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Vector penalty-projection methods
for incompressible Navier-Stokes equations
Philippe Angot
Université de Provence Aix-Marseille

We present a new family of projection methods, the so-called two-parameter vector penaltyprojection (VPPr,ε ) methods for the solution of incompressible Navier-Stokes problems [ACF 08].
Here an original vector penalty-correction step for the velocity replaces the standard scalar
pressure-correction one to calculate flows with divergence-free velocity. This allows us to impose
the desired boundary condition to the end-of-step velocity-pressure variables without too much
trouble. The counterpart to pay back is that this method satisfies the constraint on the discrete
divergence of velocity only approximately within the penalty-correction step. Thus, the penalty
parameter 0 < ε ≤ 1 must be decreased until the resulting splitting error is made negligible
compared to the time discretization error. Besides, the penalty-prediction step with an augmentation parameter r ≥ 0 plays the role of a preconditioning. However, the crucial issue is that
the linear system associated with the vector projection step can be solved all the more easily as
εδt is smaller whereas the L2 -norm of the velocity divergence is shown to vary as O(εδt) and we
can reach the machine precision of 10−15 (for double precision floating point computations).
Finally, the vector penalty-projection method (VPPr,ε ) has several nice advantages: the
Dirichlet or open boundary conditions are not spoiled through a scalar pressure-correction step.
Moreover, this method can be generalized in a natural way for variable density or viscosity flows.
We give a convergence result of this method for the time-discretization of the Navier-Stokes
equations when the time step δt tends to zero. Besides, the theoretical error analysis with the
energy method exhibits nearly optimal error estimates for the velocity and pressure fields in
the natural norms. They also proved to be in agreement with the numerical results which are
described.
This talk is based on a joint work with J.-P. Caltagirone and P. Fabrie.
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Mass conservation of the finite element immersed boundary method
Daniele Boffi
Università di Pavia
Dipartimento di Matematica
e-mail: daniele.boffi@unipv.it
web page: http://www-dimat.unipv.it/boffi
Abstract
The Immersed Boundary Method (IBM) has been designed by Peskin for the modeling and
the numerical approximation of fluid-structure interaction problems and it has been successfully
applied to several systems, including the simulation of the blood dynamics in the heart; see [1]. In
the IBM the Navier-Stokes equations are considered everywhere and the presence of the structure
is taken into account by means of a source term which depends on the unknown position of the
structure. These equations are coupled with the condition that the structure moves at the same
velocity of the underlying fluid.
Recently, a finite element version of the IBM has been developed, which offers interesting
features for both the analysis of the problem under consideration and the robustness and flexibility of
the numerical scheme; see [2, 3, 4]. The numerical procedure is based on a semi-implicit scheme for
which we performed a stability analysis showing that the time-step and the discretization parameters
are linked by a CFL condition, independently of the ratio between the fluid and solid densities.
The mass conservation of the IBM is strictly related to the discrete incompressibility of the
scheme used for the approximation of the fluid. We review several schemes and compare them with
respect to their use within the framework of the IBM.
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Viscoelastic Flows with Complex Free Surfaces
Andrea Bonito
Institution: Texas A&M University
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Abstract
In the first part of the talk, an algorithm for Oldroyd-B viscoelastic fluids with complex free surfaces in three space dimensions is presented. A splitting method is used for the time discretization
and two different grids are used for the space discretization in order to separate the advection terms
from the others. The advection problems are solved on a fixed, structured grid made out of small
cubic cells, using a forward characteristic method. The viscoelastic flow problem without advection
is solved using continuous, piecewise linear stabilized finite elements on a fixed, unstructured mesh
of tetrahedrons. Numerical results are provided for the buckling of a jet and for the stretching of a
filament where finger instabilities are observed. This is joint work with M. Picasso (EPFL).
In the second part of the talk, a new stochastic model based on a reflected diffusion process
is proposed. Its advantages together with different possible numerical approximations are then
discussed. This is joint work with A. Lozinski (Toulouse) and Th. Mountford (EPFL).

A finite element method for a rheological model of blood with
red-blood-cell aggregation
Yves Bourgault
Department of Mathematics and Statistics, University of Ottawa
585, King Edward Av., Ottawa, ON, K1N 6N5, Canada
e-mail: ybourg@uottawa.ca
Abstract
Owens [1] introduced a new haemorheological model accounting for the contribution of the
red blood cells to the Cauchy stress. In this model the local shear viscosity is determined in terms
of both the local shear rate and the average rouleau size, with the latter being the solution of an
advection-reaction equation. The model describes the viscoelastic, shear-thinning and hysteresis
behavior of flowing blood, and includes non-local effects in the determination of the blood viscosity
and stresses. This is done through an advection-reaction equation for the extra-stresses, in the spirit
of Oldroyd-B viscoelastic models. In the talk, this rheological model is first briefly derived. A
stabilized finite element method is next presented, extending the Discrete Elastic Viscous Split
Stress (DEVSS) method of Fortin et al. [2] to the solution of this Oldroyd-B type model but with a
non-constant Deborah number. A streamline upwind Petrov-Galerkin approach is also adopted in
the discretization of the constitutive equation and the microstructure evolution equation. Test cases
are next presented to assess the accuracy and computational requirements of the finite element
method. Our results show that the passage from a constant to a non-constant Deborah number in
the Oldroyd-B model has a strong impact on the convergence of the method. Numerical challenges
related to the solution of this rheological model will be covered. The need for efficient FEM will be
highlighted using a test case in an aneurytic channel under both steady and pulsatile flow conditions.
