Controllability of wave and Schrodinger equations with inverse
square potential via new energy norm.
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Waves versus Schrodinger

For any N > 1, consider Q ¢ RY,
I'=the boundary of €2,
I'o=boundary observable zone with the central of gravity in zero i.e

Io:={z €l |z-v>0} (1)
The case of interior singularity: 0 € 2.

Wave-like equation:

ugy — Au — ‘Zu 0, (t,z) € (0,T) x Q,
(W) : u(t,z) = h(t x), (t,z) € (0,T) x Lo,
u(t,z) =0, (t,z) € (0,T) x (I'\ To),
(u(0,2),ut(0,z)) = (uo(z),u1(z)) z €N
(2)
Schrodinger-like equation:
— Au— W“ =0, (t,z)€(0,T)xQ,
) u(t, z) = h(iL x), (t,z) € (0,T) x Lo,
() : u(t,z) = (t,z) € (0,T) x (I'\ o), (3)
u(0,z) = uo(x) z €N
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Waves versus Schrodinger

The problems (W)-(S) are well-posed for A < A, := % because the
operator Ay := —A — ﬁ is losing the positivity and coercivity for any
A> A

Motivation (Hardy inequality): The critical upper-bound A, is the sharp

constant in the Hardy inequality (Hardy-Littlewood-Polya 1952) i.e. for any

u € H}(Q)
N — 2)? u?
Vul?dz > 7( /—7 4
[ v e (@)

The solutions of (W)-(S) are defined in a weak sense by transposition (Lions
'88).
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Waves versus Schrodinger
The Hilbert space H)

The Hilbert space H) induced by the Hardy inequality is defined as the closure
of C5°(Q) in the quadratic norm || - ||, .,

2
4 = ul2 =AY Nde
e, = [ [IVul® = x5 o
Q

for every A < ..

@ subcritical case A < A\.: Hj(Q) = H), due to the equivalence of the
norms:

(1= M)l gy < Nl < el -

@ critical case A = \,: H,, is slightly larger than H3 (). Actually,
H), C H?,s <1 (Vazquez-Zuazua, JFA, 2000).
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Waves versus Schrodinger

Theorem (Vancostenoble-Zuazua '09)

The system (W) is controllable for any A < \.. More precisely, for any time
T > 2Rq, (uo,u1) € L*(Q) x H, and (w0, un) € L*(Q) x H, there exists
h € L*((0,T) x To) such that the solution of (W) satisfies

(ue(T, z),u(T,x)) = (ui(x),wo(x)) for all z € Q.

Theorem (Vancostenoble-Zuazua '09)

The system (S) is controllable for any A < \.. More precisely, for any time

T >0, up € Hy and g € Hy, there exists h € L?((0,T) x To) such that the
solution of (S) satisfies

u(T,z)) =u(z) for all z € Q.

CONTROLLABILITY < OBSERVABILITY
I

J.L. Lions's Hilbert Uniqueness Method [1]: Null-Controllability of systems
(W)-(S) suffices to prove the so-called Observability Inequality for-the adjoint



Waves versus Schrodinger

systems
ttiAU*)\#ZOa (t,x)GQT,
) v(t=z) =0, (t,z) € (0,T) x T,
(Waas : v(0,z) = vo(z), z € Q, ®)
v¢(0, ) = vi(z), z € Q.

respectively

iv,g—i—Av—l—)\ﬁ:O7 (t,z) € Qr,
(S)agj = § w(t,x) =0, ( ,x) € (0,T) x T, (6)
v(0,z) = vo(x), €,

Notations: Q7 = (0,T) X Q, ¥r = (0,T) xI', £o = (0,T") x L'o.
Conservation of energy for (W)qq;:
1
B)(®) := 5 |llvtl gy + 0l | (7)
E}(t) = E}(0), Vte[0,T],YA < A(N).
Conservation of energy for (.S)qdq;:

o)l L2(@) = llvollz2e), 0|l = [lvol, - (8)
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Waves versus Schrodinger

The domain of Ay := —A — ﬁ is defined as
Dy={u€ Hyx| —Au—)\/|z|* € L*(Q)}.
The system (S) is controllable iff there exists h € L?(0,T) x T'o) such that

/ / h SUdodt= < ue(0),0(0) > 1y, + < u(0), 0(0) >p2(@) 2= 0,
1G]

where v is the solution of the adjoint system (Sqq;).
Build the control h as a minimizer of the functional

1 [T v\ 2
J(vo,v1) = 5/ /FO (5) dodt — (uhvo)H;\’H)\ + (uo,vl)LQ(n),LQ(ﬂ),

The existence of a minimizer of J (the existence of a control h) is assured by
the coercivity of J. Coercivity of J is equivalent to the so-called Observability
Inequality.
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Waves versus Schrodinger

Theorem (Observability inequality-Vancostenoble-Zuazua)

For all A < X, there exist two positive constanta C1,C2 such that for all
T > 2Rq, the solution of (W)aq; verifies
T 2
/ / (29 dodt < 02122(0). )
o Jro ov
and .
2
EXN0) < Oy / / (@) dodt. (10)
o Jr, \OV

Theorem (Observability inequality-Vancostenoble-Zuazua)

For all A < A, there exist two positive constant C1, Ca such that for all T > 0,
the solution of (S)aq; verifies

’ v\ 2 ,
f G e bt a

T
2 v\ 2
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Waves versus Schrodinger

The Observability inequality relies mainly on the method of multipliers (cf. [1])
and the so called compactness uniqueness argument (cf. [2]), combined with
Hardy inequalities above.

