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Notations:
e Monomials: x* = x{* - - - x5 for « € N".

@ Polynomials: p = )" 4 pax® with coefficients p, in K (= R
or C).
@ Ring of polynomials: R = K[x].
@ Vector space of polynomials of degree < t : R;.
Problem: Given fi,...,f, € R, solve the equations
fi(x)=0,...,fm(x) =0in R" or C".
@ Which minimal degree for linear algebra on the multiples of
fyeooyfm?
@ Which systems of generator for | = (f1,...,fm) ?
@ Which basis for A= R/l ?
e Which representation for 4* = Homy (A, K) ?
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Moment problems
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Moment problem

We consider K = R.

Problem: Given (\,)aca € RA with ACN", \g >0and S a
closed subset of R", is there a Borel (positive) measure 1 such

that Va € A,
Ao = /xadu

and supp(u) C S.
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Global moment problem: A = N”

We associate to (Ag)aenn, A € R[x]* := Homg (R[x], R) defined

by
N:p= Zpaxa*_’ Zpa/\a

acN" acN”"

Theorem (Riesz 1923, Haviland 1935)

If
Vp € R[x] s.t. pjs > 0,A(p) >0

then there exists a Borel measure 1 on R" such that Va € N”,
Ao = [ x*dp and supp(u) C S.
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Suppose that S = {x € R"; g1(x) >0, ..., gs(x) = 0} for some
polynomials g1, ..., 8s € R[x].

Definition

The quadratic module of S is

M(S) = {00 + o181 + - + 0sgs for o; € TR?}

where ¥ R? is the set of finite sums of squares of polynomials in R.

v

Theorem (Putinar 1993)
Suppose that p — ||x||?> € M(S) for some p > 0. If A(1) = 1 and

Vp e M(S), A(p) >0

then there exists a probability measure p such that Yo € N”,
Ao = [x¥dp and supp(p) C S.

\
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Truncated moment
problems
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Truncated moment problem Ay = {a € N7 || < 2t}

Given (Aq)aca,,, define A € Homk (Rot, K) = R, by A(x*) = Aa.
Given A € Homg (Rot, K) = R3,, we define

Hi R — R
g — q-A

where g - A € Homk (R, K) is defined by
Vp € Re, q-A(p) = N(pg).

The matrix of Hf in the monomial basis (x*)|4<; and its dual
basis (d*) <t is

[HA] = (A(X* ")) ), 81<t
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If the truncated moment problem has a solution A € R*

Define

Hy:R — R*
p — p-A

Properties:
@ Hp extend Hj.
@ Ip := ker Hp is an ideal of R.

@ rank Hy = r iff Ay = R/Ip is an algebra of dimension r over
K.
o If rank Hy = r, Ap is a Gorenstein algebra:
Q A = Ap - A (free module of rank 1).
@ (a, b) — A(ab) is non-degenerate in Ajp.
© Hom, (Ax, Ax) =D - Ap where D = "7 b ® w; for
(bi)1<i<r a basis of Ap and (w;i)1<i<, its dual basis for A.
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o If rank Hy = r, then

!

A:pr— Z% 0i(0xy5 - -+, 0x,)(P)

i=1

for some C;- € C" and some differential polynomials 8; with
o r=>i_1dim((05(0i)))
o Vo(lh) ={C,--- ¢}

@ Hp = 0 iff I5 is a real radical ideal.

@ rank Hy = rand Hp 3= 0 iff A=>"7_; 7id;, with 7; > 0 and
(; are distinct points of R".

o If rank Hy = r, (bi)1<i<r a basis of Ap and (wj)i<ig, its dual

basis for A then
\/R = ker Ha.a

where A = >"7_; bjw;.
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Theorem (Curto-Fialkov 1996)

If
rankHj = mnkH}(*‘1 =r,Hy =0

then there exists i = Y ;_; 7id¢, where v >0, (; € R" such that
Va € N"a| < 2t, Ay = [x*du.

The measure p is supported in S iff H;,A =0,i=1,...,s.
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For a vector space E C R,
e Ef =E+x-E+---+x,-E.
@ E is connected to 1 if Ve € E, either e € K or
e=-¢ey+ ) ;_,Xjei with dege; < dege.