Comparisons are made with the results from an equivalent Newtonian fluid. Our choice of material
parameters leads to only weakly elastic effects but noticeable differences are seen between the
Newtonian and non-Newtonian flows, especially in the pulsating case.
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Energy-dissipative discretizations of viscoelastic models
S. Boyaval
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Abstract

Mathematical models for non-Newtonian fluid flows typically involve a system coupling the NavierStokes equations with other equations describing the mechanical behaviour of the material which are
termed as constitutive equations.
Numerical simulations can then be performed by judiciously choosing established discretizations of the
Navier-Stokes equations and coupling them with adequate discretizations of the constitutive equations.
Yet, the picture may not be so simple and years of computational rheology have indeed shown that
intuitively good discretizations can be unstable. For viscoelastic fluids, this was often referred to as the
High-Weissenberg Number Problem (HWNP).
Following the studies [1,2] about long-time asymptotics, we will discuss discretizations of the OldroydB equation preserving a physical quantity that is also a Lyapunov functional for the Dirichlet problem,
the so-called free energy. The results [3,4] might be a path to better understand stability problems.
Another question of interest for these ”multiscale” systems of equations is how to reduce the computational effort needed by numerical simulations, even in simple geometries.
[1] B. Jourdain, C. Le Bris, T. Lelievre and F. Otto, Long-time asymptotics of a multiscale model for
polymeric fluid flows, ARMA, 181(1):97-148, 2006.
[2] T. Lelievre and D. Hu, New entropy estimates for the Oldroyd-B model, and related models, CMS
5(4):909-916 2007.
[3] S. Boyaval, T. Lelievre and C. Mangoubi, Free-energy-dissipative schemes for the Oldroyd-B model,
M2AN, 43:523-561, 2009.
[4] J.W. Barrett and S. Boyaval, Existence and approximation of a (regularized) Oldroyd-B model,
submitted to M3AS (in revision), ARXIV preprint 0907.4066.

Stabilized finite elements for Darcy flow
and application to hydrothermal flows
Malte Braack
Mathematisches Seminar, Christian-Albrechts-Universität zu Kiel
Ludewig-Meyn-Str. 4, D-24098 Kiel, Germany
e-mail: braack@math.uni-kiel.de
web page: www.numerik.uni-kiel.de/ !mabr
Abstract

For the Darcy-Brinkman equations, which model porous media flow, we present an equal-order
H 1 -conforming finite element method for approximating velocity and pressure based on a local
projection stabilization technique. The method is stable and accurate uniformly with respect to the
coefficients of the viscosity and the zeroth order term in the momentum equation. We prove a priori
error estimates in a mesh-dependent norm as well as in the L2 -norm for velocity and pressure. In
particular, we obtain optimal order of convergence in L2 for the pressure in the Darcy case with
vanishing viscosity and for the velocity in the general case with a positive viscosity coefficient.
Numerical results for different values of the coefficients in the Darcy-Brinkman model are presented
which confirm the theoretical results and indicate nearly optimal order also in cases which are not
covered by the theory. Finally, we apply stabilized finite elements to porous media flow in the Earth
crust. We give a quantitative comparison between two numerical methods in terms of statistical
quantities.
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Stabilized finite element methods for high Reynolds flow problems
Erik Burman
Department of Mathematics
University of Sussex
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Abstract
When the Reynolds number is high the standard Galerkin method may fail to produce the expected optimal error reduction under refinement even for smooth flows. Regardless of whether or
not some turbulence model is used, stabilized methods are therefore a mandatory tool if computations are to be performed without resolving the viscous scales of the flow. As an illustration of this
we will show some simple examples of the failure of the standard Galerkin method and compare
with a stabilized method.
We will then discuss what properties we ideally would like the stabilized method to have and
recall theoretical or computational results in the literature, either for the full Navier-Stokes’ equation
or for simpler model problems, indicating the possibility of designing methods with the desired
properties [1, 2, 3, 5].
In the second part of the talk we will focus on time-discretization methods. Here it is important to distinguish between Petrov-Galerkin methods, such as the SUPG method or the PSPG
method, and the more recently introduced symmetric stabilization methods. In the latter case timediscretization is relatively straightforward and we will give some results both for stabilization of
dominant convection and for the pressure-velocity coupling of the Stokes’ problem. We will then
compare these results with recent results for the respective Petrov-Galerkin methods [4, 6].
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Some high-order stabilized solvers for fluid flows. Application to the
Primitive Equations of the Ocean
Tomás Chacón Rebollo
Departamento de Ecuaciones Diferenciales y Análisis Numérico
Apdo. de correos 1160, Universidad de Sevilla, 41080 Sevilla, Spain
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Abstract
This contribution deals with the discretization of incompressible flows by finite element stabilized discretizations. The solution of fluid flows may lead to numerical instabilities due to the
incompressibility restriction, and also to dominating operator terms such as convection, Coriolis
force, among others.
