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Breiman

Coin tossing — random walk S;, S, . . ..

Put Y, Ya, ... the interarrival times between the zeros of
S1,5,....

X, X1, Xo, ... iid P{X =0} = } = P{X =1}

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Self-normalized sums Motivation
Results

Breiman 1

Coin tossing — random walk S;, S, . . ..
Put Y, Ya, ... the interarrival times between the zeros of

S1,Ss,. ...
X, X1, Xo,...iid P{X =0} = % =P{X =1}
Tn — 2?21 X’\/l
i Yi
is the proportion of the time that the random walk spends in
[0, 0).
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In this case:

lim P{T, < x} = garcsin\/)f(
n—oo v
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Y, Yi, Yo,... non-negative iid rv’s with df G
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Y, Yi, Yo,... non-negative iid rv’s with df G
X, X1, Xo, ... iid with df F, independent from Y, Yy, Yo, ...,
E|X| < o
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Y, Yi, Yo,... non-negative iid rv’s with df G
X, X1, Xo, ... iid with df F, independent from Y, Yy, Yo, ...,
E|X| < o

X XY

T, =
B Y 7
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IfEY < oo, then

YL XY
27:1 )(/Y’ _ + A EX
R

n
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Theorem (Breiman, 1965)

If T, converges in distribution for every F, and the limit is
non-degenerate for at least one F, then Y € D(«), for some
a€[0,1).
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Theorem (Breiman, 1965)

If T, converges in distribution for every F, and the limit is
non-degenerate for at least one F, then Y € D(«), for some
a€[0,1).

Conjecture (Breiman)

If T, has a non-degenerate limit for some F, then Y € D(«) for
some o € [0,1).
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Domain of attraction of an a-stable law:

Y eDla)=1—G(x)=—=~,

where /¢ is slowly varying.
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Y € D(0) if 1 — G(x) is slowly varying

éter Kevei, David Mason Self-normalized sums and Lévy processes



Self-normalized sums Motivation
Results

Y € D(0) if 1 — G(x) is slowly varying
in which case (Darling, 1952)

max{Y;:i=1,2,...,n} P

XY

and so N
Z/=n1 XiYi D, X
diet Vi
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E|X|2+5

Theorem (Mason & Zinn, 2005)

Assume that E| X |29 < co. Then T, — R, where R is
non-degenerate, iff Y € D(a), a € [0,1).
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T — Z?:‘I X’\/’
n—on
Zi:1 \//

Assume that EX = 0, then ET? = EX2nE(Z v Y
i=1 "
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F Xl XY
n— n
Sy Y

Assume that EX = 0, then ET? = EX2nE(Z v Y
i=1 "

Y24 ...+ Y2 o0
E 1 n — / " n—1 d

where ¢(s) = Ee~5Y.
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T — Z?:‘I X’\/’
n— n
S Y

Assume that EX = 0, then ET? = EX?NE v VY
(Z, 1 Y/)

Y2 4. .. 4+ Y2 oo
E 1 n — / " n—1 d
Vit e "y SO (s)ds

where ¢(s) = Ee~5Y.

y2
(Z/ 1 )
(Fuchs & Joffe & Teugels 2002, Mason & Zinn 2005).
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Studentize

X, X1, Xz, ... iid

Conjecture (Logan & Mallows & Rice & Shepp, 1973)

XX oo

VEmoe

where P{|W| =1} < 1,iff X € D(a), « € (0,2]; ifa > 1,
EX =0;ifa =1, X € D(Cauchy).
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Results

Giné & Gotze & Mason (1997): W is standard normal iff
XeD2)andEX =0
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Results

Giné & Gotze & Mason (1997): W is standard normal iff
XeD2)andEX =0
Chistyakov & Goétze (2004): in general
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Notation

id(a, b, v) infinitely divisible distribution on RY with characteristic
exponent

1 L
iu'b— 5u’au+ / (e““‘ —1—iUxl(|x| < 1)) v(dx),

where b € R, a € R9%? is a positive semidefinite matrix and v
is the Lévy measure.
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Theorem

