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Introduction

* Let X = (X;);cz be a strictly stationary sequence of real-valued
random variables with common distribution function F'. Define the
empirical process of X by

Rx(s,t) = Z (]_ngs —F(S)) ,seER,t e RT .
1<k<t
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Introduction

* Let X = (X;);cz be a strictly stationary sequence of real-valued
random variables with common distribution function F'. Define the
empirical process of X by

Rx(s,t) = Z (1Xk;§8 —F(S)) ,seER,t e RT.
1<k<t

* For iid r.v's X; with uniform distribution over [0, 1|, Komlds, Major
and Tusnady (1975) constructed a continuous centered Gaussian
process K x with covariance function

E(Kx (s, t)Kx(s',t") = (EAt)(sAs —ss)

In such a way that
sup  |Rx(s, [nt]) — Kx (s, [nt])] = O(log®n) almost surely.

seR,te[0,1]
|
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Previous results in the dependent case

* Berkes and Philipp (1977)- Yoshihara (1979): If a(n) = O(n™“) for some
a > 3, and if F'is continuous, there exists a Gaussian process, Kx,

continuous such that

(*) sup  |Rx (s, [nt]) — Kx (s, [nt])| = O(v/n(In(n)) ") as,

seR,te[0,1]
for some A > 0. The covariance function I'x of Kx is given by

I'x(s,s’,t,t") = min(¢,t')Ax (s, s") where

Ax(s,s") =) Cov(lxy<s,1x,<s) + Y  Cov(lxy<s, 1x,<s) -

k>0 k>0
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Previous results in the dependent case

* Berkes and Philipp (1977)- Yoshihara (1979): If a(n) = O(n™“) for some
a > 3, and if F'is continuous, there exists a Gaussian process, Kx,
continuous such that

(*) sup  |Rx (s, [nt]) — Kx (s, [nt])| = O(v/n(In(n)) ") as,

seR,te[0,1]

for some A > 0. The covariance function I'x of Kx is given by
I'x(s,s’,t,t") = min(¢,t')Ax (s, s") where

Ax(s,s") =) Cov(lxy<s,1x,<s) + Y  Cov(lxy<s, 1x,<s) -

k>0 k>0

* Rio (2000): if a(n) = O(n~?) for some a > 1, {n"/?Rx(s,n),s € R}
converges weakly to G in D(R).
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Previous results in the dependent case

* Berkes and Philipp (1977)- Yoshihara (1979): If a(n) = O(n™“) for some
a > 3, and if F'is continuous, there exists a Gaussian process, Kx,
continuous such that

(*) sup  |Rx (s, [nt]) — Kx (s, [nt])| = O(v/n(In(n)) ") as,

seR,te[0,1]
for some A > 0. The covariance function I'x of Kx is given by

I'x(s,s’,t,t") = min(¢,t')Ax (s, s") where

Ax(s,s") =) Cov(lxy<s,1x,<s) + Y  Cov(lxy<s, 1x,<s) -

k>0 k>0

* Rio (2000): if a(n) = O(n~?) for some a > 1, {n"/?Rx(s,n),s € R}
converges weakly to G in D(R).

* Berkes, Hérmann and Shauer (2009): They obtained (x) under a S—
mixing condition well adapted to function of iid sequences.
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Dependence coefficients.

* We define (here Fy = o(X;,i < 0))

b(X(), k) = Sup ‘P(Xk < tho) — P(Xk < t)‘
teR

b(Fo,i,j) = sup |P(X; <t,X; <s|Fo) —P(X; <t X; <s)
(s,t)ER?

B(o(Xo), X3) = E(b(Xo, k)) €t Boy (k) = sup E(b(Fo,i,7)).

i>j>k
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Dependence coefficients.

* We define (here Fy = o(X;,i < 0))

b(X(), k) = Sup ‘P(Xk < tho) — P(Xk < t)‘
teR

b(Fo,i,j) = sup |P(X; <t,X; <s|Fo) —P(X; <t X; <s)
(s,t)ER?