These stability restrictions are treated by bounding a convenient range of high-frequency components of the terms to be stabilized. This is achieved either by enriching the velocity discretization
space (Mixed methods), or by adding specific terms to the standard Galerkin discretizations (Stabilized methods). Both procedures turn out to be essentially equivalent, as this second procedure
may be interpreted as an augmented mixed method constructed with an enriched velocity space, via
bubble finite element functions (Cf. [1]). Mixed methods include stabilizing degrees of freedom
that do not yield accuracy, so becoming more costly than stabilized methods.
We focus on high-order stabilized methods, due to their reduced computational cost and high
accuracy. On one hand, we consider high-order penalty methods, which are an extension of the
well-known Brezzi-Pitkäranta method. These methods provide low-cost solvers with high accuracy.
On another hand, we consider the Orthogonal Sub-Scale (OSS) method, which is a residual-based
stabilized methods that introduce a minimal level of numerical diffusion (Cf. [2]). In both methods
the stabilizing terms are filtered by projection operators, in such a way that only the high-frequency
components that are not representable in the discretization space are stabilized.
We perform a stability and convergence analysis of both methods, based upon the derivation
of specific inf-sup conditions. We also present some numerical tests to confirm the theoretical
expectations. We finally apply the OSS method to the solution of the Primitive Equations of the
Ocean.
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Continuous-discontinuous approximation for elliptic problems
Ramon Codina
Universitat Politècnica de Catalunya
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Abstract
The objective of this talk is to present a framework for the finite element approximation of elliptic problems in which the unknown is split into two parts, the first corresponding to a continuous
approximation and the second to a discontinuous one. A hybrid formulation is used for the discontinuous part, using as unknowns the field in the interior of the elements of the finite element
partition and the fluxes and traces on the boundaries. Thus, the resulting formulation involves four
unknowns, namely, the continuous part and the three fields coming from the hybrid formulation of
the discontinuous part. A general result stating well posedness of this problem is presented. The
key assumptions are an appropriate minimum angle condition between the spaces for the continuous and discontinuous components of the unknown and inf-sup conditions between the spaces for
fluxes and bulk field of the discontinuous part as well as between the spaces for traces and bulk field
of this discontinuous part.
Different applications of the framework presented are discussed. First, it is shown that classical discontinuous Galerkin methods can be derived by deleting the continuous component of the
approximation and taking appropriate closed form expressions for the traces and fluxes of the discontinuous component. In particular, it is shown that if fluxes are approximated using classical finite
difference approximations and the traces are determined by imposing continuity of fluxes, generalized versions of the interior penalty discontinuous Galerkin method are recovered, including in
particular the treatment of discontinuous coefficients.
As a second application, stabilized finite element methods for the convection-diffusion and the
Stokes problems are presented. The unknown in this case is split into a resolvable continuous
component and a so-called subgrid scale part which is taken as discontinuous, and for which the
hybrid formulation described before is employed. Closed-form expressions are proposed for the
three fields associated to the discontinuous part. The result is a stabilized formulation that accounts
for boundary contributions of the subgrid scales [1].
In the case of domain interaction problems, the ideas just described allow one to design iterative
algorithms with enhanced convergence properties. In the case of homogeneous domain interaction,
better enforcement of transmission conditions between subdomains is achieved, whereas in heterogeneous domain interaction, such as fluid-structure interaction problems, convergence of iterative
schemes is improved. In particular, this alleviates the so called added mass effect found when fluid
and solid densities are similar [2].
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Stabilised Finite Element Methods with anisotropic adaptive meshing for
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Abstract
This paper presents a stabilised finite element method for the solution of incompressible multiphase flow problems in three dimensions using a level set method with anisotropic adaptive meshing. A recently developed stabilised finite element solver which draws upon features of solving
general fluid-structure interactions is presented. The proposed method is developed in the context
of the monolithic formulation and the Immersed Volume Method. Such strategy gives rise to an
extra stress tensor in the Navier-Stokes equations coming from the presence of the structure (e.g.
rigid or elastic) in the fluid. The distinctive feature of the Variational MultiScale approach is not
only the decomposition for both the velocity and the pressure fields into coarse/resolved scales and
fine/unresolved scales but also the possible efficient enrichment of the extra constraint [1]. This
choice of decomposition is shown to be favorable for simulating multiphase flows at low or high
Reynolds number [2].
The interface between the phases is resolved using a convected level set approach developed in
[3]. This approach enables first to restrict convection resolution to the neighbourhood of the interface and second to replace the reinitialisation steps by an advective reinitialisation. This enables
an efficient resolution and accurate computations of flows even with large density and viscosity
differences. The level set function is discretized using a stabilized upwind Petrov-Galerkin method
and can be coupled to a direct anisotropic mesh adaptation process enhancing the interface representation.
Therefore, we propose to build a metric field directly at the nodes of the mesh for a direct use
in the meshing tools [4]. In addition, we show that we obtain an optimal stretching factor field
by solving an optimization problem under the constraint of a fixed number of edges in the mesh.
The capability of the resultant algorithm is demonstrated with three dimensional time-dependent
numerical examples such as: the complex fluid buckling phenomena, the water waves propagations,
and the rigid bodies motion in incompressible flows.
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Abstract
The bidimensional Navier-Stokes equations with the streamfunction ψ(x, y, t) as unknown is
∆ψt + ∇⊥ ψ · ∆∇ψ − ν∆2 ψ = f (x, y, t), ν > 0.