If along a subsequence {n'}

1
an/

n/

D /
E Y, — W,, asn’ — oo,
i=1

where W ~ id(0, b, A), then
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Theorem

If along a subsequence {n'}

1
an/

n/

D /
E Y, — W,, asn’ — oo,
i=1

where W ~ id(0, b, A), then

n’ n’
73 S
Zl:1 ! I, 21:1 ! —>D (W1, Wg), n’ — 00,
an/ an/
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Theorem

If along a subsequence {n'}

1
an/

n/

D /
E Y, — W,, asn’ — oo,
i=1

where W ~ id(0, b, A), then

n V. f_7/ f
<Z,-:1x,YI,Z,:1 Y’) L (Wi, Wa), = o,
an/ an’

where (W, Wa) ~ id(0, b, M)

(b_ f01 X/\(dX)) EX + f0<U2+V2§1 url (dU,dV)
(b= Jo XA@X)) + foyeryeer VI (du,dv)
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i.e. its characteristic function

Eci(01 Wi+62W2) _ exp {i(01 by + 02b5)

/ / ei(O1x+62y) _ 1—(i01X+i92}’)1{x2+y2§1})

F(dx/y) A (dy) }
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(Wi, Wo) 2 (a4 + U, a2 + V),
where (ay, a) = ((b — f01 x/\(dx)) EX,b— f01 x/\(dx))

eV —axp { [ [ (0m ) 1) F (axiy)nan) |

Under the assumptions of the theorem

<Z1§i§n’t XiYi Z1§i§n’t Y

D
, ) — (a1t+ Uy, axt+ Vi) =0 ' — o,
ay ay t>0

where (U;, V), t > 0, is the corresponding Lévy process.
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€& ... iidwith df F, S, = 37, &
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£,&,...idwithdf F, S, =31, &. Fisinthe Feller class, if
there exists Ap, Bn, such that every subsequence n’ has a
further subsequence n”, such that

S//—A// D
=T 2w,
Bn//

where W is non-degenerate.
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£,&,...idwithdf F, S, =31, &. Fisinthe Feller class, if
there exists Ap, Bn, such that every subsequence n’ has a
further subsequence n”, such that

S//—A// D
=T 2w,
Bn//

where W is non-degenerate. F is in the centered Feller class, if
we can choose A, = 0.
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Character

Theorem (Feller, 1966)

Y is in the Feller class, iff

limsu A =
e E[V2I( Y] < x)]
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Characteri

Theorem (Feller, 1966)

Y is in the Feller class, iff

limsu A =
e E[V2I( Y] < x)]

Theorem (Maller, 1979)

Y is in the centered Feller class, iff

< 00.

: x?P{|Y| > x} + x|E[YI(] Y| < x)]
fim sup E[Y2I(]Y]| < x)]
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centered F

Assume that Y is in the centered Feller class. Then any

subsequential limit of
Win Won\ _ (SL4XY S04,
a,  an an T ap ’

has denstity on R? (Griffin, 1986),
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centered Fe

Assume that Y is in the centered Feller class. Then any
subsequential limit of

<W1,n W2,n> — <E,r'7_1 XIYI 27:1 Yl)

an ' an an an

has denstity on R? (Griffin, 1986), which implies that

n \/I WZ

i=1

n/
4 XiYi o W,
== 11—

has density on R.
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n/

1
a n

D
Yi—by p — W, asn' — oo,

i=1

where W is non-degenerate, by /ay — oo,

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Self-normalized sums Motivation
Results

n/

1
a n

D
Yi—by p — W, asn' — oo,

i=1

where W is non-degenerate, b, /ay — oo, then
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non-cente

n/

1
a n

D
Yi—by p — W, asn' — oo,

i=1

where W is non-degenerate, b, /ay — oo, then

by the theorem

1
bn/

n/
> XY EX, 1 — oo,

i=1
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non-cente

n/

1
a n

D
Yi—by p — W, asn' — oo,

i=1

where W is non-degenerate, b, /ay — oo, then

nl
b‘lnlzyii).17 n/—>oo,
i=1
by the theorem
1 i P
bn/ Z)(I)/I — EX7 n/ — 00,
i=1
and so
n n
SoXYi/ Y Y EX =
i=1 i=1
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x°P{Y>x}
EVZ/(Y<x)