B(o(Xo), X3) = E(b(Xo, k)) €t Boy (k) = sup E(b(Fo,i,7)).

i>j>k

* Dedecker (2010): If 52 y (k) = O(n~*) for some a > 1,
(n"Y2Rx(s,n),s € R} = G in D(R).
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Dependence coefficients.

* We define (here Fy = o(X;,i < 0))

b(XQ, k) = Sup ‘P(Xk < tho) — P(Xk; < t)‘
teR

b(Fo,i,5) = sup |P(X; <t,X; <s|Fp) —P(X; <t,X; <)
(s,t)ER?

B(o(Xo), X3) = E(b(Xo, k)) €t Boy (k) = sup E(b(Fo,i,7)).

i>j>k

* Dedecker (2010): If 52 y (k) = O(n~*) for some a > 1,
(n"Y2Rx(s,n),s € R} = G in D(R).

* |s it possible to obtain a strong approximation result under the
condition: Bs y (k) = O(n=%) for some a > 17?
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Strong approximation result

e Theorem : If 35 x(n) = O(n=17°) for some § > 0. Then
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Strong approximation result

e Theorem : If 35 x(n) = O(n=17°) for some § > 0. Then

1. For all (s,s’) € R?, the following series converges absolutely

Ax(s,s") =Y  Cov(lxycs, Ixp<o) + Y Cov(lxo<s, Lx,<s)
k>0 k>0
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Strong approximation result

e Theorem : If 35 x(n) = O(n=17°) for some § > 0. Then
1. For all (s,s’) € R?, the following series converges absolutely

Ax(s,s") =Y  Cov(lxycs, Ixp<o) + Y Cov(lxo<s, Lx,<s)
k>0 k>0

2. Let'x(s,s',t,t') = min(t,t')Ax(s,s"). There exists a centered
Gaussian process K x with covariance function I' x, whose
sample paths are almost surely uniformly continuous with
respect to the pseudo metric

d((s,t), (s, 1)) = [F(s) = F(s")| + [t = t'],
and such that for ¢ = §2/(22(6 + 2)?),

sup  |Rx(s, [nt]) — Kx (s, [nt])| = O(n*/?>7%) almost surely,
seR,t€[0,1]
|
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Sketch of proof (1)

* Let P* the probability on R whose density wrt P (law of Xg) Is

1+4> 7 bz, k)
C(B)

with C(8) = 1 + 4 i B(o(Xo), Xi).
k=1
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Sketch of proof (1)

* Let P* the probability on R whose density wrt P (law of Xg) Is

1+4> 7 bz, k)
C(B)

with C(3) = 1 + 4 i B(a(Xo), Xi).
k=1

* Let (n;);cz @ sequence of iid r.v. ~ ([0, 1]) independent of (X;);cz
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Sketch of proof (1)

* Let P* the probability on R whose density wrt P (law of Xg) Is

1+4> 7 bz, k)
C(8)

with C(8) =144 B(a(Xo), Xx).
k=1
* Let (n;);cz a sequence of iid r.v. ~ U([0, 1]) independent of (X;);cz

* Y, = Fp- (Xz — O) = nz(FP* (Xz) — F'p« (Xz — O)) So that
F51(Y;) = X; almost surely
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Sketch of proof (1)

Let P* the probability on R whose density wrt P (law of X)) is

1+4> 7 bz, k)
C(8)

with C(3) = 1 + 4 i B(a(Xo), Xi).
k=1

Let (n;);cz @ sequence of iid r.v. ~ ([0, 1]) independent of (X;);cz

Y; = Fp« (Xz — O) = nz(FP* (Xz) — F'p« (Xz — O)) So that
F51(Y;) = X; almost surely

Then we have Rx(-,-) = Ry (Fp«(-),-) and it suffices to study

Ry(S,t) = Z (]-Ykgs — Fy(S)) , S € [O, 1] , b€ RT.
1<k<t
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Sketch of proof (1)