First inequalities provide Hidden Regularity for the normal derivative (We do
not know a priori that dv/dv € L?).

Multipliers.
Wave: When integrating

A
(vee — Av — |x|2 v)z- V=0

formally you get

/ / ()U d :’I'E?(O)Jr/vt(w-erNil)
To Ja 2

Schrodinger: When Integrating

(tve + Av+ ——v)(z - Vv) =0

|=[?

and taking the real part, formally you get

1 (T r ov |2
5./0 ./r (.’l"l/) (7

Ov

2 1 ' —a "
do = T||v||&, + élm vz - Vodz .
JO
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Waves versus Schrodinger

Warning !

We are not allowed to do integration by parts directly: Even if

(vo,v1) € D(Q) x D(R) the solution of (W) does not belong to H*(Q) in
space variable | A smooth initial data yields regularity D((—A — \/|z|)*) for
any natural number k, which, the same, is not in H2.

In order to prove the validity of multipliers identity is enough to show the
Pohozaev identity for the elliptic operator —A — \/|z|?.

Indeed, when integrating

(—Av — \|z|*v)z - Vo =0

we obtain formally the Pohozaev identity:



Waves versus Schrodinger

/80(9: . V)(%)Qda = /Q (f Ay — A#)(I - Vu)dx

N —2 2 '1}2
_T/Q (174 —AW]dm’, (13)

holds true for any v € D(—A — \/|z[?).

Replace —Dv — A/|z|?v by s, integrate in time to obtain multipliers for
Waves.
Goal: Prove the validity of Pohozaev identity.

Possibilities to avoid the singularity:

1. regularizing the potential \/(|z|? + €?) and try to pass to the limit as well...
2. use a multiplier of the form « - Vué, and try to pass to the limit...
All these fail in the critical case A = \,.

Let us try the following remedy: integrate on Q \ B:(0) and then try to pass to
the limit when ¢ goes to zero... Indeed, we consider v € D(—A — A/|z|?) (in

particular v € H(Q \ Be(0))). Then we are allowed to-integrate. We obtain
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Waves versus Schrodinger

/E( Av — M|z|*v)(z Vv)d:p-}-%/m(x V)(glfdaz 1/E|VU odo
~5 [ [oof - x5 ]ao-
el B (N D
Surprising:
/SL [‘WlQ - |V I A*Iu}z]d' e 0,1

(Counterexample: sin-like functions, see Vazquez-Zographopoulos 2011).
There exists a Hidden energy at the origin !

New Hardy functional norm: Let us introduce the norm
N —2
ol —/ ‘w + ‘“]2 * da. (15)

and the corresponding Hilbert space Hx, 1 to be the closure of C§°(2) in the
norm || - |[my, ,-
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Waves versus Schrodinger

N-2 x |2 2 v?
Sl T P o = Ao da, Q).
/Q’W+ ; W@) da /S2 [IVel? -2 |x‘2}d1, Yo € C5°(Q)

therefore H,, = H., 1, and ||v||z,, = ||v|[m,, ;- Then

2
2 v . N-2 x |2 N —2 2
/E [|VU\ )\*—mz]dx_ /E ’Vu—&- Sy F‘zv dx + % /Sav do.

and, adding (16) to (14), the following identity holds

/Q (_A—A*/Ia:IQU)(:c.W)d:H%/m(mw(%)QdU

_ Vv al* | vy, ¢ 2\ 2
,e/ss[ p _/\*EQ]dU_Q . [|Vv| —)\*82:|d0'
N —2 N—-2 z |2
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Waves versus Schrodinger

/ (A = X /|z|"v)(z Vv)dx+2/69(m V)(%)Zda
:1!;1@]—%/Q ‘Vu+¥ﬁv‘2dm (18)

The most technical difficulty: v € D(—A — A\, /|z|?) implies R[¢] — 0, as
e — 0.
With this, we can pass to the limit to obtain

/Q(fAf/\*/\va)(x-Vv)der%/{m(x y)(g:j) do

N-2 N-2 z 2
:_7/’v+ Tt (19)

and
[a=nfiaPoe Voot [ @Gy
_ N-2 L
=5 [ vl = x g &
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Waves versus Schrodinger

is totally correct.
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Waves versus Schrodinger

Thank you !
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