Theorem (Laurent-M. 2009)

Let E be connected to 1 and N € Homk ((E* - ET), K). If
rankHE = mnkH,'(E+ =

then there exists a unique element A € R* = Hom, (R, K) which
extends A.

We have the following properties:
rank H/~\ =r;
ker Hz = (ker H,’(H);
For K =R, H/’\-:+ %= 0 implies that
° H;\ = 0.
o 1= 17 where v; >0, ¢; € R".
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Notations:
.o o | =(f,...,f), A=K[x]/I,
‘e . @ B a set of monomials connected to 1
., (me B-{1} = 3m' € B, i € [1,n] st. m = m'x;).
¢ e Bt =BUxyBU---Ux,B, 0B= BT —B.

Suppose B is a basis of A, then
o Each x* € OB yields a rewritting rule
fo = x* ZBGB ,ﬁx
@ The rewritting rules of 9B allow to reduce any
p € K[x] to (B).

Definition

A border basis of B for [ is a set of relations of the form £, for
o € 0B, such that

o | =(fy),
e (Byn I ={0}.
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Normal form criterion

w= The rewritting family defines a projection N : (BT) — (B).

e e ®
2 @ Many possible reductions of m on (B), not
* necessarly K[x] = (B) @ | (or (B) NI = {0}).
il 4 @ How to check normal form ?
L ]

Theorem ('99)

Let B be connected™ to 1 and M; : (B) — (B) such that
M,(b) = N(X,b)
N normal form modulo | = (Ker(N))
< B basis of A= R/l
= M,'OMj: MjOM,’,i,_jZ 1,...,n.

* B is connected to 1 iff Ym € B either m=1or I3m’ € B, i € [1,n] s.t. m = x; m’.
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Let B be a set of monomials C R.
Assume that H/I\B’B invertible and define

B,xiB/,;B,B\—
M; := Hy i (HYP) L

Proposition

If N extend to R* and HY'® is of rank r = |B
matrix of multiplication by x; in Ap is M;.

, then M; is the

If B is connected to 1, then A\ known on B extends uniquely to R
o iff MioM;=M;oM; (1<i,j<n).
o iffrank H® = rank HZ" = r and |B| = r.

Then N € R* is such that rank Hy = r.
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Applications
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Decomposition of symmetric tensors

Joint work with J. Brachat, P. Comon, E. Tsigaridas.

O Waring problem: Given f = Z\aKd faxgﬂalxo‘ a honomgeneous
polynomial of degree d in the variables xp, x1, . . . , Xp,
find a minimal decomposition of f of the form

,
F= 7ilxo+Gaxs+ -+ Ginxn)®
i—1

for ; = (Gi1,.--,Gin) €C", i € C.
O Tensor decomposition:
Given a symmetric tensor T = (aj,,...i;)o<i;<n With
A(i),....o(iy) = 3i,....is € K (K=Ror K=C)
find a minimal decomposition of T as a sum of symmetric
tensors of rank 1:

T=) 7G®-®
i=1

5 If T is of order 2, r is its usual rank.
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O Secant varieties of the Veronese:
Given a element T of P(S9(K"™1)),
find the smallest r such that T € S,_1(V,) where
o), = {((a)w:d; e Rt — {0}} Cc P
] S,{[(V,ﬁl) = {X = 22:1 M Xk € ]P)”'H; Xk € ]Pm}.

J Moment matrix problem:
Given )\, = (z)_lfa for |a| < d,
find A € Hom(C[x], C) such that A ="/ ; vid., and for all
o € Ag, Nx®) = ()7 = Ao

[0}

@ x®— )\, defines a linear form A € Homyg (Ryg, K).
o x%— (* corresponds to the evaluation 1¢ : p — p(¢

).
o =" 17i(x+¢xi+ -+ (inxa)? means that A
coincide with Y _7_; 7id¢, up to degree d.
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@ The minimal r is called the rank of T.
@ The set of T with rank r is denoted ).
e For d =2, r is the usual rank of the quadratic form T(x).
o Forr=1, T(x) =34—g CaX" with co = (T)ugo - ugn.
V1 is a closed subvariety of K[x]q.
The best rank 1 approximation of the tensor T corresponds to

its maximizer on S, == {x3 + -+ x2 = 1}.