* Let P* the probability on R whose density wrt P (law of Xg) Is

1+4> 7 bz, k)
C(8)

with C(3) = 1 + 4 i B(a(Xo), Xi).
k=1

* Let (n;);cz a sequence of iid r.v. ~ U([0, 1]) independent of (X;);cz

Y; = Fp« (Xz — O) = nz(FP* (Xz) — F'p« (Xz — O)) So that
F51(Y;) = X; almost surely

Then we have Rx(-,-) = Ry (Fp«(-),-) and it suffices to study

Ry(S,t) = Z (]-Ykgs — Fy(S)) , S € [O, 1] , b€ RT.
1<k<t

Var(Ky (u,n) — Ky (v,n)) < C(8)n|u — v|
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Sketch of proof (2)

* Notice that

sup sup ‘R(S, k) — K (s, k)’
1<k<2N+1 s€0,1]

N
< sup |R(s,1)— K(s,1)| + ZDL.
s€[0,1] I—0

Dy :=  sup sup |(R(s,€) — R(s, 21)) — (K (s,0) — K (s, 2L))‘ :
2L <0<2L+1 5€[0,1]
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Sketch of proof (2)

* Notice that

sup  sup |R(s,k) — K(s, k)|
1<k<2N+1 5€[0,1]

N
< sup |R(s,1)— K(s,1)| + ZDL.
s€[0,1] I—0

Dy :=  sup sup |(R(s,€) — R(s, 21)) — (K (s,0) — K (s, 2L))‘ :
2L <0<2L+1 5€[0,1]

* |t suffices to prove that for any L € {0,..., N},

D, = 0(2z79) ass.
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Sketch of proof (3)

e Forany K € Nand any s € [0, 1], let T (s) = 27 & [2K 5].
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Sketch of proof (3)

e Forany K € Nand any s € [0, 1], let T (s) = 27 & [2K 5].

* Let r(L) be an increasing sequence of integers
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Sketch of proof (3)

e Forany K € Nand any s € [0, 1], let T (s) = 27 & [2K 5].
* Let r(L) be an increasing sequence of integers

* We have to take care of the quantities

D= sup sup ’(R(S,6)—R(HT(L)(S),€))—(R(S,2L)—R(HT(L)(S),2L))|

2L <p¢<2L+1 5€[0,1]

DL,Q = sup sup ’(K(S,f)—K(HT(L) (S),f))—(K(S,QL)—K(HT(L) (S),2L>>|

2L <¢<2L+1 5€]0,1]

and

Drs:= sup  sup |[(R(ILyz)(s),£) — R(ILyz)(s),2"))

2L «<y<2L+1 s€[0,1]

_(K(HT(L) (5)7 E) o K(HT(L) (8)7 2L))’
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Proof: construction of the Kiefer process (1).

* Let m(L) € N such that m(L) < L and set s; = j27"(1)
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Proof: construction of the Kiefer process (1).

* Let m(L) € N such that m(L) < L and set s; = j27"(1)

e Forany /€ {1,.-.,2L—m()},

I =28 +(6-1)2"P) 28 102" DINN; UY) = S (Lyi<s,—Fr(sy))
(ASY S

(L)
and Uy, = (U, ..., U )T
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Proof: construction of the Kiefer process (1).

* Let m(L) € N such that m(L) < L and set s; = j27"(1)

e Forany ¢ e {1,... 2L—m@)
I =28 +(6-1)2"P) 28 102" DINN; UY) = S (Lyi<s,—Fr(sy))
(ASY S

(L)
and Uy, = (U, ..., U )T

° Let Ay = (Ay(s;,557)) . oy Where

7,3'=1,-

Ay (s,s') =) Cov(ly,<s ly,<sr) + Y Cov(ly,<s, 1y, <s)

k>0 k>0
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Proof: construction of the Kiefer process (1).

