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Outline

» Ribbon number, g-ribbon number, and (g, t)-ribbon number.
» Equidistribution of maj and inv over inverse descent classes.

» Interpretion of the ribbon numbers by representations of &,
and GL(n,Fg). (Reiner-Stanton 2010)
» 0-Hecke algebra actions on coinvariants and flags:

» another interpretation of the (g, t)-ribbon number,
» a folumar involving maj, inv and inverse descent.



New result |

]_.( Hn(O)) Krob-Thibon
> Fowy
weS,
g—1 ' h“&\iTl
AN
Fo(Ha(0)) Z2ob-Thibon e Fo(ZIX)/(Z[X]S")) 2
Z qinv(w) FD(Wfl) ‘ (Foata-Schiitzenberger) Z tmaj(w) FD(wfl)
weS, wes,
’X\ T
=1 g—1

Ne
Faux (ZIX/(ZIXS")) ==
Z tmaj(w)qinv(w)FD(W71)

wes,




New result Il

_Krob-Thibon
| —/———

multc, (Hn(0)) ‘

i
T
A
A
A
A

New

ri(q)
multc, (18)

ot r/(t) _New
grmulte, (Z[x]/(Z[X]$"))

T
1
t— tq-1

qg—1

New

n(q,t) ==
grmult, (Fq[x]®/(Fq[x]$))




Compositions

» Let | =(i,...,Ik) be a composition of n =iy + -+ + i.



Compositions

» Let /| = (i1,...,Ix) be a composition of n =iy + -+ + i.
» The descent set of | is D(I) = {i1, i1 +i2,..., 01+ -+ ik_1}.



Compositions

» Let /| = (i1,...,Ix) be a composition of n =iy + -+ + i.
» The descent set of | is D(I) = {i, i1 +io,..., 01+ +ik_1}.
> eg.

I =(3,1,2,2) is a composition of 8
o D()={3.3+1,3+1+2} = {3,4,6} C[7].
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Ribbon number

>
n=#{w e &, : Des(w)=D(I)}.
g 1 1 1
I {142 {2+
ragy =411 5 (2i1)! =5
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Descent class of / = (1,2,1)

2-14-3
-
3-14.2
3.24.1 4.13.2
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r/(q) = Z qinv(w).

w:Des(w)=D(/)
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1 [1+12].q [1+2f1]-q
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= q2+q3+2q4+q5

ra2n(@) = [4¢!

where

[n]!y = (1—Q)(1—q2)...(1_qn)
N 1-g9)(1—9q)---(1—q)
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t-ribbon number

n(t) = > gmai(w),

w:Des(w—1)=D(I)

» Equidistribution of maj and inv on inverse descent classes
(Foata-Schiitzenberger 1978) implies

n(t) =% n(q).
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(g, t)-ribbon number (Reiner-Stanton 2010)

n(g.t)= > wi(wig 1)

w:Des(w)=D(I)

> Ifnlg, = (1—t9" 1)1 —t9""9)... (1 —t9""9"") then

1 1 1
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r(17271)(q7 t) :4'q7t 1 2!Qafq (2+1)!qatq
0 1 1
1 3
q,tq

(1—t9" 1) (1=t —a)(1—t9'—9") 1—¢d1
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More examples

>
r12) = 2
>
ra2)(q) =q+ 7’
>

I’(172)(t) =t+t



More examples

>
M12) =2
>
f(1,2)(CI) =q+ q2
»
rap)(t) =t +t°
>

razy(g,t) = 971 4 207D g plataaD)
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Coxeter complex A(W, S) of W =&,

» Partial flags of subsets of [n] ordered by containment.

>» n=3:
{1} Rank selection:
/ \
{1,2} {1,3}
‘ {1’2} {173}
{2} {3}
\ /
{2,3} (2.3}

I ={1,2} I = {2}
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Tits building A(G, B) of G = GL(n,Fy)

> Partial flags of subspaces of (IF;)" ordered by containment.
»n=3,qg=2:
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Homology representations

x' = top homology of A(W,S),
Xi, = top homology of A(G, B),

M' = Homgw (Xl, Z[x]) . a Z[x]"-module

I\/I!, = Homp ¢ (Xé,Fq[X]) , an IFq[x]G-module



Interpreting ribbon numbers

Solomon dim Xl
T T
q—1 t—1
" (q) Bjorner gt " (t) Reiner-Stanton
dim x% Hilb(M! /Z[x]$" M’ t)

T T

t—1 t — tﬁ

Reiner-Stanton i1
r(q, t) ——
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0-Hecke algebra

» Our goal is to show two similar pictures obtained from
representations of 0-Hecke algebra H,(0) of type A

(0-deformation for Z[S,)).

» H,(0) is generated (over Z) by Ti,...