(lH»d*l)
@ Generic rank over C is [*—4—"] except

(d,n) € {(3,5),(4,3),(4,4),(4,5)} [Alexander-Hirshowitz'95].

@ Maximal rank unknown.
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Sylvester'method (1886)

We consider a binary form T (xo,x1) = 30 o ¢i(9)x¢~'x].

Theorem

The polynomial T can be decomposed as a sum of r powers of
linear forms T ="} _1 Mc(auxo + Bix1)? iff there exists a
polynomial q such that

(@) (o] 500 Cr do

C1 Cr+1 q1

: ) . =0
Cd—r --- Cd-1 Cd qr

and of the form

q(x0,x1) : H Brxo — oucxy).
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Truncated moment matrices

If an extension A = >"7_; \j1, € Hom(C|[x], C) exists, then

o Ap = K[x]/ ker Hp is of finite dimension r over K.

@ The zeros of I are the simple roots (1,...,(, € C".

@ If B is of size r connected to 1, and H/I\B’B) invertible , the
matrices M; := H/“\B’X"“B(H/I\B’B)_1 are the matrix M; of
multiplication by x; in Aj.

@ The matrices M; commute.

My:An — An ME: Ay — A,
u +— au AN — a-AN=NANoM,

The eigenvalues of M, are {a((1),...,a(Cq)}-

@ The eigenvectors of all (M%),c4 are (up to a scalar)
1 p— p(G).
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Algorithm:

Forr=1,...,

@ Compute B of size r, connected to 1;

. + Bt
@ If needed, complete the matrix H,’\3 B7 st. the operators
M; = HPB(HZF)~1 commute.

© If this is not possible, start again with r := r + 1.

Q@ Compute the n x r elgenvalues s.t. Mivj = (i jvj,
i=1...,n j=1,.

@ Solve the linear system in ()\j)j=1,. «x: A = ijl Ajle, where
¢j € C" are the vectors of eigenvalues found in (4).
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The polynomial (homogeneous in 3 variables, of degree 5):

f=

— 1540440 xox1 03 + 2417040 x0x1 2 x22 + 166320 x02x7 x22 — 829440 xpx1 3 X3 — 5760 X3 x1 X — 222480 x0°x1 20 +
38 x9° — 497664 x;° — 1107804 x2° — 120 xp*x1 + 180 x0*xp + 12720 xp3x12 + 8220 x5 x22 — 34560 x02x13 —

59160 xo2xp3 +831840 xpx1* +442590 x030* — 5591520 x7 % xo + 7983360 x1 3 %02 — 9653040 x7 2 %03 + 5116680 xq x0*

The moment matrix:

r 1 X1 X9 x12 X1XQ x22 X13 x12 X2 X1 X
1 38 —24 36 1272 —288 822 —3456 —7416 554

X1 —24 1272 —288 —3456 —7416 5544 166368 —41472 805¢

X 36 —288 822 —7416 5544 —5916 —41472 80568 —T7417

x12 1272 —3456 —7416 166368 —41472 80568 —497664  —1118304 7983:
X1X2 —288 —7416 5544 —41472 80568 —77472  —1118304 798336  —9653(
Xé 822 5544 —5916 80568 —T77472 88518 798336 —965304 102333

X7 —3456 166368  —41472 —497664  —1118304 798336 he.,0,0 hs 1,0 hy 2
x12><2 —7416  —41472 80568  —1118304 798336 —965304 hs 1,0 hg 2.0 h3 3
X1 x22 5544 80568  —77472 798336 —965304 1023336 ha 2.0 h3 ;3.0 ha 4.