(1)

Equation (1) is a nonlinear dynamical system with fourth order diffusion. It contains the full dynamics of the velocity u = ∇⊥ ψ of an incompressible fluid without reference to the pressure. We
show that it is possible to design a numerical scheme by strictly mimeting (1) at the discrete level.
We use a fourth order finite difference scheme in space combined with a high order implicit-explicit
time-stepping scheme. Our scheme is fully centered in space and avoids any artificial boundary conditions for the vorticity ω = ∆ψ. A basic discrete operator that is used is the three-point biharmonic
operator δx4 ψ, which reads
ψj+1 + ψj−1 − 2ψj
12 ψx,j+1 − ψx,j−1
(
−
)
(2)
2
h
2h
h2
where ψx,j stands for the usual hermitian derivative of ψj .
The finite-difference operators we consider can be used in many contexts in physics where
biharmonic operators are present.
Numerical computations are performed using a biharmonic fast solver, which allows interesting
performances on a simple computer. The results obtained so far will be reported, and ongoing
developments will be outlined.
This is a joined work with M. Ben-Artzi (Jerusalem) and D. Fishelov (Tel-Aviv).
δx4 ψj =
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Abstract
This work has been done with Christophe Buet (CEA) and Emmanuel Franck (CEA, PhD). The
author acknowledges the support of CEA.
The transport equation, in highly scattering regimes, has a limit in which the dominant behavior
is given by the solution of a diffusion equation. Angular discretization like the discrete ordinate
method (SN ), the truncated spherical harmonic expansion (PN ) or also nonlinear moment models
have the same property. For such systems it would be interesting to construct finite volume schemes
on unstructured meshes which have the same dominant behavior even if the meshes are coarse.
Such schemes are generally called diffusion asymptotic preserving (AP) schemes and are designed
presently at most on Cartesian meshes. Unfortunately Lagrangian fluid dynamics codes deal with
unstructured meshes. That is why we focused specifically on unstructured meshes. We consider
the lowest order possible angular discretization of the transport equation that is the P1 model also
refereed to as the hyperbolic heat equation, the Cattaneo’s equation or the first order formulation of
the telegraph equation.
The starting point of the analysis is the modified upwind AP scheme proposed by Jin and Levermore for this equation in 1-D. We show that cell centered extensions in 2-D on unstructured meshes
of the classical edge formulation of this scheme are no longer asymptotic preserving for basic geometrical reasons. There is therefore a multidimensional obstruction for simple AP finite volume
schemes on unstructured schemes. To solve this problem, we propose new methods which are built
on a nodal formulation of the Jin and Levermore’s scheme. The new finite volume scheme uses
an analogy between P1 model and acoustic equations for which schemes with corner’s fluxes have
been built in the context of gas dynamics.
Convergence is proved provided the solution is smooth enough and the mesh satisfies a standard
aspect ration condition.
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We consider discontinuous Galerkin (dG) methods for the steady incompressible Navier–Stokes
equations. We focus on stabilized versions with equal-order approximations for velocity and pressure; other choices can be considered as well. A crucial issue is the design of a suitable discrete
trilinear form for the convective term that does not modify the kinetic energy balance. This feature
allows both to reduce numerical dissipation and to infer an existence result for the discrete problem
under very mild assumptions. Two choices are discussed, one based on Temam’s device and the
other which is fully conservative and requires a nonstandard modification of the pressure hinted
to in [2]. Our main result, see [3], is the existence of a solution for the discrete problem and the
convergence of (a subsequence of) discrete solutions to a solution of the continuous problem without any smallness assumption on the data and with the minimal regularity requirement on the exact
solution. The convergence proof, inspired by [4], relies on new discrete functional analysis tools
in broken polynomial spaces, namely discrete Sobolev embeddings and a compactness result for
discrete gradients. Examples illustrating the theory and numerically delivering convergence rates
are presented. Finally, we briefly address the unsteady case by discussing a projection method originally proposed in [1] and showing some numerical results on 2D and 3D problems. The primary
focus is on the ability of the method to deal with convection-dominated problems. Different choices
for the approximation of the pressure are also investigated.
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Abstract
In collaboration with Eric Chénier (Université Paris-Est, France), Raphaèle Herbin (Université
de Provence, France) and Alexander Linke (WIAS, Berlin), we propose an extension for the MAC
scheme to any nonstructured nonconforming grid in 2D or 3D. This extension, dedicated to the
approximation of the incompressible Navier-Stokes equations, is based on the following principles:
1. the degrees of freedom for the pressure are the values in the grid blocks of the mesh; they are
associated to the discrete conservation of the fluid mass in each grid block;
2. the degrees of freedom for the velocity are the normal components to the faces of the mesh;
3. an interpolator is defined for reconstructing second order velocity at the faces of the mesh;
4. a finite volume operator is used for computing the viscous terms in a variational formulation;
5. the nonlinear term is discretized in such a way that it involves at most a positive contribution
in the kinetics energy balance, in the case of the upstream weighting scheme.
We show that this scheme converges to a continuous solution of the Navier-Stokes equations, thanks
to discrete analysis tools developped for the diffusion equation.