* Let m(L) € N such that m(L) < L and set s; = j27"(1)

e Forany /€ {1,.-.,2L—m()},

I =28 +(6-1)2"P) 28 102" DINN; UY) = S (Lyi<s,—Fr(sy))
(ASY S

Ay (s,8) =D Cov(lyys, Iy<s) + Y Cov(lyy<sr, ly,<s)
k>0 k>0
* Let

dry(z,y) = sup |z0) —y0)|.
j=1,..- ,27(L)
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Proof:. construction of the Kiefer process (2).

* According to Ruschendorf (1985), there exists a random variable
Vie = (Vi) 1 . pecey With law A7(0, 2BV Ay 1 )- that s
measurable wrt é(52L+£2m<L>) Vo(Ure)V Fari(e—1)2m@),
independent of 5. (,_1)9mz) @nd such that

E(dy)y(UL,e, Vi)

— K sup (E(f(UL,g)|F2L+(g_1)2m(L)) - E(f(VL,£>))
fELip(d"r(L))
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Proof:. construction of the Kiefer process (2).

* According to Ruschendorf (1985), there exists a random variable
Vie = (Vi) 1 . pecey With law A7(0, 2BV Ay 1 )- that s
measurable wrt 5(52L+£2m@>) Vo(Ure)V Fari(e—1)2m@),
independent of 5. (,_1)9mz) @nd such that

E(dy)y(UL,e, Vi)

— K sup (E(f(UL,g)|F2L+(g_1)2m(L)) - E(f(VL,£>))
fELip(d"r(L))

* \We have then constructed Gaussian random variables
(VL,0) LeN t—1.... 20-my in 275 that are mutually independent
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Proof:. construction of the Kiefer process (2).

* According to Ruschendorf (1985), there exists a random variable
Vie = (Vi) 1 . pecey With law A7(0, 2BV Ay 1 )- that s
measurable wrt o (dsz 4 pom)) V a(ULe) V Foryp—1)2m@),

independent of 5. (,_1)9mz) @nd such that

E(dy)y(UL,e, Vi)

— K sup (E(f(UL,g>|F2L_|_(g_1)2m(L)) - E(f(VL,£>))
fELip(d'r(L))

* \We have then constructed Gaussian random variables
(VL,0) LeN t—1.... 20-my in 275 that are mutually independent

* According to Dudley and Philipp (1983), there exists a Kiefer
process Ky with covariance function I'y such that

Vie = (Ky(sj, 25 +2mE) = Ky (s;, 25 +(¢-1)2™E)))

j=1,...,2m(L)—1 '
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Sketch of proof (4)

* Recall that
Drp 3 := sup sup ’(R(HT(L)(S),K) — R(IL.(1)(s), 2L))
2L <p<2L+1 s€(0,1]

_(K(H’I"(L) (8)7 E) o K(H’I’(L) (8)7 2L))’
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Sketch of proof (4)

* Recall that
Drp 3 := sup sup ’(R(HT(L)(S>,€) — R(IL.(1)(s), 2L))
2L <p<2L+1 s€(0,1]
— (K (L1 (s),£) — K(IL(1(s),2%))|
e Write that
k: . 0
ALz = Sup Stp Z(Ug% - fojg) ;
je{1,.-- ,2r(L)} <o L—m(L) ' )~
Brs = sup sup sup |R(s;,?)— R(sj, oL (k— 1)2m(L)) :

jE{l,"' ,27’(L)} kSQL_m(L) EEIij

Crs = sup sup sup |K(s;,0)—K(s;,2"+(k—1)2mE)],

jE{l,"' 727“(L)} k)SQL_m(L) eEIL,k
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Sketch of proof (5)

* We have that

P(Ag 3 > 28E79)) < oL=mDoLE=DE(d, 1y (Up 1, Vi)
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Sketch of proof (5)