L x23 —5916  —77472 88518 —965304 1023336  —1107804 h3 3,0 h2.4.0 hy s,
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The first leading and shift minors:

38 —24 36 1272 —24 1272 —288 —3456
—24 1272 -288  —3456 1272 3456  —7416 166368
Ao = A1 =
36 —288 822 7416 288  —7416 5544  —41472
1272 —3456 7416 166368 —3456 166368 —41472  —497664

The normalized vectors of eigenvalues:

1 1 1
—12 |, 2|, -2,
-3 —13 3

We solve the linear system in A;:

W N
[E—

f=X(xp—12x) — 3)(2)5 + Xo(xg + 12x; — 13)(2)5 + A3(x0 — 2x3 + 3)(2)5 + Xg(x0 + 2x1 + 3)<2)5
and get the minimum decomposition (rank 4):

1 1
00— 120 —3x)° + S0 +125 — 1350)° + (x0 — 2x1 +3x)° + +(x0 + 251 + 3x)°.
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Real radical computation

Joint work with J. Lassere, M. Laurent, Ph. Rostalski, Ph. Trébuchet.

Given F = (f1,...,f) C R := R[x]|, compute a set of generators of

o I(Ve(F)=VF={fecR,3m>0 | fm"cF},
o (W(F)=VF={fcR,3m>0 | 2™+ SoS € F}.
(J Dual real radical problem:
Find A € R* st.
o A=0ie. Hy:=0ie. Vpe R,A(p?) > 0.
o fi,...,fs € ker Hp.
o Hp of maximal rank.
If rankHp = r and Hp = 0, then A =37, 7id, with
G eR" v > 0.

{C1,...,¢} € VR(F) with equality for maximal rank.
V'F C ker Hp with equality for maximal rank.
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Lt SCR=R[x]with1€S, GC S-S, and

Lsc = {NeHomg(S-S,R)|A(g)=0, Vg € G},
LsGy = {Ne Ls g | /\(pz) >0, Vp e S}.

Theorem

(i) Let N* € Ls ¢ for which rankH,f is maximum. Then
ker Hy. C /(G).

(ii) Let A* € Ls g, for which rankHR is maximum. Then
ker H,f* C W.

(iii) ker HE. C ker HX forall A € LEF .

Ity € N such that Vt > to, (ker Hit) = X/(F).
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= How to find A € Ls ¢ with H;\g of maximum rank ?

Take a generic element in Ls 6.
= How to find A € Ls G with H/f of maximum rank ?

Solve the SemiDefinite Programming problem:

- H=(hap)apes =0
— H satisfies the Hankel constraints hg = 1, hy g = hy p if
a+pB=d+4.
— H satisfies the linear constraints )  hogn = 0 for
g=> ,8:x*€G.
and minimize a generic linear form.

Existing tools: SeDuMi, CSDP, ...
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15> How to construct new relations in the radical?

Given a rewritting family P with respect to B connected to 1 such
that support(P) C Bt and Vp € P, p has only one monomial in
0B =BT\ B,

@ Solve the SDP problem for S = B* and G = BT - P to
compute a generic A* € L5 G »;

e Compute (P) = ker Hp-.

Then (P) c (P) c ¥/(G).

B. Mourrain GALAAD INRIA Méditerranée Moment problems and border bases



Algorithm:

INPUT: generators (f;) of an ideal | such that Vr(/) is finite.
e Initialize B = By a set of monomials connected to 1; F = (f;);
N* a generic element in Lg+ f o (resp. Lp+ F);
o While rank HE. # rank HE' do

o Extend F with ker H,“\g*+ and update B;

o If ker HZ. = {0} and F is not a border basis for B then extend
Bin BT;

o [Ifker HE. = {0} and F is a border basis of B then compute a
basis of ker H . and extend F with it.]

o Compute a generic element A* in Lg+ r 5 (resp. Lg+ F);

@ Compute a basis of ker HAB,R* and insert it in F
OuTPUT: B a basis of R/ Y1 and F border basis of V1 for B.
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A very simple example

5 f; = x2 + y2,
B=(1)- (%)
S={lL,x,y} with§-5D f.

1 Ay
H=1 A X2 Ay =0
Ay Ay A
implies
e \o2=0,
@ \x=0,A,=0,)\, =0,
o kerH=x,y.

Happy end: {/(x* +y?) = (x, y).
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