T?=-T,
TiTiaTi = TixaTiTiqa,
T, T =TT,

, Th_1 with relations

1<i<n-1,
1<i<n-2,
li—j] > 1.
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Representation theory of H,(0) (Norton 1979)

v

Simple modules C; < compositions [ of n:

5 _ [ -1 ifieD(),
=0, ifie D)

v

Indecomposable projective modules P; < compositions | of n.

v

Py is the projective cover of C;, C; = top(P;) = P;/radP;.

Ha(0) = EP Pi.
/
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Fo(Hs(0))
I, F(Hs(0))

Fiy+ (g + q2)F(1,2) + (g + ‘—72)/:(2,1) + q3F(1,1,1)
Fa)y +2Fa2) +2F21) + Faay-



Fq(H3(0)) = Fay+(q+a*)Faz +(a+d*)Fe1 + aFai
—1
I F(H3(0)) = Fi)y +2Fa2) + 2F21) + F1,1,1)-
T1=T,=0
2
1
Ti=—1 To=—1
A A
1]3] 2
TR 113
) 1[2] 1]
7 3 23
2 \J
T1=0,T,=—1 T1=—1,T,=0
q3 D T1i=T=—-1



F4(Hn(0))

fCI(Hn(O)) = Z qinV(W)FDes(W—l)

wes,

= > n(@F

— F(Hn(0)) = ZFIF/-
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Demazure Operators

> Hp(0) acts on Z[x]/(Z[x]7") by T; =7; = 0ix; — 1, where

1_ .
O=——" s =(i,i+1)

Xi — Xi+1

> eg. Let f= XfX2X3XZl. Then

> Tf = (X2X5 + x155) 37,
» Tof =30 x4,

> T3f = xixo(—xaxq — XExg — x3x3).



Coinvariant algebra Z[x]/(Z[x]$")

Theorem (H.)
(i) Z[x]/(Z[x]Z") is a graded version of H,(0):

ZIX/(ZIXI$") = €D Ni 2 Ha(0)
1

where N; =2 P; C H,(0).
(ii) It has a basis of certain Demazure atoms whose leading terms
give the well-known descent basis (Garsia 1980).
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Descent basis (Garsia 1980)

» Descent monomial for a permutation w is
w= I Guexm)
i€Des(w)
e.g. 35:2-14: x3x5-X3X5X0 = X§x52x2.
> Descent basis for Z[x]/(Z[x]1"):

{Xw: we6,}.



ZIx]/(ZIX]T?)
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\
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16 and SB/(S9)

> Let G = GL(n,FF,), B the Borel subgroup of G, 1§ the
permutation representation of G/B over Z.

> Hn(q) = EndZ[G](lg), with T, identified with (B — BwB).

> H,(0) hence acts on 1§ ® Fy and the coinvariant algebra
SB/(S$) = Homg,(6(1§ ® Fq, S)

where S = Fy[xi, ..., xn].
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“Inclusion-Exclusion” for simple factors

» Given a finite dimensional graded H,(0)-module Q, define

ﬂ ker Tj.

JjeD(1)e

» Lemma:

Fe(Q) =D alQF,

/

where

a(@= Y  (-D)UIHib(Qy,1).

J:D(J)CD(1)



Simple factors of 1§ and S8/(5¢)

Theorem (H.)

F(1§eF) = Y n(@F,
7 (S8/(59) = YnlavF.
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When is F(M) symmetric?

» (Krob-Thibon) F(P;) is the ribbon schur function.
» Thus F(M) is symmetric if M is projective.
» F(1§) =X, n(q)F =3, [ﬂ M; is symmetric.

q
» By the RSK correspondence one has

F(lg) _ Z qb()\) [n]!q

SH\.
AEn Hue/\[hu]q

where h,, is the hook length of v in A and b(A\) =) _.(i — 1)A;.
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» For n=23, g =2,3,5,7, computations show that

+1
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Decomposing 1§ and S8/(S¢) as H,(0)-modules?

» For n=23, g =2,3,5,7, computations show that
182 P (Py @ P12)®(q;1) ® (:‘3111)6%73 :

n:37q:4787
n=4,q=273.

» SB/(SS) is not projective for n =3, g = 2,3.

> lg is not projective for {
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Other questions

» Algebraic proof for the equidistributivity of inv and maj on
inverse descent classes?

» Any g-analogue for 7;?

» Generalizing to finite Coxeter groups and groups with
BN-pairs: what's the action on the coinvariant algebra of W?
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Coinvariants of Weyl groups

» Demazure operators 7; were defined for Z[A] and respect
Z[/\]W = Z[al, ey ag].

» Descent basis for Z[A]/(a1,. .., a¢) using Stanley-Reisner ring
of A(W) (Garsia-Stanton 1984)
» Decomposition of Z[A]/(a1,- .., ar) as an J#-module gives

» a 0-deformation of J# (without grading),
> a basis of certain Demazure atoms, with leading terms being

descent monomials.



Thank you!