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Abstract
We present a method to solve elliptic problems in domains with holes, in particular those which
arise in fluid-rigid bodies simulations. We consider the system of the Stokes equations and the
rigid body motion condition. To solve this system we use a fictitious domain method. In order
to preserve optimality of the finite element approximation, we propose a control approach (in the
spirit of [1] and [2]) to build an H 2 extension, within the inclusions, of the solution. Thus, we use
a non-physical extension in the whole domain of the right-hand side of the Stokes equations as a
control to enforce the rigid body motion. The idea is to find an extension of the right-hand side
which leads to a solution of the Stokes equations that satisfies the rigid body motion condition.
First of all we prove that there exists such a right-hand side. Second we present the algorithm
used to find an optimal control : It consists in minimizing a cost functional with a conjugate gradient
method. The gradient of this functional is the solution of a Stokes problem, with Neumann boundary
conditions, set within the inclusions. These Neumann problems are solved using fictitious domain
methods around each particles which leads to the resolution of problems where the right-hand side
is a single layer distribution on the boundary of the particles. One way to discretize these problems
is to approximate the single layer distributions by a sum of Dirac functions. We present a rigorous
numerical analysis of this method.
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Abstract
Methods involving smoothest spline collocation have been used frequently in the solution of
various ordinary and partial differential equations. Often overlooked is the fact that, in their basic
form, such methods yield suboptimal approximations. For example, when C 2 cubic splines are
employed to solve a second order two–point boundary value problem, an approximation of only
second order global accuracy is obtained whereas one would expect fourth order. In recent years,
several modified spline collocation (MSC) methods of optimal accuracy have been developed. In
this talk, we discuss new MSC methods based on quadratic and cubic splines for the solution of
convection-diffusion problems in one space variable. The approximate solutions are not only of
optimal global accuracy but also exhibit superconvergence phenomena. Moreover, the methods
are compact in that they require the solution of tridiagonal systems of linear equations whereas
the modified spline collocation approach typically yields pentadiagonal linear systems. Results
of numerical experiments are presented to demonstrate the properties of the new methods, and
extensions to multidimensional problems are discussed.
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Data assimilation of distributed mechanical systems – i.e. estimation of uncertain physical parameters from a set of available measurements – can be performed through a variational approach,
i.e. minimizing a least square criterion which includes observation error and regularization. One of
the main difficulties of this approach lies in the iterative evaluation of the criterion and its gradient,
often based on adjoint problem. In this work, another family of methods is considered: the sequential filtering. Here, the model prediction is improved at every time step by means of the statistical
information from observations and model output. Classical Kalman filtering is not tractable for distributed systems, but some effective sequential procedures were introduced recently for mechanical
systems in [3] and are the basis of the proposed approach [1]. The resulting algorithm can easily be
run in parallel, making the total time needed for the estimation similar to the duration of a sequential
direct computation. Preliminary results will be shown for blood flows in large arteries.
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Efficient preconditioning for Oseen-type problems is still an active research topic. We present a
novel approach leveraging stabilization for inf-sup stable discretizations. The algebraic properties
of Grad-Div stabilization are interpreted as an augmented Lagrangian-type term which is then exploited in the preconditioner, which is similar to the augmented Lagrangian preconditioner in [1].
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Raphaèle Herbin
Laboratoire d’Analyse, Probabilités et Topologie
CMI, 39 rue Joliot Curie 13453 Marseille France
e-mail: herbin@cmi.univ-mrs.fr
web page: http://www.cmi.univ-mrs.fr/˜herbin
Abstract
This work is a joint work with R. Eymard, Th. Gallouët and Jean-Claude Latché. Its framework
is the study of numerical schemes for the simulation of the flow of compressible fluids, for which
little is known up to now. Here we consider the “classical” Marker and Cell (MAC) scheme for
the discretization of a “toy” problem, that is the steady state compressible Stokes equations, on two
or three dimensional Cartesian grids. The discrete unknowns are the pressure located at the cell
centers and the normal components of the velocity located at the barycenters of the interfaces of the
pressure grid cells. Existence of a solution to the scheme is proven, followed by estimates on the
obtained approximate solutions, which yield the convergence of the approximate solutions, up to a
subsequence, and in an appropriate sense. We then prove that the limit of the approximate solutions
satisfies the mass and momentum balance equations, as well as the equation of state: the passage to
the limit in the EOS is the main difficulty of this study.
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Abstract
Modeling of high Reynolds number turbulent fluid flow based on computational solution of the
Navier-Stokes equations (NSE) poses a number of challenges related to stability, accuracy and resolution of the turbulent scales in the problem. Finite element (FE) methods produce approximate
weak solutions to NSE. If not all scales in the flow are resolved by the computational mesh a stabilized discretization is needed. One can shown that certain FE approximations satisfy a local energy
equation, with dissipation of kinetic energy from the numerical stabilization. A numerical stabilization based on the residual of NSE is active mainly where the method is unable to approximate
the NSE on the given mesh, typically near shocks, boundary layers or turbulence, which are parts
of the flow where also high physical dissipation takes place. We here investigate the dissipative
effect from numerical stabilization, where we focus on incompressible turbulent flow and modeling
of turbulent boundary layers. We also study this problem in the context of adaptive FE methods for
turbulent flow, and a posteriori error estimation of mean value output from the computation.
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Abstract
When dealing with hydrodynamics in lakes, simulations for a time horizon of at least a year are
costly in 3d. In order to overcome the computational costs, we combine a 3d model with a
model in 2d. In the 3d model the Navier-Stokes equations are used to describe the flow where
in 2d
we use the Shallow-Water equations.
