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Goal

Determine the “size” of certain convex sets that appear naturally
in quantum information theory.

Some notation

Md = B(Cd) space of d × d-matrices with complex entries.

Let Φ :Md →Md be linear.

• Φ is positive if Φ(ρ) ≥ 0 for all ρ ∈Md , ρ ≥ 0, i.e. positive
semidifinite

• Let 1 ≤ k ≤ d . Φ is called k-positive if

Φ⊗ Ik :Md ⊗Mk →Md ⊗Mk

is positive.

Pk(Md)= set of k-positive maps on Md

This set is a positive cone.
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The Jamiolkowski-Choi isomorphism lets us relate maps Φ and
matrices CΦ:

Φ←→ CΦ

CΦ =

Φ(E11) . . .Φ(E1d)
. . .

Φ(Ed1) . . .Φ(Edd)


f.i. via Jamiolkowski-Choi isomorphism

Pk(Md)←→ BPk(Cd ⊗ Cd),

the space of k-block positive d2 × d2 matrices.
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The set of k- entangled operators on Cd ⊗ Cd is

Entk(Cd ⊗ Cd) =

conv

|ξ〉〈ξ| : ξ =
k∑

j=1

uj ⊗ vj , uj , vj ∈ Cd , j = 1, . . . , k




ξ =
∑k

j=1 uj ⊗ vj ∈ Cd ⊗ Cd is called a k- entangled vector, i.e.

k-entangled states have rank ≤ k .
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k = 1: separable vector, separable state

k = d : Entd(Cd ⊗ Cd) is the set of all states on a bipartite
system Cd ⊗ Cd

For all k : Entk(Cd ⊗ Cd) ⊂ Entk+1(Cd ⊗ Cd)
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Via Jamiolkowski-Choi isomorphism k-entangled states on
Cd ⊗ Cd = Cd2

are in correspondence with maps on Md

SPk(Md)←→ Entk(Cd ⊗ Cd)

Φ←→ CΦ

SPk(Md) is the convex cone of k- superpositive operators Φ on
Md :

Φ(ρ) =
∑

A†i ρAi

such that each Ai has rank ≤ k.
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For d = 3
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Normalizations

states ρ ∈Mn get normalized such that Tr(ρ) = 1.

Here:

Ent1
k (Cd ⊗ Cd) =

Entk(Cd ⊗ Cd) ∩
{

M ∈ B(Cd ⊗ Cd) =Md2 : Tr(M) = 1
}

maps Φ :Mn →Mn get normalized such that Φ is trace
preserving: for all states ρ

Tr(Φ(ρ)) = Tr(ρ)
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Here:

SPTR
k (Md) =

SPk(Md) ∩ {Φ :Md →Md : Tr(Φ(ρ)) = Tr(ρ),∀ρ}
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Geometrically, this means that we intersect the cones cones with
hyperplanes and get convex sets.

For d = 3
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Measure “size” of a convex body K via volume radius

vrad(K) =

(
|K|
|Bn

2 |

) 1
n

and mean width

w(K ) = 2

∫
Sn−1

hK (u)du

Urysohn inequality

vrad(K) ≤ 1
2
w(K)
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Upper Bound

w
(
Ent1

k (Cd ⊗ Cd)
)

= w
(
ext
(
Ent1

k (Cd ⊗ Cd)
))

= w ({|ξ〉〈ξ| : ξ k entangled, |ξ| = 1})

≤
√

2w ({ξ : ξ k entangled, |ξ| = 1})

=
√

2w
(
Entv

k (Cd ⊗ Cd)
)
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w(K ) = 2

∫
Sn−1

max
x∈K
〈x , u〉du

= γn

∫
Rn

max
x∈K
〈x , y〉dµn(y)

Dudley

≤ Cγn

∫ ∞
0

√
log N(K , ε)dε

N(K , ε) is the smallest N such that there are points x1, . . . , xN s.t.

K ⊂ ∪N
i=1xi + εBn

2

γn ∼
1√
n
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vrad
(
Ent1k(Cd ⊗ Cd)

)
≤ 1

2
w
(
Ent1

k (Cd ⊗ Cd)
)

≤ 1√
2

w
(
Entv

k (Cd ⊗ Cd)
)

≤ Cγd4

∫ ∞
0

√
log N(Entv

k (Cd ⊗ Cd), ε)) dε
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Entv
k (Cd ⊗ Cd)←→ Gd ,k × Gd ,k × SHS(F ,E )

τ =
k∑

j=1

tj |uj〉〈vj | ←→ (E ,F ,T )

E = Eτ = span{uj : 1 ≤ j ≤ k}

F = Fτ = span{vj : 1 ≤ j ≤ k}

and T ∈ SHS(F ,E ) such that

τ = TPF
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Szarek

N(Gd ,k , ε) ≤
(

C

ε

)4k(d−k)

N(SHS(F ,E ), ε) ≤

(
C̃

ε

)2k2

N(Entv
k (Cd ⊗ Cd) ≤

[(
C

ε

)4k(d−k)
]2(

C̃

ε

)2k2

≤
(

C ′

ε

)8kd
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vrad
(
Ent1k(Cd ⊗ Cd)

)
≤ Cγd4

∫ 1

0

√
8kd

√
log

(
C ′

ε

) 1
2

dε

≤ C
k

1
2

d
3
2

For k = 1 (separable states) and k = d (all states) this gives
the right order

Lower bound: C k
1
2

d
3
2
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