Y is not in the Feller class < limsup,_, = oo and

lim su XE (YI(Y < x))
P XeP Y > x] + EV2(Y < x)

< 0
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non-Felle
Y is not in the Feller class < limsup,_, % = oo and
<
limsup XE (YI(Y = X)) < 00

x—oo X2P{Y >x}+ EY2I(Y < Xx)

Assume that E|X| < co and P{X = xp} > 0. Then there exist a
subsequence {r’} such that
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non-Felle
Y is not in the Feller class < limsup,_, % = oo and
<
limsup XE (YI(Y = X)) < 00

x—oo X2P{Y >x}+ EY2I(Y < Xx)

Assume that E|X| < co and P{X = xp} > 0. Then there exist a
subsequence {r’} such that

n/
e—0 n"—oo . f
=1 ]

moXY
lim Iimian{’:1" € (xo—s,xo+5)} > 0.
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Y € D(0) if 1 — G(x) is slowly varying <

lim x?P{Y > x}
x—oo EY2I(Y < x)
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non-Felle

Y € D(0) if 1 — G(x) is slowly varying <

lim x?P{Y > x}
x—oo EY2I(Y < x)

In this case (Darling, 1952)

max{Y;:i=1,2,...,n} P
Y Yi

and so 5
Yiz1 XiYi Dy
i Y
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This is an ongoing joint work with Ross Maller.
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Remark

(Wi, W) 2 (ay + U, ap + V),
where (a;, @) = ((b - x/\(dx)) EX,b— [ x/\(dx))

el —oxp { [ [ (cl0rsen 1) F(axjy)nan) |

Under the conditions of the theorem

<Z1Si§n,t )(IYI 21§i§n’t \/’

an/ ’ an/

) 2, (ait+Us, act+ Vi) =0, N — o0,
>0

where (U;, V;), t > 0, is the corresponding Lévy process.
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Definition

Consider the Lévy process (U, Vi), t > 0, with characteristic

function
E exp (i91 Us + 6o Vt) =
exp (t/ / (ei(91 Utbv) _ 1) F (du/v) A (dv))
(0,00) J —o0
where

/OO |x| F(dx) < oo

—00

and A is a Lévy measure on (0, c0), such that f01 ydA(y) < oc.
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% D?, t—0 or t— o0
Vi
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Outline
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Let @y, w2, ... beiid Exp(1) 1v's, S = 3/ ;.
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Let @y, w2, ... beiid Exp(1) rv's, Sj = /_ ;. Independently
from w1, s, ... let X, Xo, . .. be iid, with df F.

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Introduction
Self-normalized Lévy processes Results

Let @y, w2, ... beiid Exp(1) rv's, Sj = /_ ;. Independently
from w1, s, ... let X, Xo, . .. be iid, with df F.

N(t)=>1{S; < t}, Poisson process
j=1
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Let @y, w2, ... beiid Exp(1) rv's, Sj = /_ ;. Independently
from w1, s, ... let X, Xo, . .. be iid, with df F.

N(t)=>1{S; < t}, Poisson process
j=1

©(s)=sup{y:Ay) > s},
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For any fixed t > 0,

0 (E50(3) £(3)

i=1
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U TE X (%)
Vi 2?21 ¥ (%)

E|IXPPY <00 = E|Ti*"° <E|X]*" < x

Tt
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U ZE X ()
TV, w—o (S

Vi i P (T)
E|IXPPY <00 = E|Ti*"° <E|X]*" < x

Therefore T; — T implies ET? — ET2.

Tt
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Vt ZI 1 90( )
E|IXPP" < 0o = E|T;*"° <E|X]?" <

Therefore T; — T implies ET? — ET2.

T =

ET? = (EX)? + Var(X)ER;,

where

Zio; ¥ (T’)

(e (3)°

R =

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Introduction
Self-normalized Lévy processes Results

Vt ZI 1 90( )
E|IXPP" < 0o = E|T;*"° <E|X]?" <

Therefore T; — T implies ET? — ET2.