Ideally, the model used for the whole domain should be the most complex model.
Instead, we couple the two models in our approach: In areas of our domain where a high
accuracy is
needed, we solve our equations in 3d. In other parts of the domain it is sufficient to use the
restricted 2d model.
First numerical tests derived so far will be presented.
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Stabilized finite element methods for convection-dominated problems require the choice of appropriate stabilization parameters. From numerical analysis, often only their asymptotic values
are known. This talk presents a general framework for optimizing the stabilization parameters
with respect to the minimization of a target functional. Exemplarily, this framework is applied to
the SUPG finite element method, see [1], and spurious oscillations at layers diminishing (SOLD)
schemes. The minimization of different target functionals, e.g. residual-based error estimators and
error indicators, is considered. Benefits of this approach are shown and further improvements are
discussed.
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As is well known, the pressure in the Stokes system satisfies the Laplace equation but the boundary conditions for it are not explicitly given. In a series of papers starting from [1] and [2], B.V. Paltsev proposed iterative processes to recover the Neumann pressure boundary conditions either from
the normal component of the velocity on the boundary (so called incomplete splitting of boundary conditions) or from the trace of the velocity divergence on the boundary (complete splitting
of boundary conditions). These methods were discretized using the finite elements and studied in,
among other papers, [3] and [4]. It was revealed that it is not necessary to satisfy the infsup condition in such a discretization. One can use, for example, the finite elements of the same order both
for velocity and pressure. Only the time dependent version of the Stokes equations (discretized in
time) was considered.
In the present talk, we review the methods cited above and also propose some others, based on
the Dirichlet boundary conditions for the pressure. We show that, in the case of stationary Stokes
equations, one can combine these ideas with GMRES and the resulting method is superlinearly
convergent. An efficient discretization in time for the time dependent version is also considered.
The optimal error estimates when using P1 finite elements both for velocity and pressure, are easy
to prove at least for some simple domains. We report also a numerical study of the convergence of
the P1 − P1 discretization and compare it with more traditional stabilized finite element schemes.
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Dept. of Math. and Comput. Sc., University of Göttingen
Lotzestrasse 16-18, D-37083, Germany
e-mail: lube@math.uni-goettingen.de
web page: http://num.math.uni-goettingen.de/ lube/
Abstract
A variational multiscale method for Large-Eddy simulation of turbulent incompressible flows
based on a general proposal in [1] is considered. More precisely, the approach relies on local projection of the velocity deformation tensor and grad-div stabilization of the divergence-free constraint,
see [2]. An a priori error estimate with rather general nonlinear and piecewise constant coefficients
of the subgrid models for the unresolved scales of velocity and pressure is derived in the case of
inf-sup stable approximation of velocity and pressure. For an extension of the approach to the incompressible Navier-Stokes/ Fourier model, we refer to [3].
We present and discuss preliminary numerical simulations for basic benchmark problems like decaying homogeneous isotropic turbulence, channel flow and natural convection in a differentially
heated cavity. The efficient solution of the arising discrete problems relies on a flexible GMRES
method with a robust preconditioner for the generalized Oseen problem together with parallel computation [4].
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The simulation of incompressible flows on very large unstructured meshes, that is up to billions
of cells, leads to the important issue of solving the Pressure-Poisson equation on supercomputers
grouping up to tens of thousands of cores. As the cost of this solving tends to be the largest part of
the computational costs of the simulation, the issue of implementing as fast a parallel linear solver
as possible becomes primordial.
Multigrid methods, widely used on structured meshes, become more challenging to implement
efficiently on unstructured grids ; whether geometric or algebraic multigrid methods are used, they
actually require to refine the grid, which presents great difficulties for unstructured meshes. This
seems to be a sufficient reason that deflation methods are preferred in this case.
Many solvers used nowadays start by grouping cells from the fine mesh in order to create a
coarse one, thus creating a ”two-level hierarchy of grids” on which a deflated solver is implemented
(see e.g. [?] and [?]). In order to accelerate the convergence of the Pressure-Poisson equation solver,
a deflation-based Preconditioned Conjugate Gradient solver has been implemented in Yales2 that
benefits from a geometric multigrid-approach, that is : a three-level hierarchy of grids is created,
so that the solution on the fine grid is computed thanks to a deflated solver, in which the solution
on the coarse grid is computed thanks to a deflation on an even coarser grid. The whole program is
stabilized thanks to the A-DEF2 algorithm described and tested by Tang et al. in [?].
As the number of iterations of the fine grid solver remains the same, the number of iterations of
the coarse grid solver is dramatically reduced at every call by the deflation applied to it. Therefore,
computational times for the Pressure-Poisson solver in parallel are reduced by up to 15 percent
compared to the usual two-level deflated solver, which has to be confirmed by further testing for
massively parallel use.
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We consider finite element discretisations of the Oseen problem by inf-sup stable finite element
spaces. In contrast to standard equal order interpolation, no pressure stabilsation is needed. However, the Galerkin method still suffers in general from spurious oscillations in the velocity which
are caused by the dominating convection.
To handle this instability, the local projection stabilisation will be used. Originally, the local
projection technique was proposed as a two-level method where the projection space is defined on
a coarser mesh. Unfortunately, this approach leads to an increased discretisation stencil.
