a graded version of Hn(0):

Z[x]/(Z[x]Sn
+ ) =

⊕
I

NI
∼= Hn(0)

where NI
∼= PI ⊆ Hn(0).

(ii) It has a basis of certain Demazure atoms whose leading terms
give the well-known descent basis (Garsia 1980).



Descent basis (Garsia 1980)

I Descent monomial for a permutation w is

xw =
∏

i∈Des(w)

(xw(1) · · · xw(i)).

e.g. 35·2·14 : x3x5 ·x3x5x2 = x2
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1G
B and SB/(SG

+ )

I Let G = GL(n,Fq), B the Borel subgroup of G , 1G
B the

permutation representation of G/B over Z.

I Hn(q) ∼= EndZ[G ](1G
B ), with Tw identified with (B 7→ BwB).

I Hn(0) hence acts on 1G
B ⊗ Fq and the coinvariant algebra

SB/(SG
+ ) ∼= HomFq [G ](1G

B ⊗ Fq,S)

where S = Fq[x1, . . . , xn].
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“Inclusion-Exclusion” for simple factors

I Given a finite dimensional graded Hn(0)-module Q, define

QI =
⋂

j∈D(I )c

ker Tj .

I Lemma:
Ft(Q) =

∑
I

cI (Q)FI ,

where
cI (Q) =

∑
J:D(J)⊆D(I )

(−1)`(I ,J)Hilb(QJ , t).
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Simple factors of 1G
B and SB/(SG

+ )

Theorem (H.)

F
(

1G
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Ft
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When is F(M) symmetric?

I (Krob-Thibon) F(PI ) is the ribbon schur function.

I Thus F(M) is symmetric if M is projective.

I F(1G
B ) =

∑
I rI (q)FI =

∑
I

[
n
I

]
q

MI is symmetric.

I By the RSK correspondence one has

F(1G
B ) =

∑
λ`n

qb(λ) [n]!q∏
u∈λ[hu]q

sλ.

where hu is the hook length of u in λ and b(λ) =
∑

i (i − 1)λi .
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Decomposing 1G
B and SB/(SG

+ ) as Hn(0)-modules?

I For n = 3, q = 2, 3, 5, 7, computations show that

1G
B
∼= P3 ⊕ (P21 ⊕ P12)⊕(q+1

2 ) ⊕ (P111)⊕q3

.

I 1G
B is not projective for

{
n = 3, q = 4, 8,
n = 4, q = 2, 3.

I SB/(SG
+ ) is not projective for n = 3, q = 2, 3.
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Other questions

I Algebraic proof for the equidistributivity of inv and maj on
inverse descent classes?

I Any q-analogue for πi?

I Generalizing to finite Coxeter groups and groups with
BN-pairs: what’s the action on the coinvariant algebra of W ?
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Coinvariants of Weyl groups

I Demazure operators πi were defined for Z[Λ] and respect
Z[Λ]W = Z[a1, . . . , a`].

I Descent basis for Z[Λ]/(a1, . . . , a`) using Stanley-Reisner ring
of ∆(W ) (Garsia-Stanton 1984)

I Decomposition of Z[Λ]/(a1, . . . , a`) as an H -module gives

I a 0-deformation of H (without grading),
I a basis of certain Demazure atoms, with leading terms being

descent monomials.
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