T =

ET? = (EX)? + Var(X)ER;,

where

PR (T’)

(e (3)°

Ri€[0,1] = ERi—1-p

R =
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Proposition
If

ER; —1—p,ast] 0 (ast— o)

then A (x) is regularly varying with index —3.
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Recall
wy, wa, ... Iid Exp(1) rv’s, S; = Z/ 1 @)

N(t) = Z 1{S; <t} Poisson process
j=1
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26?3 2 () dN(1s)
R — _

(5o (3)) (5w ans)”
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26?3 2 () dN(1s)
R — _

(5o (3)) (5w ans)”

For T >0

Ri(T) = o ¢ () AN(1s) .

(] o (s)anes))”
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26?3 2 () dN(1s)
R — _

(5o (3)) (5w ans)”

For T >0

Ri(T) = o ¢ () AN(1s) .
(] o (s)anes))”
Given that N(Tt) =
> ¥ (Vi)
R(T) 2 ==t 2
S (S o)
where Vi, ..., V, are iid Uniform(0, T).
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24 ... 4 €2

(€4 &P n/o ()™ s,

where ¢(s) = Ee5-.
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ldea I

0 T
EFI’;(T) = l’/ u / @2(3)€_u¢(s)ds e_tfoTU_efmp(s))ds du
0 0
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ldea I

0 T
EFI’;(T) = l’/ u / @2(3)€_u¢(s)ds e—l‘fOT(1—e*“‘P(s))ds du
0 0

ER:(T) — ER;
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ldea I

0 T
EFI’;(T) = l’/ u / @2(3)€_u¢(s)ds e—l‘fOT(1—e*“‘P(s))ds du
0 0

ER(T) — ER;

and so,as T — oo

ERf = t/oo u (/OO ¢2(S)e—uw(s)ds> e—tfooo(‘l—eflltﬁ(s))ds du
0 0
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Idea lll

where
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Idea lll

ER; = / —tud” (u) e "*Wdu,
0

where

o (u) = /000(1 — e~ ())ds

Karamata’s Tauberian Theorem (Maller & Mason, 2008)

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Introduction
Self-normalized Lévy processes Results

Assume that for a subsequence ty (— 0 0 — oo) and for By

Vi, D
BV

where V ~ id(b,\y), then
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Assume that for a subsequence ty (— 0 0 — oo) and for By

Vi D
Yy D

Bk v

where V ~ id(b,\y), then

Utk Vl‘k D
<Bk Bk> — (Ua V)?
where (U, V) ~ id(0, ¢, My), with Lévy measure
Mo (dx,dy) = dF (x/y) Ao (dy) on (0,00) x R y

_ < ¢y ) _ ( BEX + foyoiyeeq UdMo (U, v) ) |

C b+ f0<u2+v2§1 vdlg (u, v)

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Introduction
Self-normalized Lévy processes Results

Theorem

Assume that E|X|?*° < oo. Then U;/ V; has limit distribution as
t — 0 (00), iff A is regularly varying at 0 (cc) with index
—3 € (0,1). The df of the limit is

P{U/V < x}
1 [ |u— x|Psgn(x — u)dF(uv) 3
§+—ﬂarctan f]u—x|5dF(u) tan? .

Péter Kevei, David Mason Self-normalized sums and Lévy processes



Appendix References

Referenc

W Breiman, L.
On some limit theorems similar to the arc-sin law
Teor. Verojatnost. i Primenen. 10 351-360, 1966.

[{ Maller, R. and Mason, D. M.
Convergence in distribution of Lévy processes at small
times with self-normalization.
Acta. Sci. Math. (Szeged). 74, 315-347, 2008.

[ Mason, D.M. and Zinn, J.
When does a randomly weighted self-normalized sum
converge in distribution?
Electron. Comm. Probab, 10 70-81, 2005.

Péter Kevei, David Mason Self-normalized sums and Lévy processes



	Self-normalized sums
	Motivation
	Results

	Self-normalized Lévy processes
	Introduction
	Results

	Appendix
	Appendix
	