Our main objective is to analyse the convergence properties of the one-level approach of the
local projection stabilisation applied to inf-sup stable discretisations of the Oseen problem. Moreover, we propose new inf-sup stable finite element pairs approximating both velocity and pressure
by elements of order r with respect to the H 1 -norm. In contrast to the ’classical’ equal order interpolation, the velocity components and the pressure are discretised by different elements. We
show for these pairs of finite element spaces an error estimate of order r + 1/2 in the convection
dominated case ν < h.
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A new direction-splitting-based fractional time stepping for solving the incompressible Navier-Stokes
equations will be discussed. The main originality of the method is that the pressure correction is computed by solving a sequence of one one-dimensional elliptic problem in each spatial direction. The
method is unconditionally stable, very simple to implement in parallel, very fast, and has exactly the
same convergence properties as the Poisson-based pressure-correction technique, either in standard or
rotational form. The one-dimensional problems are discretized using central difference schemes which
yield tri-diagonal systems. However, other more accurate discretizations can be applied as well. The
method is validated on the lid-driven cavity problem showing an excellent parallel efficiency on up to
1024 processors.
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Abstract
For the three-dimensional incompressible Navier-Stokes equations, we consider a formulation
featuring velocity, vorticity and helical density as independent variables. We show that mathematically the helical density can be observed as a Lagrange multiplier corresponding to the divergencefree constraint on the vorticity variable. One practical application of this formulation is a timesplitting numerical scheme based on a simple alternating procedure between solving for vorticity –
helical density and velocity – Bernoulli pressure unknowns. We discuss the relation of the vorticity
– helical density numerical formulation to some well known regularized Navier-Stokes models, the
helical budget of a plain Galerkin method and some turbulence models as well as some finite element error estimates. This talk is based on a joint research with L.Rebholz and H.K. Lee (Clemson).
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The numerical simulation of the motion of an interface has great interest in many industrial
applications, such us casting, mold filling, welding or injection molding among others. In most
cases the front movement is very complex, and sophisticated methods are required; furthermore,
there is a strong coupling between the unknowns from the submodels involved, which complicates
the implementation, makes it difficult to predict the effect of the coupling with other phenomena
and has a high computational cost. If in addition, the physical properties of both fluids, such as
density or viscosity, are very different, can cause strong discontinuities in any of the components of
the solution when crosses the interface.
In this talk we focus on the movement of two fluids, one of them being a gas bubble immersed
in a liquid, considering the surface tension effects. Using an Eulerian methodology to simulate
the transport of the bubble, we propose a velocity-pressure mixed formulation to solve the hydrodynamic equations combined with a level set method to characterize the position of each fluid. In order
to improve the approximation of the pressure when there is a severe discontinuity in the interface,
the finite element space is enriched on the elements being cut by the interface. Besides, the static
condensation technique in the bubble components on the enriched elements has been developed.
In order to evaluate the elemental matrices on the elements crossed by the interface and their
neighbours, we have to choose a suitable quadrature rule, since a classical one can not be applied
to discontinuous functions. It is usual to overcome these difficulties by splitting the elements into
subelements where the integrands are continuous. The description of the interface that we consider
allows us to automatically split a simplex into several sub-simplices and constructs a new quadrature formula for the element avoiding a casuistic analysis. The partitioning is done for numerical
quadrature purpose only and it does not modify the approximation properties of the finite elements
in a direct way.
Numerical results for academic examples will be presented for large ratios of density and viscosity. A laboratory experiment will also be numerically reproduced and a benchmark example will
be shown.
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Abstract
The no-slip boundary condition is usually regarded as a cornerstone in fluid dynamics, and its
applicability has been proven for diverse fluid flow problems. However, when dealing with twophase flows it is of importance to accurately describe the displacement of the so-called contact line,
that is, the points which are at the intersection of the solid boundary of the domain and the interface
separating the two fluids. In this case, contrary to what is seen in experiments, the no-slip condition
implies that the contact line does not move. This is known as the contact line problem (paradox)
and it has recently been the subject of intense research and debate ( see [1, 4] for more details).
On the basis of molecular dynamics simulations, Qian et. al. have proposed (c.f. [4]) the socalled generalized Navier-slip boundary condition, which aims at resolving the contact line problem. Later ([5]), the same authors derived this condition from thermodynamical principles.
The first objective of this talk is to introduce the generalized Navier-slip boundary condition and
show that the obtained initial boundary value problem, which consists of a Cahn-Hilliard NavierStokes system with non-local boundary conditions, has an energy law.
After that we present a discretization of this problem which is based on an operator splitting
approach for the Cahn-Hilliard part, much similar to the ones existing in the literature. For the
Navier-Stokes part, the scheme consist of fractional time-stepping based on penalization of the
divergence, in the spirit of [2, 3] and [6]. We show that this scheme satisfies a discrete energy law
similar to the one obtained in the continuous case. Numerical experiments will be presented, which
illustrate the performance of the introduced method.
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Abstract

In this work we discuss the application of IsoGeometric Analysis ([3]) to incompressibleincompressible viscous flow problems. We consider, as a prototype problem, the Stokes system and
we propose various choices of compatible Spline spaces for the approximations to the velocity and
pressure fields. The proposed choices can be viewed as extensions of the Taylor-Hood, Nédélec and
Raviart-Thomas pairs of finite element spaces, respectively. We study the stability and convergence
properties of each method and discuss the conservation properties of the discrete velocity field in
each case. See [2] for more details.