* We have that

P(Ag 3 > 28E79)) < oL=mDoLE=DE(d, 1y (Up 1, Vi)

e Proposition: If 35 x(n) = O(n='7%) for some § > 0 and if
4r(L) <m(L) < L,forany ¢ € {1 ...,2L—m()}

m(L)+2r(L)

E(dyy(Ure Vi) <2 Grors L2,
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Sketch of proof (5)

* We have that

P(Ag 3 > 28E79)) < oL=mDoLE=DE(d, 1y (Up 1, Vi)

e Proposition: If 35 x(n) = O(n='7%) for some § > 0 and if
4r(L) <m(L) < L,forany ¢ € {1 ...,2L—m()}

m(L)+2r(L)

E(d,(zy(ULe, Vi) <2 @ors L2,

* We will choose (for L large enough)

226L—1L5 S 27“(L) S 226LL5

and
2L(1—2€)L—5 < 2m(L) < 21—|—L(1—2€)L—5
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On the proof of the Gaussian approximation

* Let (N 1)iez be a sequence of iid ~ N(0,Ar). Assume that
(N; 1)iez is independent of Fo V o (n;,1 € Z).
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On the proof of the Gaussian approximation

* Let (N 1)iez be a sequence of iid ~ N(0,Ar). Assume that
(N; 1)iez is independent of Fo V o (n;,1 € Z).

* Set NL — Nl,L +N2,L + ... —|—N2m(L)’L.
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On the proof of the Gaussian approximation

* Let (N 1)iez be a sequence of iid ~ N(0,Ar). Assume that
(N; 1)iez is independent of Fo V o (n;,1 € Z).

* Set NL — Nl,L + N2,L T ooo TF N2m(L),L.

* Let Lip(d, (1), F2z) be the set of measurable functions
qg: R2" x Q — R wrt the o-fields B(RT(L)) ® For and B(R), such
that g(-,w) € Lip(d,(1)) and g(0,w) = 0 for any w € €.
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On the proof of the Gaussian approximation

Let (IV; 1.):cz be a sequence of iid ~ N (0,Ar). Assume that
(N; 1)iez is independent of Fo V o (n;,1 € Z).

Set NL — Nl,L + N2,L T ooo TF N2m(L),L.

Let Lip(d, (1, F2r ) be the set of measurable functions
qg: R2" x Q — R wrt the o-fields B(RT(L)) ® For and B(R), such
that g(-,w) € Lip(d,(1)) and g(0,w) = 0 for any w € €.

Then we have

E(dy)(UL,1, Vi)

= sup E(g(UL,1,w)) — E(9(Nr,w)).
g€Lip(d,(Ly,F,L)
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On the optimality of the result

* There exists a Markov chain such that 82 x (k) > ck~! for some
positive constant ¢ such that the finite dimensional marginals of the
process {(nlnn)~'/2Rs(-,n)} converge in distribution to those of
the degenerated Gaussian process G defined by

forany t € [0,1], G(t) = f(t)1ex0Z,

where 7 Is a standard normal.
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On the optimality of the result

* There exists a Markov chain such that g5 x (k) > ck~! for some
positive constant ¢ such that the finite dimensional marginals of the

process {(nlnn)~'/2Rs(-,n)} converge in distribution to those of
the degenerated Gaussian process G defined by

forany t € [0,1], G(t) = f(t)1ex0Z,
where Z is a standard normal.

* This shows that an approximation by a Kiefer process as in our
main result cannot hold for this chain.

|
Strong approximation for the empirical process in the dependent setting — p. 14



With a stronger coefficient!

* Let Xy, = (Xj,7 > k) and

B(k) =1l sup Px, 7 (f) — Px,.(f)l
I fllee<1
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With a stronger coefficient!

* Let Xy, = (Xj,7 > k) and

B(k) =l sup Px, 7 (f) — Px,.(f)l1
I fllee <1

* If B(n) = O(n=17°) for some § > 0, the rate in the strong
approximation result should be

nm (log n)7(d+1)/3

if the variables are in R<.
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Thank you for your attention!
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Thank you for your attention!
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