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Abstract
We present a class of discontinuous Galerkin (DG) methods for the numerical discretization
of incompressible flow problems that yield exactly divergence-free velocity approximations [1].
Exact incompressibility is achieved by using divergence-conforming finite element spaces for the
velocities and suitably matched discontinuous spaces for the pressures. The H 1 -continuity of the
velocities is enforced through a discontinuous Galerkin approach.
We first discuss the stability properties of such methods, and develop optimal a-priori and aposteriori error estimates [1, 3]. We then present extensions to hp-version DG methods on geometrically and anisotropically refined meshes in three dimensions. In particular, we show that the
discrete inf-sup constants are independent of the elemental aspect ratios, and depend only very
weakly on the polynomial degrees. Finally, we present the application of exactly divergence-free
methods to an incompressible magneto-hydrodynamics problem [2]. All our theoretical findings
are illustrated and verified in numerical experiments.
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Abstract
We present a new phase-field model for the incompressible two-phase flows with variable density which admits an energy law. We also construct weakly coupled time discretization schemes that
are energy stable. Efficient numerical implementations of these schemes are also presented. The
model and the corresponding numerical schemes are particularly suited for incompressible flows
with large density ratios. Ample numerical experiments are carried out to validate the robustness of
these schemes and their accuracy.

Fast iterative solvers for buoyancy driven flow problems
David Silvester
University of Manchester
United Kingdom
e-mail: d.silvester@manchester.ac.uk
web page: http://www.maths.manchester.ac.uk/djs/
Abstract
We outline a new class of robust and efficient methods for solving the Navier-Stokes equations
with a Boussinesq model for buoyancy driven flow. We describe a general solution strategy that
has two basic building blocks: an implicit time integrator using a stabilized trapezoid rule with an
explicit Adams-Bashforth method for error control, and a robust Krylov subspace solver for the
spatially discretized system. We present numerical experiments illustrating the efficiency of the
chosen preconditioning schemes with respect to the discretization parameters.
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Abstract
The accurate numerical computation of two-phase flows is a challenging task, in particular if
surface active agents are present which lower the surface tension on the interface. Nonuniform
distributions of surfactants on the interface induce Marangoni forces. Adsorption and desorption of
surfactants between the interface and the bulk phase may take place in the soluble surfactant case.
Thus, the presents of surfactants influences strongly the dynamics of the moving interface.
We consider a mathematical model for two-phase flows consisting of the incompressible NavierStokes equations, a transport equation for the surfactant concentration in the outer phase, and a
surface transport equation for the surfactant concentration on the interface.
The Navier-Stokes equations are solved together with the bulk and interface concentration equations using the coupled ALE-Lagrangian method in 3D-axisymmetric configuration [2]. The surface
force can be directly incorporated due to the resolution of the interface by the moving mesh. We
replace the curvature in the surface force by the Laplace-Beltrami operator and apply an integration
by parts to reduce the order of differentiation [3]. Continuous, piecewise polynomials of second
order enriched by cubic bubble functions and discontinuous, piecewise polynomials of first order
(P2b /P1disc ) for the discretization of the velocity and pressure, respectively, are used. The bulk and
interface concentrations are approximated by continuous, piecewise polynomials of second order
(P2 ). A fractional step-ϑ scheme has been used for the temporal discretization. To handle the
moving mesh, the elastic-solid technique has been applied [1]. The numerical scheme has been
validated for surface flows with insoluble surfactants in [2] and for interfacial flows with soluble
surfactants in [4]. Several examples of numerical tests will be presented.
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Abstract
We discuss numerical modeling of Stokes-Darcy flow based on Beavers-Joseph-Saffman interface conditions. The domain is decomposed into a series of small subdomains (coarse grid) of
either Stokes or Darcy type. The subdomains are discretized by appropriate Stokes or Darcy finite
elements. The solution is resolved locally (in each coarse element) on a fine grid, allowing for nonmatching grids across subdomain interfaces. Coarse scale mortar finite elements are introduced on
the interfaces to approximate the normal stress and impose weakly continuity of the velocity. Stability and a priori error analysis is presented for fairly general grid configurations. By eliminating
the subdomain unknowns the global fine scale problem is reduced to a coarse scale interface problem, which is solved using an iterative method. We precompute a multiscale flux basis, solving a
fixed number of fine scale subdomain problems for each coarse scale mortar degree of freedom, on
each subdomain independently. Taking linear combinations of the multiscale flux basis functions
replaces the need to solve any subdomain problems during the interface iteration. Numerical results
for coupling Taylor-Hood Stokes elements with Raviart-Thomas Darcy elements are presented.
This is a joint work with Vivette Girault, Paris VI, Danail Vassilev, University of Pittsburgh, and
Ben Ganis, The University of Texas at Austin
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Abstract
We present a new phase-field model for the incompressible two-phase flows with variable density which admits an energy law. We also construct weakly coupled time discretization schemes that
are energy stable. Efficient numerical implementations of these schemes are also presented. The
model and the corresponding numerical schemes are particularly suited for incompressible flows
with large density ratios. Ample numerical experiments are carried out to validate the robustness of
these schemes and their accuracy.

